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The shortest path between two truths in the real
domain passes through the complex domain.

Jacques Hadamard






Preface

In comparison with the first edition of this work, the main new features of
this version of the book are these:

e A number of important new problems have been added.

e Many solutions to the problems presented in the first edition have been
revised.

e Alternative solutions to several problems have been provided
Section 4.6.5, “Blundon’s Inequalities,” has been added. It contains a
brand new geometric proof of the fundamental triangle inequality based
on the distance formulas established in the previous subsections.

e A number of typographical errors and KTEX infelicities have been cor-
rected.

e A few new works have been added to the references section.

We would like to thank all readers who have written to us to express their
appreciation of our book, as well as to all who provided pertinent comments
and suggestions for future improvement of the text. Special thanks are given
to Catalin Barbu, Dumitru Olteanu, Cosmin Pohoata, and Daniel Vacaretu
for their careful proofreading of the material included in this edition.

Happy reading!

Richardson, TX Titu Andreescu
Cluj-Napoca, Romania Dorin Andrica
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Preface to the First Edition

Solving algebraic equations has been historically one of the favorite topics of
mathematicians. While linear equations are always solvable in real numbers,
not all quadratic equations have this property. The simplest such equation is
22 + 1 = 0. Until the eighteenth century, mathematicians avoided quadratic
equations that were not solvable over R. Leonhard Euler broke the ice by
introducing the “number” v/—1 in his famous book Elements of Algebra as
“neither nothing, nor greater than nothing, nor less than nothing” and ob-
served the “notwithstanding this, these numbers present themselves to the
mind; they exist in our imagination and we still have a sufficient idea of them

. nothing prevents us from making use of these imaginary numbers and em-
ploying them in calculation.” Euler denoted the number v/—1 by i and called
it the imaginary unit. This became one of the most useful symbols in mathe-
matics. Using this symbol, one defines complex numbers as z = a + bi, where
a and b are real numbers. The study of complex numbers continues to this
day and has been greatly elaborated over the last two and a half centuries;
in fact, it is impossible to imagine modern mathematics without complex
numbers. All mathematical domains make use of them in some way. This
is true of other disciplines as well, including mechanics, theoretical physics,
hydrodynamics, and chemistry.

Our main goal is to introduce the reader to this fascinating subject. The
book runs smoothly between key concepts and elementary results concerning
complex numbers. The reader has the opportunity to learn how complex
numbers can be employed in solving algebraic equations and to understand
the geometric interpretation of complex numbers and the operations involving
them. The theoretical part of the book is augmented by rich exercises and
problems of various levels of difficulty. In Chaps. 3 and 4 we cover important
applications in Euclidean geometry. Many geometric problems may be solved
efficiently and elegantly using complex numbers. The wealth of examples we
provide, the presentation of many topics in a personal manner, the presence
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of numerous original problems, and the attention to detail in the solutions
to selected exercises and problems are only some of the key features of this
book.

Among the techniques presented, for example, are those for the real and
the complex products of complex numbers. In the language of complex num-
bers, these are the analogues of the scalar and cross products, respectively.
Employing these two products turns out to be efficient in solving numerous
problems involving complex numbers. After covering this part, the reader will
appreciate the use of these techniques.

A special feature of the book is Chap. 5, an outstanding selection of genuine
Olympiad and other important mathematical contest problems solved using
the methods already presented.

This work does not cover all aspects of complex numbers. It is not a course
in complex analysis, but rather a stepping stone toward its study, which is
why we have not used the standard notation e’ for z = cost 4 isint or the
usual power series expansions.

The book reflects the unique experience of the authors. It distills a vast
mathematical literature, most of which is unknown to the Western public,
capturing the essence of an flourishing problem-solving culture.

Our work is partly based on the Romanian version, Numere complexe
de la A la...Z, written by D. Andrica and N. Bigboaca and published by
Millennium in 2001 (see [17]). We are preserving the title of the Romanian
edition and about 35% of the text. Even this 35% has been significantly
improved and enhanced with up-to-date material.

The targeted audience includes high school students and their teachers, un-
dergraduates, mathematics contestants such as those training for Olympiads
or the W.L. Putnam Mathematical Competition, their coaches, and everyone
interested in essential mathematics.

This book might spawn courses such as complex numbers and Euclidean
geometry for prospective high school teachers, giving future educators ideas
about things they could do with their brighter students or with a math club.
This would be quite a welcome development.

Special thanks are offered to Daniel Vacaretu, Nicolae Bisboaca, Gabriel
Dospinescu, and loan Serdean for their careful proofreading of the final ver-
sion of the manuscript. We would also like to thank the referees, who pro-
vided pertinent suggestions that directly contributed to the improvement of
the text.

Richardson, TX Titu Andreescu
Cluj-Napoca, Romania Dorin Andrica
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Chapter 1
Complex Numbers in Algebraic Form

1.1 Algebraic Representation of Complex Numbers

1.1.1 Definition of Complex Numbers

In what follows, we assume that the definition and basic properties of the set
of real numbers R are known.

Let us consider the set R?> = R x R = {(x, y)|z, y € R}. Two elements
(1, y1) and (z2, y2) of R? are equal if and only if 21 = 2 and y; = ya.
The operations of addition and multiplication are defined on the set R? as
follows:

21422 = (21, y1) + (22, y2) = (1 + 2, Y1 +y2) € R?

and

2120 = (w1, 11) - (¥2, y2) = (122 — Y12, T1Y2 + T2y1) € R?,

for all 21 = (21, y1) € R? and 25 = (72, ¥y2) € R%

The element z; + 2o € R? is called the sum of z; and 2o, and the element
21+ 22 € R2 is called the product of z; and 2z, and will often be written simply
Z1%2.

Remarks.

(1) If 21 =(x1,0) €R? and 23=(z2,0) €R?, then 2122 = (212, 0).

(2) If 21 = (0,y1) € R? and 22 = (0,y2) € R?, then 2122 = (—y192,0).
Examples.

(1) Let z; = (—5,6) and z2 = (1, —2). Then

21+ 22 = (_57 6) + (17 _2) = (_474)

T. Andreescu and D. Andrica, Complex Numbers from A to ... Z, 1
DOI 10.1007/978-0-8176-8415-0_1, © Springer Science+Business Media New York 2014



2 1 Complex Numbers in Algebraic Form
and
2120 = (=5,6) - (1, —2) = (=5 + 12, 10+ 6) = (7, 16).

(2) Let 21 = (—3,1) and 22 = (—3%,3). Then

N 11,1 5 3
zZ 2o = —_——— = — = —_—— -
L2 2 3 "3 6’ 2

1 1 1 1 17
zio=-—z, ———=< | =|—%5, ——|.
1=z 6 20 4 3 3712

Definition. The set R? together with the operations of addition and multi-
plication is called the set of complex numbers, denoted by C. Every element
z = (z, y) € C is called a complex number.

and

The notation C* is used to indicate the set C\{(0,0)}.

1.1.2 Properties Concerning Addition

The addition of complex numbers satisfies the following properties:

(a) Commutative law.
21+ 29 = 29 + z1 for all z1, z9 € C.
(b) Associative law.
(21 4+ 22) + 23 = 21 + (22 + 23) for all 21, 23, 23 € C.
Indeed, if z; = (21, y1) € C, 20 = (a2, y2) € C, 23 = (a3, y3) € C, then
(214 22) + 23 = [(#1, Y1) + (22, y2)] + (23, ys)

= (z1 4+ ®2, y1 +y2) + (w3, y3) = ((x1 + z2) + 23, (Y1 +y2) +¥3),

and
21+ (22 + 23) = (@1, ¥1) + [(z2, y2) + (z3, y3)]

= (z1, 1)+ (w2 + 23, Y2 +y3) = (1 + (z2 +23), y1 + (y2 +y3)).

The claim holds due to the associativity of the addition of real numbers.
(c) Additive identity. There is a unique complex number 0 = (0, 0) such
that
z24+0=0+z=zforallz=(z, y) € C.
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(d) Additive inverse. For every complex number z = (z, y), there is a
unique —z = (—z, —y) € C such that

24+ (=2)=(-2)+2=0.

The reader can easily prove the claims (a), (c), and (d).

The number 21 — z9 = 21+ (—22) is called the difference of the numbers z;
and z5. The operation that assigns to the numbers z; and z, the number
z1 — 29 is called subtraction and is defined by

21 — 22 = (w1, y1) — (v2, y2) = (1 — 22, Y1 —y2) € C.

1.1.3 Properties Concerning Multiplication

The multiplication of complex numbers satisfies the following properties:

(a) Commutative law.
2129 = 29+ z1 for all z1, 29 € C.
(b) Associative law.
(21 22) - z3 =21 - (22~ 23) for all z1, 29, 23 € C.

(¢) Multiplicative identity. There is a unique complex number 1 =
(1, 0) € C such that

z-1=1-z2z=zforallz € C.

A simple algebraic manipulation is all that is needed to verify these
equalities:

z:1=(z,y)-(1,0)=(x-1—y-0, 2-0+y-1)=(z, y) =2
and
1-2=(1,0)-(z, y)y=1-2-0-y, 1-y+0-2)=(x, y) ==z

(d) Multiplicative inverse. For every complex number z = (z, y) € C*,
there is a unique number 2~! = (2/, y’) € C such that

To find 27! = (2/, y'), observe that (x, y) # (0, 0) implies x # 0 or y # 0,
and consequently, x2 + y% # 0.
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/

The relation z - 271 = 1 gives (z, y) - (2, ¥') = (1, 0), or equivalently,

' —yy =1,
yr' + zy’ = 0.
Solving this system with respect to z’ and 7', one obtains

__Y .
2 + y2’

/

__ 7 r_
x —x2—+y2andy =

hence the multiplicative inverse of the complex number z = (z, y) € C* is

1 T Y
—1 *
=—-= , — e C".
’ z <$2+y2 I2+y2)

1

By the commutative law, we also have 27" - 2z = 1.
Two complex numbers z; = (21, y1) € C and z = (z, y) € C*
uniquely determine a third number, called their quotient, denoted by 2 and

defined by :

z _ X
—1—21'21—(1’1,311)'( Y )

P 22 +y2 2242

1T + 1y —T1y + Y1
= , e C.
$2 + y2 $2 + y2

Examples.

(1) If z = (1, 2), then

(L 2 Y12
Co\124227 12422)  \5 5 )7

(2) If z; = (1, 2) and z3 = (3, 4), then

21 (348 —4+6\ (11 2
29 \94+16" 9+16/) \25” 25/

An integer power of a complex number z € C* is defined by

z" =z-z---z for all integersn > 0
—

n times

and 2" = (z71)7" for all integers n < 0.

The following properties hold for all complex numbers z, z1, 2o € C* and
for all integers m, n:
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(1) 2m . 2n = g,
) Z=am

(3) (=) = 2

(4) (z1-22)" = 21" - 235
(5)

When z = 0, we define 0" = 0 for all integers n > 0.

(e) Distributive law.
z1- (224 23) =21+ 22+ 2123 for all z1, 29, 23 € C.

The above properties of addition and multiplication show that the set C
of all complex numbers, together with these operations, forms a field.

1.1.4 Complex Numbers in Algebraic Form

For algebraic manipulation, it is inconvenient to represent a complex number
as an ordered pair. For this reason, another form of writing is preferred.

To introduce this new algebraic representation, consider the set R x {0},
together with the addition and multiplication operations defined on R?. The
function

fR—=>Rx {0}, f(z) = (z, 0),

is bijective, and moreover,

The reader will not fail to notice that the algebraic operations on R x {0}
are similar to the operations on R; therefore, we can identify the ordered pair
(z, 0) with the number z for all x € R. Hence we can use, by the above
bijection f, the notation (x, 0) = .

Setting ¢ = (0, 1), we obtain

In this way, we obtain the following result.

Proposition. Every complex number z = (x, y) can be uniquely represented
in the form
z=x+ yi,

where x, y are real numbers. The relation i> = —1 holds.
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The formula i? = —1 follows directly from the definition of multiplication:
i?=1i-i=(0,1)-(0,1) = (—1,0) = —1.

The expression = + yi is called the algebraic representation (form) of the
complex number z = (z, y), so we can write C = {z+ yilz € R, y € R, i? =
—1}. From now on, we will denote the complex number z = (z, y) by =+ iy.
The real number x = Re(2) is called the real part of the complex number z,
and similarly, y = Im(z) is called the imaginary part of z. Complex numbers
of the form iy, y € R*, are called purely imaginary and the complex number
1 is called the imaginary unit.

The following relations are easy to verify:

(a) z1 = 29 if and only if Re(z1) = Re(z2) and Im(z1) = Im(z2).
(b) z € R if and only if Im(z) = 0.
(¢) z € C\R if and only if Im(z) # 0.

Using the algebraic representation, the usual operations with complex
numbers can be performed as follows:

1. Addition
21+ 29 = (LL'l + yli) =+ (,TQ =+ ygi) = ($1 + wz) + (y1 + yz)z’ e C.

It is easy to observe that the sum of two complex numbers is a complex
number whose real (imaginary) part is the sum of the real (imaginary)
parts of the given numbers:

Re(z1 + 22) = Re(z1) + Re(22);
Im(zl + 22) = Im(zl) + Im(22>

2. Multiplication
21 2z = (w1 +y1i)(x2 + y21) = (1202 — y1y2) + (12 + 2201)i € C.
In other words,
Re(z122) = Re(z1) - Re(22) — Im(z1) - Im(22)

and
Im(z122) = Im(21) - Re(z2) + Im(22) - Re(z1).

For a real number )\ and a complex number z = x + yi,
Az=Mz+yi) =+ AyieC

is the product of a real number and a complex number. The following
properties are obvious:

(1) )\(2’1 + 2’2) = 21 + Az9;
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(2) M(A2z) = (A1 A2)z;
(3) M1+ X)z=XMz+ Az forall z, z1, 22 € Cand A\, A\;, A2 €R.

In fact, relations (1) and (3) are special cases of the distributive law, and
relation (2) comes from the associative law of multiplication for complex
numbers.
3. Subtraction
Z1 — R = (ZEl + yli) — (IQ + yQi) = (Il - IQ) + (y1 - yQ)i e C.

That is,

1.1.5 Powers of the Number

The formulas for the powers of a complex number with integer exponents are
preserved for the algebraic form z = x + 4y. Setting z = ¢, we obtain

=P i=1 P=iti=i dg=i-i=—1; ' =i%i=—

One can prove by induction that for every positive integer n,

z'477, — 1’ z'477,+1 — ’L, i4n+2 — _17 i4n+3 — _Z

Hence i™ € {—1,1, —i, i} for all integers n > 0. If n is a negative integer, we

have .
it =) = (%) = (—i)" "™

Examples.

(1) We have
G105 4 423 L 20 B4 GA26+1 | 453 4 45 ASH2 iy 4] =9

(2) Let us solve the equation z® = 18 + 267, where z = x + yi and x, y are
integers. We can write

(x+ i) = (x+yi)(x+ yi) = (2 — y* + 2zyi) (z + yi)
= (2% = 3wy?) + (32%y — y*)i = 18 + 26i.
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Using the definition of equality of complex numbers, we obtain

23 — 3xy? = 18,
322y — 3 = 26.

Setting y = tx in the equality 18(3z%y — y?) = 26(x3 — 3zy?), let us observe
that © # 0 and y # 0 implies 18(3t — %) = 26(1 — 3t?), which is equivalent
to (3t — 1)(3t2 — 12t — 13) = 0.

The only rational solution of this equation is ¢t = %; hence,

r=3,y=1, and z =3 + 1.

1.1.6 Conjugate of a Complex Number

For a complex number z = x+ yi the number Z = x — g is called the complex
conjugate of z or occasionally the conjugate complex number of z.

Proposition.

(1) The relation z = Z holds if and only if z € R.

(2) For every complex number z, the relation z =% holds.

(3) For every complex number z, the number z -Z € R is a nonnegative real
number.

(4) 21 + 22 = Z1 + Z2 (the conjugate of a sum is the sum of the conjugates).

(5) z1- 22 = Z1 - Z2 (the conjugate of a product is the product of the conju-
gates).

(6) For every nonzero complex number z, the relation 2=+ = (Z)~' holds.

Z9 Zo’
conjugates).
(8) The formulas

(7) (ﬁ> -z 29 # 0 (the conjugate of a quotient is the quotient of the

-z

Re(z) = Y2 ond Im(z) = z

2i
are valid for all z € C.

Proof.

(1) If z = = + yi, then the relation z = Z is equivalent to = + yi = = — yi.
Hence 2yi = 0, so y = 0, and finally, z = x € R.

(2) Wehavez=a—yiandzZ =2 — (—y)i=z+ yi = 2.

(3) Observe that z -7z = (z + yi)(x — yi) = 22 + y*> > 0.

(4) Note that

21+ 22 = (w1 +x2) + (Y1 +12)i = (21 +22) — (y1 +y2)i
= (.Il — yll) —+ (IQ — yQZ) = 21 +52.
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(5) We can write

Z1- 22 = (T122 — Y1Y2) + (T1y2 + T2y )i

= (172 — Y1y2) — (T1Y2 + T2y1)i = (21 — Y1) (T2 — Yoi) = Z1 - Z2.
1 1 71\
(6) Because z - — =1, we have — ) =1, and consequently, z- [ — | =1,
z z z
yielding (2=1) = ()~
21 1 o 1 1 1
(7) Observe that ( =) =(z1-— |=2z71- | — | =721 = = =.
22 22 22 Z2 Z1
(8) From the relations
2 +7Z = (x+yi) + (v — yi) = 2z,
z—Z=(z+yi)— (x — yi) = 2yi,
it follows that
z+ z2—Z
Re(z) = 5 and Tm(z) 57
as desired |

(5") <H zk>— [[Zxforall z, €C, k=1,2, ..., n
= k=1

As a consequ(;nce of (5") and (6), we have
(5") (z™) = (z)™ for every integer n and for every z € C. If n < 0, then the
formula holds for every z = 0.

Comments.

(a) To obtain the multiplicative inverse of a complex number z € C*, one
can use the following approach:

z T — Yl T Y

2z 21y 24y’ 24yt

1

z

(b) The complex conjugate allows us to obtain the quotient of two complex
numbers as follows:

2z zm (e yd) (e —yed) | 2z +yiye —3313/2 + l’2y1

2 2 - 2 2
29 29+ 29 x5 + Y5 5 + Y3 :Ez + y2
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Examples.

54514 + 20

(1) Compute z = 5557 + 175;.

Solution. We can write

(5+50)(3+4)  20(4—3i) _ —5+35 80— 60i

9 — 1642 16 —9:2 25 25

75 — 254 .
T

(2) Let 21, 29 € C. Prove that the number E = 21 - Zo + Z1 - 22 is a real
number.

Solution. We have

E=2z-Zo4+Z1-290=%21-20+21-22=F; soE € R.

1.1.7 The Modulus of a Complex Number

The number |z| = y/x? + y? is called the modulus or the absolute value of
the complex number z = x + yi. For example, the complex numbers

21 =443, z9=—-3i, z3 =2

have moduli
o1l = V2432 =5, | = 0T+ (-3)7 =3, [z = V22 =2,

Proposition. The following properties are satisfied:

1) —|z] <Re(z) < |z] and — |z] <Im(z) < |z].

2) |z| > 0 for all z € C. Moreover, we have |z| = 0 if and only if z = 0.

) Jzl =12 =z

) z-Z = |z]2

) |21+ 22| = |21+ |22| (the modulus of a product is the product of the moduli).
6) |21] = [22] < |21+ 22| < 21| + [22]-

D [ = o), 2 £0.

_ =l
z2

[2]
moduli).
(9) [z1] = [22| <21 — 22| < 21| + |22]-

21 , z2 # 0 (the modulus of a quotient is the quotient of the

Proof. One can easily check that (1) through (4) hold.

(5) ‘We have |Zl . 22|2 = (Zl . 22)(21 . 22) = (Zl '31)(22 '22) = |Zl|2 . |2’2|2, and
consequently, |21 - z2| = |z1| - |22, since |z| > 0 for all z € C.
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(6) Observe that
|z1+22* = (21422) (21 F 22) = (21+22)(Z147%2) = |21 [*+21Z2+ 7122+ 22|
Because z; - 22 = Z1 - 22 = 21 - %2, it follows that
21Z2 + Z1 - 22 = 2Re(z1 Z2) < 2|21 - Za| = 2|21 - |22],

whence
|21 + 22)” < (|21] + |22]),

and consequently, |z1 + 22| < |z1] + |22|, as desired.
In order to obtain the inequality on the left-hand side, note that

|z1] = |21 + 22 + (—22)| < [21 + 22| + | — 22| = |21 + 22| + |22,

whence
|21] = |z2| < |21 + 22
. 1 L 1 1 1
(7) Note that the relation z - — = 1 implies |z|- |—| =1, or |—| = =t Hence
z z z
|27t = |27t
(8) We have
21 1 —1 1 1 Al
2 = £ =l st =l gt = el el =
(9) We can write |21| = |21 — 22+ 22| < |21 — 22|+ |22, 50 |21 — 22| > |21| —|22].
On the other hand,
|21 — 22| = |21 + (=22)| < |za] + | = 22| = |21] + |22 0

Remarks.

(1) The inequality |21 + 22| < |21]| 4 |22] becomes an equality if and only
if Re(21Z2) = |21]|22|. This is equivalent to z; = tzo, where t is a
nonnegative real number.

(2) Properties (5) and (6) can be easily extended to give

) (11 2| = 1T faxl
()

k=1
n n
oz < |zi| for all z, € C, k=1,...,n.
k=1 k=1
As a consequence of (5') and (7), we have
(5”) |2 = |z|™ for every integer n and complex number z, provided that
z # 0 for n < 0.
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Problem 1. Prove the identity

|21 + 22* + |21 — 22* = 2(|z1 > + |22]?)
for all complex numbers z1, z.

Solution. Using property (4) in the proposition above, we obtain

|21 4 22| + |21 — 22| = (21 + 22)(Z1 + Z2) + (21 — 22)(Z1 — Z2)
= |21|2 +2z1:Z2+22-Z1+ |Z2|2 + |21|2 —21-22°—22:21+ |Z2|2
=2(|z1]? + |22]?).

21+ 29 .

Problem 2. Prove that if |z1] = |z2| = 1 and z122 # —1, then is a
1+ 2129

real number.

Solution. Using again property (4) in the above proposition, we have

1
21 21 = |21|2 =landz; = —.
21

Likewise, Zo = % Hence denoting by A the number in the problem, we have

— — 1 1
1+Z12 144 -4 l+az ’

so A is a real number.

Problem 3. Let a be a positive real number and let

~af.

Find the minimum and mazimum values of |z| when z € M,.

1
z+ -
z

Ma:{ze(c*:

1
Solution. Squaring both sides of the equality a = |z + —|, we get
z

2 24 (3)2
1 1 1 27+ (z 1
=(z+=)(z+= =|z|2+#+—
z z |22 |22

A+ )2 - 2022+ 1
B |2|? '

Hence
2|* = |2 (@ +2) + 1= —(2 +7)? <0,
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and consequently,

a’> +2—+Vat+4a2 a®>+2+ Val+ 4a2
2 ’ 2

|2 €

It follows that |z| € {*‘” V2a2+4, a+v;2+4 , SO

max |z| = , min |z| =

a++va?+4 —a++Va?+4
2 2 ’

and the extreme values are obtained for the complex numbers in M satisfying
Z=—Z.

Problem 4. Prove that for every complexr number z,

1
|z 41> —or|z2+1| > 1.

V2

Solution. Suppose by way of contradiction that

1
1+ 2] < —= and |1 + 2?| < 1.

V2

Setting z = a + bi with a, b € R yields 22 = a? — b + 2abi. We obtain
(1+a®* —b*)? +4a*h* < land (1+a)? +b* < %,
and consequently,
(a® +b*)* +2(a* — b*) < 0and 2(a* + V%) +4a+1 < 0.
Summing these inequalities implies
(a® +b*)? + (2a + 1)* < 0,
which is a contradiction.

Problem 5. Prove that

1
\/§§|1+z|+|1—z+22|§§

for all complex numbers z such that |z| = 1.
Solution. Let t = |1 + z| € [0,2]. We have

2 —2

t? = (14 2)(1+%) =24 2Re(z), so Re(z)= 5
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Then

H—z4+22P=1-24+2)1-2+7) =1 -2+ 2% (1———!——)

_ <_22 ot 1>2 _ <z+ 1 1)2 = (z+7—1)? = [2Re(z) ~ 1]* = (- 3)%,

and we obtain |1 — z + 22| = |[t? — 3|. It suffices to find the extreme values of
the function (Fig.1.1).

—t2+t+3ift €[0,V3]
. _ 2 _ ) )
P02 =R, f(t) =1+t 3| {t2+t—3 it e[v3,2).
The graph of the function f is shown in Figure 1.1,
and we obtain

f(\/g)—\/gét+lt2—3|§f(%)_%.
13

4

3
V3

K
of Vi
Figure 1.1.

Problem 6. Consider the set
H={zeC:z=z—-1+u=i, zecR}

Prove that there is a unique number z € H such that |z| < |w| for allw € H.
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Solution. Let w =y — 1+ yi, with y € R.
It suffices to prove that there is a unique number z € R such that

(x=1)*+2? < (y—1)°+y°

for all y € R.
In other words, x is the minimum point of the function

1\? 1
f:R=R, f(y)=(y—1)2+y2=2y2—2y+1=2(y—§) 4+

whence z = 1 and z = —3 + 3i.

Problem 7. Let x, y, z be distinct complex numbers such that
y=tr+(1—-1t)z, te(0,1).
Prove that

Id—hAzld—hﬂzhA—wL
|z =y |z — x| ly — |

Solution. The relation y =tz + (1 — t)z is equivalent to
z—y=t(z—x).
The inequality

I el B el
2=yl — [z -1

becomes
lz| = |yl >t (]z] = |z]),

and consequently,
lyl < (1 =t)]z] + t]=].

This is the triangle inequality for
y=(1—-1t)z+ tz.

The second inequality can be proved similarly, by writing the equality
y=tr+(1—-1t)z

y—xz=(1-1t)(z—2a).

15
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1.1.8 Solving Quadratic Equations

We are now able to solve the quadratic equation with real coefficients
ar’ 4+ bz +c=0, a#0,

in the case that its discriminant A = b — 4ac is negative.
By completing the square, we easily get the equivalent form
L 2 LA
T4 — =
2a 4a?

a =0.

Therefore,
b\2 L (VA
(erz) o () -o
—b+iv—A —b—iv/—A
andsox;= ————, 29 = —————.

2a 2a
Observe that the roots are conjugate complex numbers, and the factoriza-

tion formula
az® +br +c=alz — 1) (x — x9)

holds even in the case A < 0.
Let us consider now the general quadratic equation with complex coeffi-
cients
az? +bz+c¢=0, a #0.

Using the same algebraic manipulation as in the case of real coefficients, we
get,
b\? A
(Z + %> T ia2

b A
i 2aq)  4a?’

(2az +b)? = A,

This is equivalent to

or

where A = b? — 4ac is also called the discriminant of the quadratic equation.
If we set y = 2az + b, the equation is reduced to

P =A=u+ v,

where u and v are real numbers.
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This equation has the solutions
r+u r—u,
Y12 == ( 5 + sgn(v) 5 z) ,

where r = |A] and sgn(v) is the sign of the real number v. Indeed, we have
Yt = 5 4 2i2vr? — uPsgn(v) = u+ ifv]sgn(v) = u + .
The roots of the initial equation are

1
= —(=b .
21,2 2a( +91,2)

Observe that the relations
c
z21+t22=——, 2122 = —,
a a
between roots and coefficients as well as the factorization formula
az? +bz+c=a(z—21)(z — 22)

are also preserved when the coefficients of the equation are elements of the
field of complex numbers C.

Problem 1. Solve, in complex numbers, the quadratic equation
22 —8(1 — i)z + 63 — 16i = 0.
Solution. We have
A = (4 — 44)* — (63 — 16i) = —63 — 16i

and r = |A’| = v/632 + 162 = 65, where A’ = (%)2 — ac.
The equation

y? = —63 — 161
has the solution y; » = + ( 85263 4 4,/ @) = £(1 — 8i). It follows that
21,2 =4 —4i+ (1 — 8i). Hence
z1 =5 —12i and z9 = 3 + 41.

Problem 2. Let p and q be complex numbers with q # 0. Prove that if the
roots of the quadratic equation x% 4 px +q> = 0 have the same absolute value,
then § is a real number.

(1999 Romanian Mathematical Olympiad, Final Round)
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Solution. Let z;1 and x5 be the roots of the equation and let r = |z1| = |z2|.
Then
2 2 — —
+ 2
po_lntnl h ity 0T BTy gy 2 Re(s)
q T1T9 T2 T r r r

is a real number. Moreover,
__ — 2 p
Re(x1T3) > —|x1T3| = —r*, so — > 0.
q
Therefore § is a real number, as claimed.

Problem 3. Let a, b, c¢ be distinct nonzero complexr numbers with
|a| = [b] = |c].

(a) Prove that if a root of the equation az? + bz + ¢ = 0 has modulus equal
to 1, then b% = ac.
(b) If each of the equations

az’+bz+c=0and bz +cz+a=0

has a root of modulus 1, then |a — bl = |b —¢| = |c — a.

Solution.

(a) Let 21, 22 be the roots of the equation with |21 = 1. From zp = £ - -,
it follows that |z3| = [£] - ﬁ = 1. Because z1 + 2 = —g and |a| = |b],

we have |21 + 2|2 = 1. This is equivalent to
(1t 2)F+3) =1ie,(1+2) (£ +2) =1

We find that

9 b\> ¢
(21 + 22)° = 2129, L., (—) = -,

a a
which reduces to b = ac, as desired.

s we have already seen, we have b = ac and ¢ = ab. Multiplying these
b) A h Iread have b? dc? b. Multiplyi h
relations yields b%c? = a?bc, and hence a? = bc. Therefore,

a® + b+ % = ab + be + ca. (1)
Relation (1) is equivalent to
(a=b)?+(b—-c)+(c—a)*=0,
i.e.,

(a—b)2+(b—-c)*+2(a—b)(b—c)+ (c—a)® =2(a—0b)(b—c).
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It follows that (a —c)? = (a—b)(b— c). Taking absolute values, we obtain
B% = ya, where a = |b—¢|, B = |c—al|, ¥ = |a — b|. In an analogous
way, we obtain o = By and v? = of. Adding these relations yields
o+ 2+ =af + By +ya, ie., (a=B)+ (B—7)°+ (v —a)? =0,
Hence a = g =1.

1.1.9 Problems

. Consider the complex numbers z; = (1, 2), 20 = (—2,3), and 23 =

(1, —1). Compute the following:
(a) z1 4 22+ 23; (b) 2122 + 2223 + 2321; (€) 212223;

2, .2

21 | 22 23 2] + 25

d) 22+22+22 (e) —+=+=; (f :
(d) 21 + 25 + 23 ()22 7 | 21 ()Z§+Z§

. Solve the following equations:

(a) 24+ (=5,7) = (2, —1); (b) (2,3) + 2= (-5, —1);

(€ =2 3) =45 (@) 5=02)

73)

. Solve in C the equations:

(a) 224+2+1=0; (b)23+1=0.

n
. Let 2 = (0, 1) € C. Express >_ 2* in terms of the positive integer n.

k=0

5. Solve the following equations:

© o

10.

(a) z-(1, 2) =(=1,3); (b) (1,1)-22 = (=1,7).

. Let z = (a, b) € C. Compute 22, 23, and 2%.

. Let zo = (a, b) € C. Find z € C such that z? = z.

. Let z = (1, —1). Compute 2", where n is a positive integer.
. Find real numbers x and y in each of the following cases:

(a) (1= 202+ (1+20)y=1+3 (b) 5 g:f:u

(¢) (4—3i)a*+ (3+ 2i)azy = 4y® — 1a? (3:L’y y?)i.

Compute the following:
(a) (2—19)(—3+2i)(5—4i); (b) (2—4i)(5+27) + (3 +4i)(—6 —i);

1+i\'° 1—4i\® “1+iV3 ° 1— VT °
(c) (1—i) +(1+i); (@ (T) +< 2 >;
347 5—8i
(©) oo v o3
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11.

12.

13.
14.

15.

16.
17.

18.

19.
20.

21.

22,
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Compute the following:

(a) '2000+i1999+i201+i82+i47;

(b) E —1+z—i—z +i3 4+ for n > 1;
(c) il -2 .43 ... {2000,
(d

) 5 + (—Z) 7 + (_Z')13 4 7;7100 4 (—i)94.
Solve in C the following equations:
(a) 22 =1i; (b) 22=—i; (c)2?=3— z@
1
Find all complex numbers z # 0 such that z + — € R.
z

Prove the following:

(a) E1 = (2+iV5)" + (2 —iV5)T
19+ 7i\" 20+ 5i\"
(b) EQ:( 9—i ) +(7+6i)

Prove the following identities:

(a) |21+Z2|2+|22+Z3|2+|23+Z1|2 |21|2+|Z2|2+|2’3|2+|21+22+23|
(b) |14+ 2172 + |21 — 22* = (1 + |21 *) (1 + |z2]?);
(€) [1=z1Z2f” = o1 — 22/* = (1 = |21 ) (1 = |22]*);
( ) |Zl—|—22—|—2’3|2+|—2’1—|—2’2—|—23| —|—|2’1—22—|—2’3|2+|21—|—2’2—2’3|2

=4(|z1” + |22 + |23]?).

1
Let z € C* be such that [z% + = < 2. Prove that
z

1
z+—‘§2.
z

Find all complex numbers z such that
|z =1 and |22 + 7% = 1.
Find all complex numbers z such that
422 + 8]2|? =

Find all complex numbers z such that 23 = Z.
Consider z € C with Re(z) > 1. Prove that

z 2

5"

1 1 ’ 1
Let a, b, ¢ be real numbers and w = —% + z‘/Tg Compute

(a+bw + cw?)(a + bw? + cw).

Solve the following equations:

(a) |z| — 2z =3 —4i;
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23.

24.

25.
26.

27.

28.

29.

30.

31.

+
z° =2+ 117, where z =x + yi and =, y € Z;
+(14+2)z+1=0;

e) 22+ 6(1+1)2%+ 5+ 6i = 0;

f) (144)22+2+11i = 0.

Find all real numbers m for which the equation
24+ (34+0)22—32—(m+1i)=0

has at least one real root.
Find all complex numbers z such that

2 =(2-2)(z+1)

is a real number.

1
Find all complex numbers z such that |z| = |—].
z

Let z1, 2o € C be complex numbers such that |2 + 22| = /3 and
|z1] = |z2] = 1. Compute |z; — 22|
Find all positive integers n such that

“1+iv3\  [(-1-iv3\"
(T) +<T> =2

Let n > 2 be an integer. Find the number of solutions to the equation
2" =z
Let z1, 22, 23 be complex numbers with
|z1] = |22| = |z3] = R > 0.
Prove that

|21 — 22| - |22 — 23| + |23 — 21| - |21 — 22| + |22 — 23] - |23 — 21| < 9R”.

Let u, v, w, z be complex numbers such that |u| < 1, |[v] = 1, and
w= zi(u——zl) Prove that |w| < 1 if and only if |z] < 1.
U-z—

Let z1, 22, 23 be complex numbers such that
21+ 29 +23 =0 and |Zl| = |22| = |2’3| =1.

Prove that
2i+ 25425 =0.
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32.

33.

34.

35.

36.

37.

38.
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Consider the complex numbers z1, 2o, ..., 2z, with
|z1] = |22| = = |zn| =7 > 0.
Prove that the number

(z1+ 22) (22 + 23) -+ (-1 + 2n) (20 + 21)
Z1°22...2n

E:

is real.
Let z1, 22, z3 be distinct complex numbers such that

|Zl| = |ZQ| = |2’3| > 0.

If 21 + 2923, 2o + 2123, and z3 + z122 are real numbers, prove that
Z12223 = 1.

Let 21 and 25 be the roots of the equation 2 — z + 1 = 0. Compute the
following:

(a) 23090 4 22000 (b) 21999 4 21999; (¢) 27 + 2%, for n € N.
Factorize (in linear polynomials) the following polynomials:
(a) z* +16; (b) 2% — 27; (c) 2® +8; (d) 2* + 22 + 1.

Find all quadratic equations with real coefficients that have one of the

following roots:
(a) (2414)(3 —1); (b) 5 (c) i°1 4 2480 4 3345 + 4438,
—1

(Hlawka’s inequality) Prove that the inequality

5+1

|21 + za| + |22 + 23| + |23 + 21| < |z1| + |22] + |23] + |21 + 22 + 23]

holds for all complex numbers z1, 22, 23.
Suppose that complex numbers x;, y;, i = 1,2,...,n, satisty |x;| = |y;| =
1. Let

1 1 ¢
xzﬁzlxi, y:EEyi, and z; = xy; + yx; — Ty
1= 1=

n
Prove that Z |zi| < n.
i=1
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1.2 Geometric Interpretation of the Algebraic
Operations

1.2.1 Geometric Interpretation of a Complex Number

We have defined a complex number z = (z, y) = x + yi to be an ordered
pair of real numbers (z, y) € R X R, so it is natural to let a complex number
z = x + yi correspond to a point M(z, y) in the plane R x R.

For a formal introduction, let us consider P to be the set of points of a
given plane I equipped with a coordinate system xOy. Consider the bijective
function ¢ : C — P, ¢p(z) = M(z, y).

Definition. The point M (z, y) is called the geometric image of the complex
number z = x + yi.

The complex number z = x + yi is called the complex coordinate of the
point M (z, y). We will use the notation M (z) to indicate that the complex
coordinate of M is the complex number z.

M(x,y)
b
M(x, )
------------ ] .
y :
: .
0 X M/(xv_y)
M(x, y)
. 2
o
M”(_xv —)’)

Figure 1.2.
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The geometric image of the complex conjugate z of a complex number
z = x + yi is the reflection point M’'(x, —y) across the z-axis of the point
M(z, y) (see Fig.1.2).

The geometric image of the additive inverse —z of a complex number
z = x + yi is the reflection M"(—x, —y) across the origin of the point
M(z, y) (see Fig.1.2).

The bijective function ¢ maps the set R onto the x-axis, which is called
the real axis. On the other hand, the imaginary complex numbers correspond
to the y-axis, which is called the tmaginary azxis. The plane II, whose points
are identified with complex numbers, is called the complex plane.

On the other hand, we can also identify a complex number z = x+ yi with
the vector o = O—]\>/[ , where M (x, y) is the geometric image of the complex
number z (Fig. 1.3).

A
M(x, y)
Yk :
A
-
J
o| 7 x
Figure 1.3.

Let Vp be the set of vectors whose initial points are the origin O. Then we
can define the bijective function

— - -
o :CoVy, (2)=OM =" =x2i +y7],

where i, j are the unit vectors of the z-axis and y-axis, respectively.

1.2.2 Geometric Interpretation of the Modulus

Let us consider a complex number z = x + yi and the geometric image
M (z, y) in the complex plane. The Euclidean distance OM is given by the
formula

OM = /(zm —20)? + (ym — yo)?;
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hence OM = (/22 +y? = |z| = | E)| In other words, the absolute value |z|
of a complex number z = z + yz is the length of the segment OM or the

magnitude of the vector 7 =z z +y ]

Remarks.

(a) For a positive real number r, the set of complex numbers with modulus
r corresponds in the complex plane to C(O;r), our notation for the circle
C with center O and radius r.

(b) The complex numbers z with |z| < r correspond to the interior points
of circle C; on the other hand, the complex numbers z with |z| > r
correspond to the points in the exterior of circle C.

1 3
Example. The numbers z; = :|:§ + %i, k =1,2,3,4, are represented in
the complex plane by four points on the unit circle centered at the origin,

since
|21] = |22| = |23] = |24] = 1.

1.2.3 Geometric Interpretation of the Algebraic
Operations

(a) Addition and subtraction. Consider the complex numbers z_1> = —|—
y1t and zo = xo + yoi and the corresponding vectors 71 =x11 + 11 j
and Uo =20 i + y2 j . Observe that the sum of the complex numbers is

21+ 29 = (1 + x2) + (Y1 + y2)i,
and the sum of the vectors is
— —
Ti+ Vo= (z1+22) 7 + (1 +v2) J

Therefore, the sum z; 4+ z3 corresponds to the sum 71 + 72 (Fig.1.4).

Examples.

(1) We have (3+5i)+ (6+17) = 9+ 6¢; hence the geometric image of the sum
is given in Fig. 1.5.

(2) Observe that (6 — 2i) + (—2 + 5i) = 4 + 3i. Therefore, the geometric
image of the sum of these two complex numbers is the point M (4, 3) (see
Fig. 1.6).

On the other hand, the difference of the complex numbers z; and z5 is

21 — 22 = (1 — x2) + (y1 — Y2)i,
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M(x1+x2, y1+ y2)

M(x2, y2)

—
V] Mi(x1, y1)

Figure 1.4.

M@, 6)
M 3,5

3 6 9
Figure 1.5.

M®4,3)

Figure 1.6.
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and the difference of the vectors v; and vg is
— —
V- Vo= (a1—22) i +(y1—y2)J -

Hence, the difference z; — 25 corresponds to the difference 71 — 72.

(3) We have (=3+14) — (2+3¢) = (=3 +1) + (=2 — 3i) = —5 — 2i; hence the
geometric image of the difference of these two complex numbers is the
point M (-5, —2) given in Fig. 1.7.

M(2,3)
M(-3,1)
M(-5,-2)
M'(-2,-3)
Figure 1.7.

(4) Note that (3 —2i) — (=2 —4i) = (3 — 2i) + (2 + 4i) = 5 + 2i; we obtain
the point Ma(—2, —4) as the geometric image of the difference of these
two complex numbers (see Fig. 1.8).

M"(2,4)

M(5,2)

M;(3,-2)

My(~2,—4)

Figure 1.8.
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Remark. The distance between M7(x1, y1) and Ma(xa, y2) is equal to the
modulus of the complex number z1 —zo, or to the length of the vector 71 —72.
Indeed,

|MiMa| = |21 — 20| = [V1 — Va| = V(w2 — 21)% + (32 — y1)>

(b) Real multiples of a complex number. Consider a complex number

- =
z = = + 1y and the corresponding vector U =xi + yj.If Xis a real
number, then the real multiple Az = Ax + i\y corresponds to the vector

— —
AT =Xz i +M\yj.
Note that if A > 0, then the vectors A7 and ¥ have the same orientation

and
AT | = AT

When A < 0, the vector A7/ changes to the ogosite orientation, and
AT | = —A|7|. Of course, if A =0, then A = 0 (Fig.1.9).

y y
M'(Ax, Ay)
M(x,y)
M(x,y)

(0] X X

M'(Ax, Ay)

Figure 1.9.
Examples.

(1) We have 3(1 + 2¢) = 3 + 6i; therefore, M’(3, 6) is the geometric image
of the product of 3 and z =1 4 2.

(2) Observe that —2(—3 + 2i) = 6 — 4i; we obtain the point M'(6, —4) as
the geometric image of the product of —2 and z = —3 4 2i (Fig. 1.10).
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Y MG, 6)
6l -
M-3,2) 5

. 6

. -3 :
2f - AM,2)

1 3 x| :

-4 M'(6,-4)
Figure 1.10.

1.2.4 Problems

1. Represent the geometric images of the following complex numbers:

21 =341 20=—4+4+2i; z3=—-5—44; z4 =5 —1;

zZ5 = 1; 6 = —3i; zr = 2i; zZ8 = —4.

2. Find the geometric interpretation for the following equalities:

(a) (=5 +4i)+ (2 —3i) = =3 +1;
(b) (4—1)+ (=64 4i) = —2 + 3i;
(¢) (—3—2i)—(=b+1i)=2-3i;
(d) (8 —4) — (5 +3i) = 3 — 4i;

() 2(—4+2i) = —8 + 4i;

(f) =3(—=1+2i) =3 —6i.

3. Find the geometric image of the complex number z in each of the following
cases:

(a) |[z—=2[=3;(b) |z+1i] <1;(c) |z — 14 2i] > 3;
(d) |z =2|—=|z2+2] <2; (e) 0 <Re(iz) < 1; (f) =1 <Im(z) < 1;

(o) Re(zj> —0; () 1—:E€R.

4. Find the set of points P(z, y) in the complex plane such that

‘ 2 +4—|—i\/y—4‘ — V0.

z



30

1 Complex Numbers in Algebraic Form

. Let 21 = 1+4iand 20 = —1 — 4. Find 23 € C such that the triangle

z1, Z2, 23 is equilateral.

. Find the geometric images of the complex numbers z such that the

triangle with vertices at z, 22, and 22 is a right triangle.

. Find the geometric images of the complex numbers z such that




Chapter 2

Complex Numbers in Trigonometric
Form

2.1 Polar Representation of Complex Numbers

2.1.1 Polar Coordinates in the Plane

Let us consider a coordinate plane and a point M (z, y) that is not the origin.
The real number r = /22 + y2 is called the polar radius of the point M.

The direct angle t* € [0, 27) between the vector W/l and the positive z-axis is
called the polar argument of the point M. The pair (r, t*) are called the polar
coordinates of the point M. We will write M (r, t*). Note that the function
h:RxR\{(0,0)} = (0, o0) x [0, 27), h((z, y)) = (r, t*) is bijective.

The origin O is the unique point such that r = 0; the argument t* of the
origin is not defined.

For each point M in the plane there is a unique intersection point P of
the ray (OM with the unit circle centered at the origin. The point P has the
same polar argument ¢*. Using the definition of the sine and cosine functions,
we find that

x =rcost” and y = rsint”.

Therefore, it is easy to obtain the Cartesian coordinates of a point from its
polar coordinates (Fig.2.1).
Conversely, let us consider a point M (z, y). The polar radius is

r=+/22+ 92
To determine the polar argument, we study the following cases:

(a) If  # 0, from tant* = Y we deduce that
T

#* — arctan 2 + km,
T

T. Andreescu and D. Andrica, Complex Numbers from A to ... Z, 31
DOI 10.1007/978-0-8176-8415-0_2, © Springer Science+Business Media New York 2014
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M(x,y)

P(1,1%)
t*

Figure 2.1.

where
0, for >0 andy>0,

k=<1, for <0 andanyy,
2, for >0 andy<D0.

(b) If z =0 and y # 0, then

o w/2, for y >0,
~ | 37/2,for y<O.

Examples.

1.

Let us find the polar coordinates of the points M;(2,—2), Ma(—1,0),
M3(—2v/3,-2), My(v/3,1), M5(3,0), Me(—2,2), M7(0, 1) and Mg (0, —4).
In this case, we have 11 = /22 + (—2)2 = 2\/— 2;t7 = arctan(—1) + 27 =

—E+27T: 7—7T, so M, (2\/5, %’T)

4 4
Observe that o = 1, t5 = arctan0 + 7 = 7, so Ma(1, =).
\/g T T T
We h =4, t§ = arctan — =— Ms 4, — ).
e have 13 3 = arctan 3 + 7 6+ 6 , SO0 M3 6
Note that 74 =2, t] = arctan‘/Tg = g, 80 My ( , %)
We have r5 = 3, tf = arctan0+ 0 =0, so M5(3, 0).
3

We have 75 = 2v2, t§ = arctan(—1) + 7 = —% + 7T = —, so

Mg (2\/5, ?ZTW)

Note that 77 =1, t; =

o)

T
, so M7 (1, 5)

3 3
Observe that rg =4, tg = ;, so Mg (1, T

2
Let us find the Cartesian coordinates of the following points given in polar

2 7
coordinates: M, ( ;) Moy ( I), and M3(1,1).
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2 1 2
Wehavex1:2cos—7T:2 —= :—1,y1:2sin—ﬂ-:2£:\/§, SO
3 2 3 2
Ml(_lu \/g)
Note that
5 T 32 _3,77r__3\/§

T2 = COS4—2,y2— s1n4_ 5

SO
3v2  3v2
()

Observe that x3 = cos1, ys =sin 1, so M3(cos1, sinl).

2.1.2 Polar Representation of a Complex Number

For a complex number z = z + yi, we can write the polar representation
z = r(cost* 4+ isint*),

where r € [0, 00) and t* € [0, 27) are the polar coordinates of the geometric
image of z.

The polar argument t* of the geometric image of z is called the principal (or
reduced) argument of z, denoted by arg z. The polar radius r of the geometric
image of z is equal to the modulus of z. For z # 0, the modulus and argument
of z are uniquely determined.

Consider z = r(cost* +isint*) and let ¢t = t* + 2k7 for an integer k. Then

z = rlcos(t — 2km) + isin(t — 2kw)] = r(cost + isint),

i.e., every complex number z can be represented as z = r(cost+isint), where
r>0andt € R. The set Argz = {t: t* 4+ 2knm, k € Z} is called the extended
argument of the complex number z.

Therefore, two complex numbers z1, zo # 0 represented as

z1 = ri(costy +isinty) and zg = ro(costs + isints)

are equal if and only if r; = r9 and t; — to = 2k7, for some integer k.

Example 1. Let us find the polar representation of the following numbers:
(a’) 1 = -1- iv

(C) 23 = -1 +Z\/§a

(d) z4 = 1 —iV/3,

and determine their extended arguments (Fig. 2.2).
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(a) As in Figure 2.2, the geometric image P;(—1, —1) lies in the third quad-

rant. Then r; = /(—1)2 4+ (—1)2 = v/2 and
om

*x y _ 77T —
t] =arctan= 4+ 7 =arctanl +7=— + 7= —.
T 4 4

S
X =
=3
a4 N
V2
S -1
Pi(-1,-1)
Figure 2.2.
Hence
5 5
21 = \/5 (cosf —i—isin%)
and

Arg z) = {%T + 2km|k € Z} .
(b) The point P(2, 2) lies in the first quadrant, so we can write

ro =\/22 4 22 = 2¢/2and t} = arctan 1 = %

Hence

29 = 2v/2 (cosg —I—ising)

and
Argz = {% +2krlk €2}

(¢) The point P3(—1, v/3) lies in the second quadrant, so (Fig. 2.3)

2
r3 = 2 and t§ = arctan(—V/3) + 7 = —g +7= ?W

Therefore,

20 .. 2w
23 =2 cos?—l—zsm?
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............. ﬁ
-\ n
é \,;
-2
Figure 2.3.

and )
Argzg = {% + 2knlk € Z} .

(d) The point Py(1, —+/3) lies in the fourth quadrant (Fig.2.4), so

5
r4 = 2 and ¢} = arctan(—v/3) + 27 = —g +2m = %

N
\

T4
VI3l
P4(1, _\/3)
Figure 2.4.
Hence
9 51 Lisi 51
24 = Ccos — + ¢sin —
! 3 3
and

5
Argzy = {% + 2knlk € Z}.
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Example 2. Let us find the polar representation of the following numbers:

(a) z1 = 21,
(b) Z9 = —1,
(c) z3 =2,
(d) Z4 = —3i,

and determine their extended arguments.

(a) The point P;(0, 2) lies on the positive y-axis, so

* ™ 7T ... T
ry =2, t1=§, 21:2(cos§+zsm§)

and -
Arg 2z = {5 + 2kn|k € Z} .

(b) The point P»(—1,0) lies on the negative z-axis, so
ro =1, t5=m, z3=cosT+isinmw

and
Arg zo = {7 + 2kw|k € Z}.

(c) The point P5(2, 0) lies on the positive z-axis, so
rg =2, t5=0, 2z3=2(cos0+1i sin 0)

and
Arg zg = {2kn|k € Z}.

(d) The point P4(0, —3) lies on the negative y-axis, so

. 9T 3= .. 3«;
ry =3, t4=7, z4 =3 cos7+zsm7
and 5
Argzy = {7” + 2knlk € Z} .
Remark. The following formulas should be memorized:
1 = cos0 + isin0; z‘:cosgﬂ'smg;
. . 3= .. 3w
—1 =cosm +isin; —120087+231n7.

Problem 1. Find the polar representation of the complex number

z=1+cosa+isina, a€ (0, 2m).
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Solution. The modulus is

|z|:\/(1+cosa +sin?a = \/2(1 + cosa) = ,/46052 cos—

The argument of z is determined as follows:

(a) If a € (0, m), then % € (0, g), and the point P(1 4 cosa, sina) lies in
the first quadrant. Hence

% sina a a
t" = arctan ———— = arctan (tan —) = -,
1+ cosa 2 2

and in this case,
2 cos a(cosa+'s' a)
z= - — +isin— ).
2 2 2
(b) If a € (m, 2m), then - € ( ) and the point P(1 4+ cosa, sina) lies in
the fourth quadrant. Hence
t* = arcta (ta )—|—2 a4 +2 a—|—
= arctan ( tan — T=——7+21= T
2 2 2

and
= —2cos2 (cos (2 -‘rﬂ') + 7sin (2 +7r))
: 2 2 2 '

(¢) If a =, then z = 0.

Problem 2. Find all complex numbers z such that |z| = 1 and

Solution. Let z = cosz +isinz, x € [0, 27). Then

_ 2+

EE = | cos 2z + isin 2z + cos 2z — i sin 2z| = 2| cos 2|,
z

whence

1 1
2 = — 2 =—=.
COS 2T 2OI'COS X )

If cos2x = %, then

T 5T Vs 117
361:6, IQ:E’ 953:?, I4:T'
If cos2x = —%, then
T 2w 47 51
BTy Ty ATT g A8 T g
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Hence there are eight solutions:

zr =cosx +isinzg, k=1,2, ...,8.

2.1.3 Operations with Complex Numbers in Polar
Representation

1. Multiplication

Proposition. Suppose that
z1 = ri(costy +isinty) and zo = ra(costs + isinty).

Then
2122 = rira(cos(ty + ta) + isin(ty + t2)). (1)

Proof. Indeed,
2122 = r1ra(costy + isinty)(costs + isints)
= ryra((costy costy — sinty sinty) + i(sinty costy + sints costy))
= riro(cos(ty + to) + isin(t; + t2)). O
Remarks.

(a) We find again that |z122| = |z1] - |22].
(b) We have arg(z122) = arg z1 + arg zo — 2k7, where

b — 0, for argz; +argze <2,
T 11, for argzi + argzo > 2m.

(c) Also we can write Arg(z122) = {argz1 + argzo + 2kn : k € Z}.
(d) Formula (1) can be extended to m > 2 complex numbers. If z, =
rip(costy +isinty), k=1, ..., n, then

2122 ... 2n =112 Tp(cos(ty +ta + -+ t,) +isin(ty +ta + -+ + tn)).

The proof by induction is immediate. This formula can be written as
sz:Hrk (cosZtk—l—isinZtk). (2)
k=1 k=1 k=1 k=1

Example. Let 21 =1 — ¢ and 29 = V3 + 4. Then

c .. Im ™ .., T
21:\/§<cosz+zsmz), 22:2(COSE+ZSIDE)’
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and

Mmoo Y Ay
R122 = 22 {cos (I + E) + isin (Z + E)}

231 237
= 2v2 — +isin—— | .
\/_<cos 2 + 7 sin 12)

2. The power of a complex number
Proposition. (De Moivre!) For z = r(cost +isint) and n € N, we have
2" = r"(cosnt + isinnt). (3)
Proof. Apply formula (2) with z = 21 = 29 = - - - = 2,, to obtain

2= ro--r(cos(tHt 4+ t)+i sin(t -t 4+ 1))
N—— N ———’ N ————’

n times n times n times
=" (cosnt + isinnt). O
Remarks.

(a) We find again that |2"| = |z|™.
(b) If r =1, then (cost +isint)"™ = cosnt + isinnt.
(c) We can write Arg 2" = {nargz + 2kn : k € Z}.

Example. Let us compute (1 + )09,

The polar representation of 1 + i is ﬁ(cosg—l-isin g) Applying de
Moivre’s formula, we obtain

(1 +)1000 = (1/2)1000 (Cos 1000% +isin 1000%)
= 2590 (cos 2507 4 4 sin 2507) = 259,
Problem. Prove that

sinbt = 16sin® ¢t — 20sin®¢ + 5sint;
cosbt = 16cos®t — 20cos®t + 5cost.

Solution. Using de Moivre’s theorem to expand (cost +isint)®, then using
the binomial theorem, we have

cos 5t + isin 5t = cos® ¢ + 5icos*t sint + 10i2 cos® ¢ sin’t

+ 10i% cos® t sin®t + 5itcost sin*t +i°sin’ t.

1 Abraham de Moivre (1667-1754), French mathematician, a pioneer in probability theory
and trigonometry.
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Hence

cos bt 4 isin5t = cos®t — 10cos®t (1 — cos®t) + 5cost (1 — cos? t)?
+i(5(1 —sin?t)?sint — 10(1 —sin®#) sin®t + sin®t).

Simple algebraic manipulation leads to the desired result.
3. Division
Proposition. Suppose that

z1 = ri(cost; +isinty), z2 = rao(costs +isinty) # 0.

Then - ,
L = Llcos(ty — t) + isin(ty — ta)).
22 T2

Proof. We have
21 1 (COS t1 + isintl)

2y 7To(costy +isinty)

ri(costy + isinty)(coste — isints)
ro(cos?ta + sin? 23]

- [(costy costy + sinty sints) + i(sinty costa — sinty costy)]

T2
1 ..
= —(cos(ty — t2) +isin(ty — t2)). O
T2
Remarks.
(a) We have again Al_n _ @
Z2 (] |2’2|

(b) We can write Arg (i—;) = {argz —argzo +2kn: k € Z}.
(¢) For z1 =1 and 2 = z,

% = 1= %(COS(—t) +isin(—t)).

(d) De Moivre’s formula also holds for negative integer exponents n, i.e., we

have

2" =" (cosnt + isinnt).

Problem. Compute

(1- )3 +i)°
(—1—iv3)0
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Solution. We can write
10 B
V2)10 cos7—7r+isin7—7r .95 (cos = + i sin ~
4 4 6

6
1 4\ 10
210 (cos % + 4 sin %)
210 cos35—7r+isin35—ﬁ cos5—7r+isin5—ﬂ
B 2 2 6 6

40 40
210 (cos TW + i sin TW)

z =

cos oo™ + 2sin bom
3 3

407 s 407
CcOoS — + 4 8in —
3 3

=cosHm +isinbm = —1.

2.1.4 Geometric Interpretation of Multiplication

Consider the complex numbers
21 = ri(costy +isint]), zo = ra(cost; +isint;),

and their geometric images My (r1, t7), Ma(re, t5). Let Py, P be the inter-
section points of the circle C(O; 1) with the rays (OM; and (OMs. Construct
the point P3 € C(O; 1) with the polar argument ¢§ +¢5 and choose the point
M3 € (OP5 such that OM3 = OM; - OMs. Let z3 be the complex coordinate
of Ms. The point M3(rire, t§ + t5) is the geometric image of the product
Z1. 29.

Let A be the geometric image of the complex number 1. Because

OM;  OM> o OM;  OM,
oM, 1 77 oM, OA

and Mmg = ml, it follows that triangles O AM; and O MsM3 are
similar (see Fig. 2.5).
In order to construct the geometric image of the quotient, note that the

. z3 .
image of — is Mj.
22
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M3 M,
Py P
M,
*
tl .
t2 Pl
n
o A
Figure 2.5.

2.1.5 Problems

1. Find the polar coordinates for the following points, given their Cartesian

coordinates:

(a) Mi(=3,3);
(d) My(=2, —1);

(b) Ma(—4v/3, —4);
(e) Ms(4, —2).

(c) M3(0, —5);

. Find the Cartesian coordinates for the following points, given their polar

coordinates:
(a) P (2, g), (b) Py (4, 27 — arcsin g), (c) P5(2, m);
@ B3, ) () B(L3): (1) Po(4, o)

. Express arg(z) and arg(—z) in terms of arg(z).
. Find the geometric images for the complex numbers z in each of the

following cases:
(a) [zl =2; (b) [z +i] = 2;

(d) m<argz < IW;

(&) arg(—2) € (5.5 );

(¢) |z =il <3
(e) argzzg; () argz<g ;

() |z+1+i|<3and0<argz<%.

. Find polar representations for the following complex numbers:

(b) 2o =—4 +i‘/T§; (c) z3=—1%— Z-\/Tg;

(e) z5 =3—2i; (f) z6 = —4i.

(a) 21 = 6+ 6iv/3;
(d) z4 =9 —9iV3;

. Find polar representations for the following complex numbers:

a € [0, 2m);
a €0, 27);

(a) z1 = cosa —isina,
(b) z2 =sina+ i(1 + cosa),
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10.
11.

12.

13.

14.

(¢c) z3 =cosa+sina+i(sina —cosa), a €0, 27);
(d) z4=1—cosa+isina, ac€ [0, 2m).

. Compute the following products using the polar representation of a com-

plex number:

(a) % - z?> (=3430)(2V3+2i);  (b) (1 +i)(=2— 20) - is
(c) —2i-(—4+4v3i)- (343i); (d)3-(1—14)(=5+ 5i).

Verify your results using the algebraic form.

. Find |z|, argz, Argz, argz, arg(—z) for

(a) z=(1—1i)(646i); (b)z=(7—TV3i)(—1—1i).

. Find |z| and arg z for

2 24)8 1+414)8

(a)z:(\/g+.62) + (+Z), ;
(1—1) (2/3 — 2i)8

(—1+40)* 1
b) z = + ;
(b) (V3 =)0 (2¢/3 4 2i)*
(¢) z=(143V/3)" + (1 —iV/3)".
Prove that de Moivre’s formula holds for negative integer exponents.
Compute the following:

(a) (1 —cosa+isina)” for a € [0, 27) and n € N;
1 1
(b) z”+—n,ifz+—=\/§.
z z
1
Given that z is a complex number such that z + — = 2co0s3°, find the
z
1

least integer that is greater than 22000 + —5000 -
z

(2000 AIME II, Problem 9)

For how many positive integers n less than or equal to 1000 is
(sint + icost)™ = sinnt + i cosnt

true for all real t?7

(2005 AIME II, Problem 9)
Let (1 —/3i)" = x,, + iyn, where z,,,y, are real forn =1,2,3,....

(a) Show that T, yn_1 — Tn_1yn = 4" V3.
(b) CompU-te TnTn—1 + YnYn—1-
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2.2 The nth Roots of Unity

2.2.1 Defining the nth Roots of a Complex Number

Consider a positive integer n > 2 and a complex number zg # 0. As in the
field of real numbers, the equation

Z"— 2 =0 (1)

is used for defining the nth roots of the number zy. Hence we call any solution
Z of equation (1) an nth root of the complex number zy.

Theorem. Let zg = r(cost* + isint™) be a complex number with r > 0 and
t* €0, 2m).
The number zo has n distinct nth roots, given by the formulas

)

t* + 2k t* + 2k
Zy = r (cosu —i—ising)
n

Proof. We use the polar representation of the complex number Z with the
extended argument:
7Z = p(cosp + isinp).

By definition, we have Z™ = zj, or equivalently,
p"(cosnp + isinnp) = r(cost™ + isint™®).

We obtain p" = r and nyp = t* + 2kx for k € Z; hence p = /r and p =
t* 0

—+k-2—fork€Z.

n
So far, the roots of equation (1) are
Zy = {/r(cos i + isinpy) fork € Z.

Now observe that 0 < ¢g < 1 < -+ < @p—1 < 27, so the numbers @i, k €
{0, 1, ..., n— 1}, are reduced arguments, i.e., ¢} = . Until now, we had
n distinct roots of zq:

Zo, Z1y oy Dp_1.

Consider some integer k and let r € {0, 1, ..., n — 1} be the residue of k
modulo n. Then k = ng + r for ¢ € Z, and
t* 27 t* 2w
or=—+4(ng+r)— = — +r— +2q7 = ¢, + 2q7.
n n n

n
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It is clear that Z, = Z,.. Hence
{Zy:kely={2y, Z1, ..., Zn-1}.
In other words, there are exactly n distinct nth roots of 2y, as claimed. [

The geometric images of the nth roots of a complex number zy # 0 are
the vertices of a regular n-gon inscribed in a circle with center at the origin
and radius {/r.

To prove this, denote by My, Mi, ..., M,_; the points with com-
plex coordinates Zy, Zi, ..., Zp_1. Because OMy = |Zx| = {/r for
k€0, 1, ..., n—1}, it follows that the points My, lie on the circle C(O; /).

On the other hand, the measure of the arc MMy is equal to

"+ 2(k+1)m — (t* + 2k 2
arg Lx41 — arg Ly = 20k 4 D — (¢ + ﬂ-):—ﬂ-

)

n n

for all k € {0,1, ..., n— 2}, and the remaining arc Mn:MO is
R

Because all of the arcs M;\Ml, M:Mg, e Mn:MO are equal, the polygon

MoMi - - - M,,_ is regular.

Example. Let us find the cube roots of the number z = 14 i and represent
them in the complex plane.
The polar representation of z =141 is

z = ﬁ(cosg—l—ising).

The cube roots of the number z are

6 ™ 27 T 2 -
Zk—\/g(cos<12+k3>+251n<12+k3>), k=0,1,2,

or in explicit form,

Zy = \G/i(cosi—l—isinl),

12 12
3 3
Z1 = \6/§<cos% +isin%> ,

and

s 170 . 17«
Zg—\/i(cos 12 + 4 sin o)
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In polar coordinates, the geometric images of the numbers Zy, 71, Z, are

m 37 177
M, (62,—),M 72, 25\ My V2, 2.
o (V2 12 (V2 1 5 ( V2 D
The resulting equilateral triangle Mo M; My is shown in Fig. 2.6.
y
M,
M,
x
M,
Figure 2.6.

2.2.2 The nth Roots of Unity

The roots of the equation Z"™ — 1 = 0 are called the nth roots of unity. Since
1 = cos0+isin0, from the formulas for the nth roots of a complex number,

we derive that the nth roots of unity are

2k 2k
Ek:cosi+isini, ke {0,1,2, ..., n—1}.
n n

Explicitly, we have
gg =cos0+isin0 = 1;

n

A7 . 4w 9
€9 = COS — +18In— = €7,
n n

2t .. 27
€1 =C0S— +18In— =¢;
n

2(n—)m 2(n—L)m -1

En_1 :COST)+iSinT =

The set {1, &, €2, ..., " 1} is denoted by U,. Observe that the set U,
is generated by the element ¢, i.e., the elements of U,, are the powers of ¢.
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As stated before, the geometric images of the nth roots of unity are the
vertices of a regular polygon with n sides inscribed in the unit circle with one
of the vertices at 1.

We take a brief look at some particular values of n:

1. For n = 2, the equation Z2 — 1 = 0 has the roots —1 and 1, which are the
square roots of unity.

2. For n = 3, the cube roots of unity, i.e., the roots of equation Z2 — 1 = 0,
are given by

2k 2k
€k = COSTW —|—isinTﬂ-fork € {0,1, 2}.

Hence /3
2 2 1 3
g0 =1, alzcosg—kisin%:—E—i—i?:E
and
_ 47r+, . 47T_ 1 ,\/g_ 9
52—6053 zs1n3— 5 12 =g”.

They form an equilateral triangle inscribed in the circle C(O; 1) as in
Fig.2.7.

T

e

Figure 2.7.

3. For n = 4, the fourth roots of unity are

2% 2%
ex :<:osT7T+z'smT7T for k= 0,1,2,3.

In explicit form, we have

. T .., T
gg =cos0+isin0 = 1; €1=COS§+ZSH1§=Z;

. 3¢ . 3w .
€9 =cosm +isinm = —1and 53=c057+251n7:—2.
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Observe that Uy = {1, i, i?, i3} = {1, 4, —1, —i}. The geometric images
of the fourth roots of unity are the vertices of a square inscribed in the
circle C(0;1) (Fig.2.8).

The root ¢ € U, is called primitive if for all positive integer, m < n we
have e # 1.

—i

Figure 2.8.

Proposition 1.

(a) If nlq, then every root of Z™ —1 =0 is a root of Z7—1 = 0.

(b) The common roots of Z™ —1 = 0 and Z" — 1 = 0 are the roots of
Z% —1=0, where d = gcd(m, n), i.e., Uy, NU, = U,.

(¢) The primitive roots of Z™ — 1 = O are e = cos 2T 4 jsin 2XT  where
0<k<m and ged(k, m) = 1.

Proof.

(a) If ¢ = pn, then Z9 —1 = (Z")P —1 = (Z" = 1)(ZP~ D" 4 ... £ Z" + 1),
and the conclusion follows

(b) Consider &, = cos 22% +sin 22% a root of Z™ —1 = 0 and €, = cos =% 2m
isin 22% a root of Z" —-1= O. Since |ep| = |7 = 1, we have gp = sq if
and only if arge, = argey, i.e., 2’% = 2‘” + 2r7 for some integer r. The

last relation is equivalent to £ — 1 =, " that is, pn—qm = rmn.

On the other hand we have m = m'd and n = n/d, where
ged(m’, n') = 1. From the relation pn—gm = rmn, we obtain n'p—m’q =
rm’n’d. Hence m/|n'p, so m/|p. That is, p = p’m’ for some positive integer
p’ and
2pm 2p'm'm  2p'm
T wd = d e =t
Conversely, since d|m and d|n (from property a), every root of Z4—1 =0
isarootof Zm™ —1=0and Z" —1=0.

arge, =
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(c) First we will find the smallest positive integer p such that e} = 1. From
the relation €} = 1, it follows that 2—1:7? = 2qm for some positive integer
q. That is, *2 = ¢ € Z. Consider d = ged(k, m) and k = k'd, m = m/d,

’m
where ged(k’, m') = 1. We obtain % = l:n—j,” € Z. Since k' and m’ are
relatively primes, we get m/|p. Therefore, the smallest positive integer p
with e} =1 is p = m’. Substituting in the relation m = m/'d yields that
p =", where d = ged(k, m).

If € is a primitive root of unity, then from relation e = 1, p =
m, it follows that p = m, i.e., ged(k, m) = 1. |
Remark. From Proposition 1(b) in Sect.2.2.2, one obtains that the equa-
tions Z™ —1 =0 and Z"™ — 1 = 0 have the unique common root 1 if and only

if ged(m, n) = 1.

Proposition 2. If ¢ € U, is a primitive root of unity, then the roots of the
equation 2" —1 =0 arec™, e™t1, ..., ™71 where r is an arbitrary positive
mteger.

Proof. Let r be a positive integer and consider h € {0,1, ..., n —1}. Then
(emtM)n = (em)rth =1, i.e., ™" is a root of Z" — 1 = 0.

We need only prove that e”, e"+1, ..., ™"~ 1 are distinct. Assume by way
of contradiction that for 7+ hy # 4 hg and hy > hg, we have "t/ = g7 thz,
Then e"th2(eh1=h2z — 1) = 0. But "*"2 # 0 implies "1 ~"2 = 1. Taking into
account that h1 — ho < n and ¢ is a primitive root of Z™ — 1 = 0, we obtain
a contradiction. O

Proposition 3. Let €g, €1,...,6,—_1 be the nth roots of unity. For every pos-
itive integer k, the following relation holds:

-1 .
nz Ek o n, Zf nlka

7710, otherwise.
3=0

Proof. Consider ¢ = cos%’r + isin 27” Then ¢ € U, is a primitive root of

unity, whence e™ = 1 if and only if n|m. Assume that n does not divide k.
We have

n—1 n—1 ) n—1 ) 1 — (ek)n 1 — (gn)k
Y=Y Er=Y =T -

Jj=0 Jj=0 Jj=0

If n|k, then k = gn for some positive integer ¢, and we obtain
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Proposition 4. Let p be a prime number and let ¢ = COS%T + isin 2?’7. If
ap, ai, ..., Gp—1 are nonzero integers, the relation

CL0+CL1€+"'+CLP71€:D71 =0
holds if and only if ap = a1 =+ = ap—_1.

Proof. If ap = a1 = --- = ap—1, then the above relation is clearly true.
Conversely, define the polynomials f, g € Z[X] by f =as+ a1 X +--- +
ap—1XP~'and g =14 X + -+ + XP~L If the polynomials f, g have com-
mon zeros, then ged(f, g¢) divides g. But it is well known (for example
by Eisenstein’s irreducibility criterion) that ¢ is irreducible over Z. Hence
ged(f, g) = g, so g|f, and we obtain g = kf for some nonzero integer k, i.e.,
ap=a1 = -+ = QAp—1- O

Problem 1. Find the number of ordered pairs (a, b) of real numbers such
that (a + bi)?°9% = a — bi.

(American Mathematics Contest 12A, 2002, Problem 24)

Solution. Let z = a+bi, Z=a— bi, and |z| = vVa? + b%. The given relation
becomes 22992 = z. Note that

|2002 _ |Z2002| _

|2 2| = |2,

from which it follows that
[2](20 — 1) = 0.

Hence |z| = 0 and (a, b) = (0, 0), or |z|] = 1. In the case |z| = 1, we have
22002 — 7 which is equivalent to 2299 =% . 2 = |2]? = 1. Since the equation
22003 — 1 has 2003 distinct solutions, there are altogether 1 + 2003 = 2004
ordered pairs that meet the required conditions.

Problem 2. Two regular polygons are inscribed in the same circle. The first
polygon has 1982 sides and the second has 2973 sides. If the polygons have
any common vertices, how many such vertices will there be?

Solution. The number of common vertices is given by the number of com-
mon roots of 2192 — 1 = 0 and 229" — 1 = 0. Applying Proposition 1(b) in
Sect. 2.2.2 yields that the desired number is d = gcd(1982,2973) = 991.

Problem 3. Let € € U, be a primitive root of unity and let z be a complex
number such that |z —e*| <1 for allk =0,1, ..., n— 1. Prove that z = 0.

Solution. From the given condition, it follows that (z — &¥)(z — k) < 1,

yielding |z|? < z(e¥)+Z-€F, k =0,1, ..., n—1. By summing these relations,
we obtain
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n—1 n—1
n|z|? < z<25k> +z- Zsk =0.
k=0 k=0
Thus z = 0.
Problem 4. Let PyP; --- P,_1 be a reqular polygon inscribed in a circle of
radius 1. Prove the following:
(a) P()Pl . P()PQ s P()Pnfl =N,

2 -1
(b)sinzsin—ﬂ~-~sin(n )W: o
n n

n n—1"’
() si T . 37 . (2n—1)m 1
¢) sin — sin — - - - sin = .
2n 2n 2n on—1
Solution.

(a) Without loss of generality, we may assume that the vertices of the polygon
are the geometric images of the nth roots of unity, and Py = 1. Consider
the polynomial f = 2" —1 = (z — 1)(z — &) -+ (z — e"}), where ¢ =
cos 27” + ¢sin 27’7 Then it is clear that

n=f1)=>0-¢e)1-e)-1-e").

Taking the modulus of each side yields the desired result.
(b) We have

2k 2k k k k
1—6’“:1—cos—7T—isin—w2251112—7T—2z'sin—7rcos—7T
n n n n n

. km ( kr . kﬂ'>

= 2sin— | sin— —icos— |,

n n n
&  km . .
whence |1 —e®| =2sin—, k=1,2, ..., n—1, and the desired trigono-
n

metric identity follows from part (a).

(¢) Consider the regular polygon QoQ1 - - Q2,1 inscribed in the same cir-
cle whose vertices are the geometric images of the 2nth roots of unity.
According to (a),

QoQ1 - QoQ2---QoQ2n—1 = 2n.

Now taking into account that QoQ2 - - Q2,—2 is also a regular polygon,
we deduce from (a) that

QoQ2 - QoQs- - QoQ2n—2 =n.

Combining the last two relations yields

QoQ1 - QoQ3 - QoQ2n—1 = 2.
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A similar computation to that in (b) leads to

2k —1
Q0Q2k71:281n(2—)7r, k=12, ..., n,
n

and the desired result follows.

2 2
Let n be a positive integer and let €,, = cos =l + ¢sin T The nth cyclo-
n n
tomic polynomial is defined by

oul@)= J] (z—eb)

1<k<n—1
ged(k,n)=1

Clearly, the degree of ¢,, is ¢(n), where ¢ is the Euler totient function. The
polynomial ¢, is monic with integer coefficients and is irreducible over Q.
The first sixteen cyclotomic polynomials are given below:

o) =2 -1,

Pa(x) =z + 1,

$3(x) =2® +x +1,

ba(x) = 2% +1,

¢5(z) =2 + 2> + 2% + 2+ 1,
b(z) =2% —x +1,

dr(x) =ab + a5+t a2 441,
ps(x) =2t +1,

go(x) =% + 2% + 1,

bo(x) =a* — a3 + 22—z + 1,

() =
() ==
(1) ==

p13(z) =22 + 2 + 20+ + 41,
() == —ad a2t -z 41,
() =a® —a"+2% 2t + 23—z 41,
(1) ==

The following properties of cyclotomic polynomials are well known:

(1) If ¢ > 1 is an odd integer, then ¢oq(x) = ¢q(—2x).
(2) If n > 1, then

p, when n is a power of a prime p,
1, otherwise.

0.0 ={
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The next problem extends the trigonometric identity in Problem4(b) in
Sect. 2.2.2.

Problem 5. The following identities hold:

. km 1 . .
(a) 11 sin — = —— whenever n is not a power of a prime;
1<k<n—1 no 20
ged(k, n)=1

k _
(b) IT  cos - ~————, for all odd positive integers n.
1<k<n—1 n 2¢(n)
ged(k, n)=1

Solution.

(a) As we have seen in Problem4(b) in Sect.2.2.2,

& o km (. km . km 2 kw kr . . k7w
1—¢, =2sin— |sin— —i4cos— | = —sin— | cos — +isin— | .
n n n n n

n 7
We have
2 k k k
1=¢.()= [[ -= J[ Zsin— (cos—w +isin—7T>
1<k<n-—1 1<k<n—1 " " n
ged(k, n)=1 ged(k, n)=1
2¢(n) k
= el H Sin?7T (cos @w—i—isin @TF)
1<k<n-—1
ged(k, n)=1
2¢(n) k7w @(n)
=——= | 1 smo- |07
(=1)7 1<k<n—1

ged(k, n)=1

where we have used the fact that ¢(n) is even, and also the well-known

relation )
Z k= §n<p(n)
1<k<n-—1
ged(k, n)=1
The conclusion follows.
(b) We have

2k 2k k k k
1+<€Z = 1—i—cos—7r—i-isin—7T 220052—7T—i—2isin—7rcos—7T
n n n n n

k k k
:2cos—7r(cos—7r+isin—7r>, k=01, ..., n—1.
n n n
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Because n is odd, it follows from the relation ¢op, () = ¢y (—x) that ¢, (—1) =
¢2r,(1) = 1. Then

1=pu(-0= [[ (-ey=(1n7 J[ (+eh

1<k<n—1 1<k<n—1
ged(k, n)=1 ged(k, n)=1
kmw kmw km
= (—1)¥) H 2cos — <cos— +zsin—>
n n n
1<k<n—1
ged(k, n)=1

km o(n) .. p(n)
- p(n)ge(n) | | =z RS "
(=1)¥\m2 cos - (cos 5 1sin 5

1<k<n—1
ged(k, n)=1
2(n) ge(n) km
=(=1)"7=22 H cos —,
n
1<k<n—1
ged(k, n)=1

yielding the desired identity.

2.2.3 Binomial Equations

A binomial equation is an equation of the form Z" 4+ a = 0, where a € C*
and n > 2 is an integer.

Solving for Z means finding the nth roots of the complex number —a. This
is, in fact, a simple polynomial equation of degree n with complex coefficients.
From the well-known fundamental theorem of algebra, it follows that it has
exactly n complex roots, and it is obvious that the roots are distinct.

Example.
(1) Let us find the roots of Z% + 8 = 0.

We have —8 = 8(cosm + isinm), so the roots are

T+2kr .. w4+ 2kw
+ 7 sin 3

Zk_2(cos >, ke {0,1, 2}.

(2) Let us solve the equation Z® — Z3(1 + i) + i = 0.
Observe that the equation is equivalent to

(Z® —1)(Z% —i) =0.

Solving the binomial equations Z3 —1 = 0 and Z2 —i = 0 for Z, we
obtain the solutions
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2km

2%
. —i—z’sinTﬂ- for k € {0,1, 2}

€ = COS

and - -
— + 2km — + 2km

Z :cos2—+isin2T for k € {0,1, 2}.

2.2.4 Problems

1. Find the square roots of the following complex numbers:
1 i
c)z=—7=+ —F&;
(d) z=—-2(1+iV3); (&) z =17 — 24i.
2. Find the cube roots of the following complex numbers:
(a) z=—i; (b) 2=-27; (c) z=2+ 23
1 3
@ 2=t i3 (1846
2 2
3. Find the fourth roots of the following complex numbers:
(a) z=2—-4V12; (b) z=V3+1i; (c)z=1i;
(d) z=-2i; (e) z=—T7+ 24i.

4. Find the 5th, 6th, Tth, 8th, and 12th roots of the complex numbers given

(a) z=1+414 (b) z=1i

above.

5. Let U, = {eo, €1, €2, ..., €n—1}. Prove the following:
(a) gj-ex €Uy, forall j, ke {0,1, ..., n—1};
(b) 5;1 e U, forall j €{0,1, ..., n—1}.

6. Solve the following equations:
(a) 25 —125=0; (b) 2* 4 16 = 0;
(c) 23 +64i=0; (d) 2% —27i=0.
7. Solve the following equations:
(a) 27 —2iz* —i2® —2=0; (b)20+iz®+i—1=0;
() 2-3i)25+1+5i=0; (d) 2%+ (-2+1i)2°—2i=0.

8. Solve the equation
2 =5(z—-1)(2* -z +1).

9. Let z be a complex number such that z” +2""' + ... +1 = 0. Prove

that
n+1

n" 4. 42241= 5 .
z22—z
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10.

11.

12.

13.

14.
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Let z be a complex number such that

o) oot -

For an arbitrary integer n, evaluate

2=+ —=+1].
2" 2"
Let v and w be distinct randomly chosen roots of the equation

271 =0.

Let m be the probability that /2 + V3 < |v + w|, where m and n are
n

relatively prime positive integers. Find m + n.

(1997 AIME, Problem 14)

—1

4
z
Let 21, 29, 23, 24 be the roots of <2 > = 1. Determine the value of
z—1

(zf + 1)(2% + 1)(z§ + 1)(22 +1).

The equation 2% + (132 — 10'°) = 0 has 10 complex roots 71, 71, 72, T2,
r3, T3, 4, T4, T5, T5, where the bar denotes the complex conjugate. Find
the value of
1 1 1 1 1
—F—+—+— + —.
™mr Tr2T2 r3r3 4Ty rsTs

(1994 AIME, Problem 13)

For certain real values of a, b, ¢, and d, the equation
zt+az + b2’ +cx+d=0

has four nonreal roots. The product of two of these roots is 13 + ¢, and
the sum of the other two roots is 3 + 44, where i = v/—1. Find b.

(1995 AIME, Problem 5)



Chapter 3
Complex Numbers and Geometry

3.1 Some Simple Geometric Notions and Properties

3.1.1 The Distance Between Two Points

Suppose that the complex numbers z; and 2z have the geometric images M,
and Ms. Then the distance between the points M7 and M, is given by

M1M2 = |21 — Zgl.
The distance function d: C x C — [0, o) is defined by
d(z1,22) = |21 — 22},

and it satisfies the following properties:

(a) (positivity and nondegeneracy):
d(z1, z2) >0 for all 21, 25 € C;

d(z1, z2) =0 if and only if z; = 2.

(b) (symmetry):
d(z1, 2z2) = d(z2, 21) for all z1, z5 € C.
(c) (triangle inequality):
d(z1, z2) <d(z1, 23) +d(z3, 22) for all z1, 23, 23 € C.
To justify (c), let us observe that

|21 — 22| = (21 — 23) + (23 — 22)| < |21 — 23| + |23 — 22,

T. Andreescu and D. Andrica, Complex Numbers from A to ... Z, 57
DOI 10.1007/978-0-8176-8415-0_3, © Springer Science+Business Media New York 2014
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from the modulus property. Equality holds if and only if there is a positive
real number k such that

Z3 — 21 = k(ZQ — 23).

3.1.2 Segments, Rays, and Lines

Let A and B be two distinct points with complex coordinates a and b. We
say that the point M with complex coordinate z is between the points A and
B if z #a, z # b, and the following relation holds:

la — 2|+ |z — b = |a — b].

We use the notation A — M — B when the point M is between A and B.

The set (AB) ={M : A— M — B} is called the open segment determined
by the points A and B. The set [AB] = (AB)U{A, B} represents the closed
segment defined by the points A and B.

Theorem 1. Suppose A(a) and B(b) are two distinct points. The following
statements are equivalent:

(1) M € (AB).

(2) There is a positive real number k such that z —a = k(b — z).

(3) There is a real number t € (0, 1) such that z = (1 — t)a + tb, where z is
the complex coordinate of M.

Proof. We first prove that (1) and (2) are equivalent. Indeed, we have M €
(AB) if and only if [a—z|+|2—b| = |a—b|. That is, d(a, z)+d(z, b) = d(a, b),
or equivalently, there is a real number k& > 0 such that z — a = k(b — 2).

To prove (2) & (3), set t = kLH € (0, 1), or k = & > 0. Then we have
z—a=k(b—z)if and only if z = %Ha—i—ﬁrlb. That is, z = (1 — t)a + tb,
and we are done. O

The set (AB = {M|A— M — B or A— B— M} is called the open ray with
endpoint A that contains B.

Theorem 2. Suppose A(a) and B(b) are two distinct points. The following
statements are equivalent:
(1) M € (AB.
(2) There is a positive real number t such that z = (1 — t)a + tb, where z is
the complex coordinate of M.
(8) arg(z — a) = arg(b — a).
z—a
R*.

Proof. 1t suffices to prove that (1) = (2) = (3) = (4) = (1).
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(1) = (2). Since M € (AB, we have A — M — B or A — B — M. There are
numbers ¢, [ € (0, 1 ) such that

z=(1—=tla+tborb=(1-1)a+lz.
1
In the first case, we are done; for the second case, set ¢ = —, and
therefore,
z=th—(t —1)a=(1-t)a+ b,

as claimed.
(2) = (3). From z = (1 —t)a + tb, t > 0, we obtain
z—a=t((b—a), t >0.
Hence
arg(z — a) = arg(b — a).
(3) = (4). The relation

zZ—a

b—a

arg = arg(z — a) — arg(b — a) + 2k for some k € Z

zZ—a

implies argz:a = 2km, k € Z. Since arg - € [0, 2m), it
follows that k = 0 and argz_a = 0. Thus -4 € R, as
b—a b—a

desired.
(4) = (1). Let t = ,Z—a € RT. Hence
—a

z=a+t((b—a)=(1-t)a+th, t >0.

If t € (0,1), then M € (AB) C (AB.

Ift =1, then z = band M = B € (AB. Finally, if ¢ > 1, then setting
1
l= 7 € (0,1), we have

b=1Iz +(1—1)a.

It follows that A — B — M and M € (AB.
The proof is now complete. a

Theorem 3. Suppose A(a) and B(b) are two distinct points. The following
statements are equivalent:

(1) M(z) lies on the line AB.
(2) =2 e R.
(3) There is a real number t such that z = (1 — t)a + tb.
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(4)

(5)

Proof. To obtain the equivalences (1) < (2) < (3), observe that for a point
C such that C — A — B, the line AB is the union (AB U {A} U (AC. Then
apply Theorem 2.

Next we prove the equivalences (2) < (4) < (5).

Indeed, we have z

aeRifandonlyifz_a:<Z_a).

b—a b—a b—a
. Z—a zZ—a . Z—aZzZ—a .
That is, e 1o or equivalently, b—ab—al = 0, so we obtain
that (2) is equivalent to (4).
Moreover, we have
zzl1 z—az—al
aal|=0if and only if a a 1/=0.
bb1l b—ab—aol
The last relation is equivalent to
z—azZ—a
b—ab—al| 0,
so we obtain that (4) is equivalent to (5), and we are done. O
Problem 1. Let z1, 22, z3 be complex numbers such that |z1| = |z2| = |23] =

R and z3 # z3. Prove that

|Zl — 22| . |Zl — 23|.

1
L
igloza + (102 21| = o

(Romanian Mathematical Olympiad—Final Round, 1984)

Solution. Let z = azy + (1 — a)z3, a € R, and consider the points

Ay, As, Az, A with complex coordinates z1, z2, 23, 2, respectively. From

the hypothesis, it follows that the circumcenter of triangle A; A3As is the

origin of the complex plane. Notice that point A lies on the line As Az, so

A1 A = |z — z1] is greater than or equal to the altitude A; B of the triangle
It suffices to prove that

1 1
A1B = ﬁ|21 — 22|21 — 23] = ﬁAlf‘b - A ds.
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Ay
L
A, B A A
Figure 3.1.

Indeed, since R is the circumradius of the triangle A; As Az, we have

A1Ag - AgAs - As Ay
A B — 2&1‘6&[141142143] - AR o A1A2 . A3A1
T Ay Ax Ay - 2R

as claimed.

3.1.3 Dividing a Segment into a Given Ratio

Consider two distinct points A(a) and B(b). A point M(z) on the line AB
divides the segment AB into the ratio & € R\{1} if the following vectorial

relation holds:
MA = k. MB.

In terms of complex numbers, this relation can be written as
a—z=k(b—2z)or (1—k)z=a—kb.

Hence, we obtain
a— kb
1—k°
Observe that for £ < 0, the point M lies on the line segment joining the
points A and B. If k € (0,1), then M € (AB\[AB]. Finally, if £ > 1, then
M € (BA\[AB].
As a consequence, note that for £k = —1, we obtain that the coordinate of

b
the midpoint of segment AB is given by z); = a—2|— .

z =
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Example. Let A(a), B(b), C(c) be noncollinear points in the complex plane.

Then the midpoint M of segment AB has the complex coordinate zp; =
b

ot . The centroid G of triangle ABC divides the median C'M in the pro-

portion 2 : 1 internally; hence its complex coordinate is given by k = —2, i.e.,

c+2zy  a+b+ec
1+2 3

G =

3.1.4 Measure of an Angle

Recall that a triangle is oriented if an ordering of its vertices is specified. It is
positively, or directly, oriented if the vertices are oriented counterclockwise.
Otherwise, we say that the triangle is negatively oriented. Consider two dis-
tinct points Mj(z1) and Ma(z2) other than the origin in the complex plane.
The angle MT-OTMQ is positively, or directly, oriented if the points M; and
My are ordered counterclockwise (Fig. 3.2).

Proposition. The measure of the directly oriented angle Mmz is equal
z
to arg =2,
21
Proof. In order to simplify the presentation, we will use the same notation
for the measure of an angle as for the angle. We consider the following two
cases.

Figure 3.2.

(a) If the triangle M7 OM 4 is negatively oriented (Fig. 3.2), then

Mmg = m — m = arg(z2) — arg(z1) = argé.
21
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M,

1
N/

Figure 3.3.

(b) If the triangle M; OM4 is positively oriented (Fig. 3.3), then
M, OMs = 27 — My OM; = 27 — arg -,
P

since the triangle Ms OM is negatively oriented. Thus

MTOTWQ = 27T—3Lrgi =21 — (27r—arg2) zargﬁ,
¥ 21 21
as claimed. a
Remark. The result also holds if the points O, M;, M, are collinear.

Example.

(a) Suppose that z; =14 and 23 = —1 + 4. Then (see Fig.3.4)

14 (1+0)(1—4)

=1

2 14+i 2 ’
SO 5
M,0OMy = argi = g and MsOM, = arg(—i) = %

1
(b) Suppose that z; =4 and zo = 1. Then 22 —1i, so (see Fig. 3.5)
Z1 (3

— 3 —
M1OMs = arg(—i) = ; and MyOM, = arg(i) =

™
5"
Theorem. Consider three distinct points M1(z1), Ma(z2), and M3(z3). The
measure of the oriented angle Mmg s arg BTA
zZ9 — 21
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Proof. Translation by the vector —z; maps the points My, My, Ms into the
points O, M3}, M3= with complex coordinates O, zo — 21, 23 — z1. Moreover,

we have M2M1M3 M20M3 By the previous result, we obtain

My (=1 +1i) M, (1 +i)

N

Figure 3.4.

* M ()

A,

U mo

Figure 3.5.

23 — 21
Zo— 21

M I,OM OM} = arg ——
as claimed. a
Example. Suppose that z; =4+ 3i, 20 =4+ 7i, 23 =8+ 7i. Then

2’2—21_ 41 _i(l—i)_1+i

23—z A+4i 2 2
SO 1
M3M1M2 = arg = %
and
_— 2 T
Mo My M3 = = 1-—
21 M3 = arg 11 = arg( i) = 1

Remark. Using polar representation, from the above result we have
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23 — 21 Z3 — 21 Z3 — 21 .. 23 — 21
= cos | arg +sn | arg ——
22 — 21 Z2 — 21 22 — 21 Z2 — 21
23 — 21 SV .. Y
= |/ COS M2M1M3 + 7s1n MQMlMg .
Z2 — 21

3.1.5 Angle Between Two Lines

Consider four distinct points M;(z;), i € {1,2,3, 4}. The measure of the angle
zZ3 — 21 Z4 — 29
or arg .

determined by the lines M7 M3 and MsM, equals arg

zZ4 — 22 zZ3 — 21
The proof is obtained following the same ideas as in the previous subsection.

3.1.6 Rotation of a Point

Consider an angle v and the complex number given by
€ =cosa+tsina.

Let z = r(cost +isint) be a complex number and M its geometric image.
Form the product ze = r(cos(t + a) + i sin(t + «)) and let us observe that
|ze] =r and
arg(ze) = arg z + a.

It follows that the geometric image M’ of z¢ is the rotation of M with respect
to the origin through the angle a (Fig. 3.6).

y
M'(ze)
M(z)
a
[0) X
Figure 3.6.

Now we have all the ingredients to establish the following result:

Proposition. Suppose that the point C is the rotation of B with respect to
A through the angle c.
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If a, b, c are the coordinates of the points A, B, C, respectively, then
c=a+ (b—a)e, where € = cosa + isina.

Proof. Translation by the vector —a maps the points A, B, C into the points

O, B’, C', with complex coordinates O, b—a, c—a, respectively (see Fig. 3.7).
The point C” is the image of B’ under rotation about the origin through the

angle a, so c —a = (b—a)e, or c =a+ (b— a)e, as desired. O
C B
Cl BI (6]
A
a
o
Figure 3.7.

We will call the formula in the above proposition the rotation formula.

Problem 1. Let ABCD and BNMK be two nonoverlapping squares and let
E be the midpoint of AN. If point F' is the foot of the perpendicular from B
to the line CK, prove that points E, F, B are collinear.

Solution. Consider the complex plane with origin at F' and the axis CK
and F'B, where F'B is the imaginary axis (Fig. 3.8).
Let ¢, k, bi be the complex coordinates of points C, K, B with ¢, k, b € R.

Rotation with center B through the angle 6 = g maps point C' to A, so A
has the complex coordinate a = b(1 — i) 4 ¢i. Similarly, point N is obtained
by rotating point K around B through the angle § = —g, and its complex
coordinate is

n=>b(1+1i) — ki.
The midpoint E of segment AN has complex coordinate

a+n b+c—k_
e= = 7
2 2

so E lies on the line F' B, as desired.
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K

A E N
Figure 3.8.

Problem 2. On the sides AB, BC, CD, DA of quadrilateral ABCD, and
exterior to the quadrilateral, we construct squares of centers O1, Oa, Oz, Oy,
respectively. Prove that

0103 1 0204 and 0103 = 0204.
(Van Aubel)

Solution. Let ABMM', BCNN', CDPP’, and DAQQ' be the constructed
squares with centers Oy, Oz, Os, Oy, respectively (Fig.3.9).

P
P/
’ 03
g D, N
(o
04
0 2 Sw
A B
0,
M’ M
Figure 3.9.

Denote by the corresponding lowercase letter the coordinate of each of the
points denoted by an uppercase letter, i.e., 01 is the coordinate of O, etc.
Point M is obtained from point A by a rotation about B through the angle

0= g; hence m = b+ (a — b)i. Likewise,
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n=c+(b—c)i, p=d+(c—d)iand ¢ = a+ (d — a)i.

It follows that

a+m a+b+ (a—Db) b+c+ (b—c)i
o1 = = , 0= —————,
2 2 2
c+d+ (c—d)i d+a+ (d—a)i
03:f7 04:f.

Then J b 4 )
03—01:c—|— —a— —i—z'(c— —a-+ ):—iEiR*,
0o4—03 a+d—b—c+i(d—a—-b+c)

so 0103 L O504. Moreover,

03 — O .
B = —i =1

04 — 02
hence O103 = 0504, as desired.

Problem 3. In the exterior of the triangle ABC we construct triangles
ABR, BCP, and CAQ such that

m(PBC) = m(CAQ) = 45°,

m(BCP) = m(QCA) = 30°,

and

m(ABR) = m(RAB) = 15°.

Prove that -
m(QRP) =90° and RQ = RP.

Solution. Consider the complex plane with origin at point R and let M be
the foot of the perpendicular from P to the line BC (Fig.3.10).

A Q

=

P
Figure 3.10.
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Denote by the corresponding lowercase letter the coordinate of a point

denoted by an uppercase letter. From MP = MB and %—g = /3, it follows
that
uziand c-m =i\/§,
b—m p—m
whence
c++/3b b—c .
T VE 113
Likewise,

c—|—\/§a a—c .

= + 7.
TIEVE 1+ B
Point B is obtained from point A by a rotation about R through the angle

0 = 150°, so
V3 o1
b= — =3 ].
a( 5 —0—21

Simple algebraic manipulations show that P_y € R*, whence QR 1 PR.

q
Moreover, |p| = |ig] = |q|, RP = RQ, and we are done.

Problem 4. The points (0,0), (a,11), and (b, 37) are the vertices of an equi-
lateral triangle. Find the value of ab.

(1994 AIME, Problem 8)

Solution. Consider the points as lying in the complex plane. The point
b+ 37i is then a rotation of 60° of a + 117 about the origin, so

1 31
(a+ 114)(cos60° + isin60°) = (a + 117) (5 + %) = b+ 37i.

Equating the real and imaginary parts, we have

a 113
2 2
11 aV3

37 =—
2 T2

By solving this system, we find that a = 21v/3, b = 5v/3. Thus, the answer
is 315.

b:

Remark. There is another solution in which the point b + 37i is a rotation
of a+ 114 through —60°. However, this triangle is just a reflection of the first
triangle in the y-axis, and the signs of a and b are reversed. However, the
product ab is unchanged.
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Problem 5. Let ABCD be a convex quadrilateral. Let P be the point outside
ABCD such that angle APB is a right angle and P is equidistant from A
and B. Let points Q, R, and S be given by the same conditions with respect
to the other three edges of ABCD. Let J, K, L, and M be the midpoints of
PQ, QR, RS, and SP, respectively. Prove that JKLM is a square.

(American Mathematical Monthly)

Solution. By Van Aubel’s theorem, the lines PR and QS are perpendicular,
and the segments PR and QS are equal. Let O be the intersection point of the
lines PR and QS. Without loss of generality, assume that |[PR| = |QS| = 1.
Consider now the Cartesian coordinate system centered at O with axes PR
and @S. In this case,

Q = (u,0), S=(u—1,0), R=(0,v), P=(0,v—1),

for some positive real numbers u, v less than 1. Hence

g (v =t K=(8Y). L= Gt Ch S Vo (it St A
2 2 2°2 2 2 2 2

from which we can deduce, by making use of the distance formula combined
with the Pythagorean theorem, that the quadrilateral JK LM is a square.

3.2 Conditions for Collinearity, Orthogonality,
and Concyclicity

In this section, we consider four distinct points M;(z;), @ € {1,2,3, 4}.
Proposition 1. The points My, My, Ms are collinear if and only if
zZ3 — 21

€ R*.

Z2 — 21

Proof. The collinearity of the points My, Ms, M3 is equivalent to Mmg IS
{0, m}. It follows that

zZ3 — 21
argm S {O, 7T},

or eqllivale:ﬂtly,
zZ3 — Z
—3 ! (S R*,

Z2 — 21
as claimed. O

Proposition 2. The lines M1 My and MsMy are orthogonal if and only if

21 — 22 .
€ 1R*.

23 — %4
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Proof. We have My My | MM, if and only if (M My, MsMy) € {Z, 3”}
This is equivalent to arg =22 € {Z, 32}. We obtain =22 cqR™

Remark. Suppose that My = My. Then MiM; L MsMs, if and only if

Z17Z2 c R*.
Z3—Z2

Example.

(1) Consider the points M7(2 — i), Ma(—1 + 2i), M3(—2 — i), My(1 + 24).
Simple algebraic manipulation shows that
L7 22 i hence MyMsy | MsM,.
23 — 24
(2) Consider the points My(2 — i), Ma(—1+ 2i), M3(1 + 2i), Ms(—2 —3).
Then we have 2%2 = —i, and hence My My 1 MsMy.

Problem 1. Let z1, 22, 23 be the coordinates of vertices A, B, C of a tri-
angle. If wi = z1 — 29 and wy = z3 — z1, prove that A = 90° if and only if
Re(wl -mg) =0.

Solution. We have A = 90° if and only if 2:2 € iR, which is equiva-
lent to =7~ € iR, ie., Re (_“’—1) = 0. The last relation is equivalent to
2 w2

Re (2“772) =0, i.e., Re(w; - wz) = 0, as desired.

[wa]?

Proposition 3. The distinct points My(z1), Ma(z2), Ms(z3), My(z4) are
concyclic or collinear if and only if

23— 22 k3 24

k= € R*.

Z1 — 22 ' 21 — 24
Proof. Assume that the points are collinear. We can arrange four points on
a circle in (4 — 1)! = 3! = 6 different ways. Consider the case in which
My, Ms, Ms, M, are given in this order. Then M7, M,, Ms, M, are con-
cyclic if and only if

MiMoM; + Mz My, € {3, 7).

That is,
arg =2 4 a 1_246{37'(, T}
Z1 — 22 23 — 24
Because
_[2m—argzifz € C*\ Ry,
arg;—{o if » € RY,
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we obtain
arg B2 arg BT {—m,n},
21 — %2 1 — 24
ie, k<O0.
For all other arrangements of the four points, the proof is similar. Note
that £ > 0 in three cases and k£ < 0 in the other three. O

The number k is called the cross ratio of the four points My (z1), Ma(z2),
Mg(Zg), and M4(Z4).

Remarks.
(1) The points My, My, M3, My are collinear if and only if

3 — 22 23— 24

€ R* and
21 — 22 21 — 24

€ R*.

(2) The points My, My, M3, My are concyclic if and only if

zZ3 — 2 23 — X zZ3 — 2
B B MR, but 22 ¢ R and

Z1 T R2 21 T %4 Z1 — 22 21 — %4

23 — 24

k= ZR.

Example.

(1) The geometric images of the complex numbers 1,4, —1, —i are concyclic.

Indeed, we have the cross ratio k = *11_7 : *11;7 = —1 € R*, and clearly
= ¢ R and F ¢ R.

(2) The points M1(2 — 1), M2(3 — 2i), M3(—1+ 2i), and My(—2 + 3i) are
collinear. Indeed, k = % : ﬁ =1€R" and % =4 e R".

Problem 2. Find all complex numbers z such that the points with complex

coordinates z, 2%, 23, z*, in this order, are the vertices of a cyclic quadrilat-

eral.

Solution. If the points of complex coordinates z, 22, 23, z*, in this order,

are the vertices of a cyclic quadrilateral, then

23—2’2 23—2’4

€ R*.

z—22 " z— 24
It follows that

142+ 22
z

1
eR", ie., —1— (z—i— —) e R".
z
We obtain z+ 1 € R, i.e., 2+ =z + 1 Hence (z —%)(|z|* — 1) = 0, whence
zeRor |z|=1.
If z € R, then the points with complex coordinates z, 22, 23, z* are
collinear; hence it is left to consider the case |z| = 1.



3.3 Similar Triangles 73

Let t = argz € [0, 27). We prove that the points with complex coordinates

2 23, 2* lie in this order on the unit circle if and only if ¢ € (O, 2—”) U

(7%”27 ) Indeed, ’
(a) Ift € (0,%), then 0 <t <2t < 3t < 4t < 27 or
0 < argz < argz® < argz> < argz* < 2.
(b) Ift € [3,2F), then 0 < 4t — 27 <t < 2t < 3t < 27 or
0 <argz? <argz < argz? < argz® < 2r.
(c) If t € [25,m), then 0 < 3t — 27 < ¢t < 4t — 27 < 2t < 2 or
0< argz3 <argz < argz4 < argz2.

In the same manner, we can analyze the case t € [r, 2m).
To conclude, the complex numbers satisfying the desired property are

.. . 2 47
z =cost+1isint, with te& O,? U ?,w .

3.3 Similar Triangles

Consider six points Aj(a1), As(a2), As(az), Bi(b1), Ba(bs), Bs(bs) in the
complex plane. We say that the triangles A; A; A3 and By By Bs are similar if
the angle at Ay is equal to the angle at By, k € {1,2, 3}.

Proposition 1. The triangles A1 A3As and By BoBs are similar, with the
same orientation, if and only if

az —ay by —by

= ) 1

a3z — ap bg — bl ( )

Proof. We have AA1AyA3 ~ AB1ByBs if and only if M = nggz and
A3/Al\Ag = B3/.Bl\_BQ. This is equivalent to % = }Zj:?j and arg 32731 =

arg 22 b1 We obtain
az — ax by — b1

as—a; bz —by’

Remarks.

(1) The condition (1) is equivalent to
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111
a1 az as =0.

by by by

(2) The triangles A;(0), A2(1), A3(2¢) and B;1(0), B2(—1%), Bs(—2) are simi-
lar, but oppositely oriented. In this case, the condition (1) is not satisfied.
Indeed,

ag — a1 1—071 b2—b1 —1—0 )

as—a; 2—0 27 bg—b —=2-0 2

Proposition 2. The triangles A1AsAs and B1B3Bs are similar, having
opposite orientations, if and only if

az — ai by — by

a3z — ax by — by

Proof. Reflection across the x-axis maps the points B;, By, Bj into the
pOiIltS M1 (51), MQ(EQ), Mg(l_)g) The triangles B1B2B3 and M1M2M3 are
similar and have opposite orientations; hence triangles A; As A5 and My Mo M3
are similar with the same orientation. The conclusion follows from the previ-
ous proposition. a

Problem 1. On sides AB, BC, CA of a triangle ABC we draw similar tri-
angles ADB, BEC, CF A, having the same orientation. Prove that triangles
ABC and DEF have the same centroid.

Solution. Denote by the corresponding lowercase letter the coordinate of a
point denoted by an uppercase letter.
Triangles ADB, BEC, CFA are similar with the same orientation,
whence
d—a e—b f—c
b—a c¢—b a-—c -5

and consequently,
d=a+(b—a)z, e=b+(c=bz, [f=c+(a—c)z.

Then
d+e+f a+b+c
33
so triangles ABC and DEF have the same centroid.

Problem 2. Let M, N, P be the midpoints of sides AB, BC, C A of triangle
ABC. On the perpendicular bisectors of segments [AB], [BC], [CA], points
C', A', B’ are chosen inside the triangle such that

MC' NA'  PB

AB ~ BC CA’

Prove that ABC and A’ B'C’ have the same centroid.
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Solution. Note that from

MC'  NA'  PB
AB ~ BC ~ CA’

it follows that tan(C/’fE?) = tan(A/’%) = tan(m). Hence triangles
AC'B, BA'C, CB’A are similar, and so from Problem 2, it follows that
ABC and A’B’C’ have the same centroid.

Problem 3. Let ABO be an equilateral triangle with center S and let A’B’O
be another equilateral triangle with the same orientation and S # A', S # B'.
Consider M and N the midpoints of the segments A'B and AB’.

Prove that triangles SB’M and SA’N are similar.

(30th IMO-Shortlist)
Solution. Let R be the circumradius of the triangle ABO and let

27 s 27
€ = cos — + isin —.
3 3
Consider the complex plane with origin at point S such that point O lies on
the positive real axis. Then the coordinates of points O, A, B are R, Re, Re?,
respectively (Fig.3.11).

AI
N &0

\B'

Figure 3.11.

Let R + z be the coordinate of point B’, so R — ze is the coordinate of
point A’. It follows that the midpoints M, N have the coordinates

zp+za R+ R—ze R(e*+1)—ze
2 2 B 2
_ —Re—ze —e(R+2)

2 o 2

ZM =
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and

za+zp  Re+R+z R(Ee+1)+z —Re*+z

ANE T 2 - 2 2
R
:Z_;:R—za
2 -2

Now we have _
zZBpr — 28§ ZAN — 28

ZM —Zs ZN —ZS
if and only if

R+z  R-—ze
—e(R+2) TR—z¢
2 —28

The last relation is equivalent to € - £ = 1, i.e., |¢|> = 1. Hence the triangles
SB'M and SA’N are similar, with opposite orientations.

3.4 Equilateral Triangles

Proposition 1. Suppose z1, z2, z3 are the coordinates of the vertices of the
triangle A1AsAs. The following statements are equivalent:
(a) A1 A2 As is an equilateral triangle.
(b) |21 — 22| = |22 — 23| = |23 — 21].
(c) 22 + 22 + 23 = 2120 + 2223 + 2321
zZ9 — 21 zZ3 — 29
(d) =

zZ3 — 21 21—2’2'

1 1 1
(e) + + =0, whereZZM.
Z—21 Z—2Zo Z—23 3
2 2 2T .. 2w
(f) (21 + €22+ €223) (21 + %29 + £23) = 0, where e = cos — + isin —-.
(9)
111
Z1 22 23| = 0.
zZ9 23 21
Proof. The triangle A; A3 A3 is equilateral if and only if Ay As A3 is similar to
Ay A3 Ay with the same orientation, or

111
Z1 22 Z3 :0,
22 23 %1

thus (a) < (g).
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Computing the determinant, we obtain

111
0= Z1 29 23
Z9 23 21
= 2120 + 2023 + 2321 — (22 4+ 22 + zg)
= —(21 + 29 + 522’3)(21 + 5222 + 62’3);
hence (g) < (c) < (f).
Simple algebraic manipulation shows that (d) < (c). Since (a) < (b) is
obvious, we leave for the reader to prove that (a) < (e). O

The next results bring some refinements to this issue.

Proposition 2. Let z1, 29, 23 be the coordinates of the vertices Ay, As, As
of a positively oriented triangle. The following statements are equivalent.

(a) A1 A2 As is an equilateral triangle.

b) z3 — 21 =¢€(z0 — 21 wheres:cosz—kisinz.
( ;

) )

(¢) zo — z1 = €(z3 — z1), where € = cos 2T 4 isin %
2 2

(d) 21 + ezs + €223 = 0, where € = cos — + isin %

Proof. A1A2A3 is equilateral and positively oriented if and only if As is
obtained from Az by rotation about A; through the angle 7. That is,

T ..
23 = 21 + (COSg —I—zsm§> (22 — 21);

hence (a) < (b) (Fig.3.12).

A3

Az
Al

Figure 3.12.



78 3 Complex Numbers and Geometry

The rotation about A; through the angle %T maps Az into As. Similar
considerations show that (a) < (c).
To prove that (b) < (d), observe that (b) is equivalent to (b’)

1 V3 1 V3 1 V3
Z3:Zl+<§+27>(22_21):(§_ZT>21+(§+ZT>22.

Hence
1 V3 1 V3
2 o _ = - VY T sy
21+822+€Z3—21+< 2—}—22)22—}—( 3 z2>23
V3
—Z1+<‘5“7 =
1 V3 1 V3 1, V3
—= =1 —— 11— |zt | z+1t— |2
2 2 2 2 2 2
3 1 V3
—Zl—|—<—§+Z7>22—21+<§—’L7>220,
so (b) < (d). O

Proposition 3. Let z1, 29, 23 be the coordinates of the vertices Ay, As, As
of a negatively oriented triangle.
The following statements are equivalent:
(a) A1 A2 As is an equilateral triangle.
)

(b) z5 — 21 = €(z9 — 21), where € = cos 2T 4 isin %

7 0
(c) zoa — 21 = (23 — #1), where € = cos 3 +isin—.

3
21

2
(d) 21 + €29 + €23 = 0, where € = cos?w +isin—-.
Proof. Equilateral triangle A;AsAs is negatively oriented if and only if

A1 A3A5 is a positively oriented equilateral triangle. The rest follows from
the previous proposition. O

Proposition 4. Let z1, zo, z3 be the coordinates of the vertices of equilateral
triangle A1 AsAs. Consider the following statements:

(1) A1 A2 As is an equilateral triangle.
(2)21-22222'23223'21.
(3) 23 = 23+ 23 and 23 = 21 - z3.

Then (2) = (1), (3) = (1), and (2) & (3).
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Proof. (2) = (1). Taking the moduli of the terms in the given relation, we
obtain

|21 - [Z2] = |22] - |Z3] = |23] - [Z1l,
or equivalently,
|z1] - [22] = [22] - |23] = |23] - [21]-
This implies
T =|z1] = |22] = |23]
and
B 2 2o 2
21 = — B2 = —, B3 = —.
Z1 z9 z3

Returning to the given relation, we have

21 zZ2 Z3
z2 Z3 21 ’
or

2 2 2
21 = 2223, Z9g = Z3%1, Z3 = Z1%2.

Summing up these relations yields
2 2 2 _
2]+ 25 + 23 = 2122 + 2223 + 2321,

so triangle A1 As A3 is equilateral.

Observe that we have also proved that (2) = (3) and that the arguments
are reversible; hence (2) < (3). As a consequence, (3) = (1), and we are
done. O

Problem 1. Let z1, z2, z3 be nonzero complex coordinates of the vertices of
the triangle Ay Ao As. If 23 = 2223 and 25 = 2123, show that triangle Ay Ay Az
18 equilateral.

Solution. Multiplying the relations 27 = 2923 and 23 = 2123 yields 2725 =

2’1222%, and consequently z1zo = 232, Thus
2 2 2 _
21 + 25 + 23 = 2122 + 2223 + 2321,
so triangle A; As As is equilateral, by Proposition 1 in this section.

Problem 2. Let zy, zo, z3 be the coordinates of the vertices of triangle
A1A2As. If |z1| = |z2| = |z3] and z1 + 22 + 23 = 0, prove that triangle
Ay Az A3 is equilateral.

Solution 1. The following identity holds for all complex numbers z; and 2z
(see Problem 1 in Sect.1.1.7):

|21 — 20|” + |21 + 22* = 2(Jz1 > + |22). (1)
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From z1+ 22425 = 0, it follows that z1+22 = —z23, 80 |21+ 22| = |23|. Using
the relations |21| = |22| = |23| and (1), we get |21 — 22|? = 3|21|%. Analogously,
we obtain the relations |29 — 23]% = 3|21|? and |23 — 21| = 3|21|?. Therefore,
|21 — 22| = |22 — 23| = |23 — 21], i.e., triangle A; A3 A3 is equilateral.

1

1
Solution 2. If we pass to conjugates, then we obtain — + — + — = 0.
z1 Z9 Z3

Combining this with the hypothesis yields z%—l—zg—l—zg:zl 2o+2923+2321=0,
from which the desired conclusion follows by Proposition 1.

Solution 3. Taking into account the hypotheses |z1| = |z2| = |23], it follows
that we can consider the complex plane with its origin at the circumcenter
of triangle A;AsAz. Then the coordinate of the orthocenter H is zy = z1 +
2o + 23 = 0 = 2z9. Hence H = O, and triangle A;As A3 is equilateral.

Problem 3. In the exterior of triangle ABC, three positively oriented equi-
lateral triangles AC'B, BA'C, and CB'A are constructed. Prove that the
centroids of these triangles are the vertices of an equilateral triangle.

(Napoleon’s problem)

Solution. Let a, b, ¢ be the coordinates of vertices A, B, C, respectively
(Fig.3.13).

BI
A
C* C
B
AV
Figure 3.13.
Using Proposition 2, we have
a+cde+b2=0, bt+de+ce2=0, c+betac®=0, (1)

where a’, b', ¢’ are the coordinates of points A’, B’, C’.
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The centroids of triangles A’BC, AB’C, ABC’ have the coordinates
a’ = %(a’ +b+c), b= %(a+ b +c), = %(a +b+c),
respectively. We have to check that ¢’ + a’’e + b"? = 0. Indeed,
3(c" +ad"e +0'e?) = (a+b+ )+ (d +b+c)e+ (a+b +c)e?

=(b+de+ce®)+ (c+Ve+acd)e+ (a+ e +be?)e? = 0.

Problem 4. On the sides of the triangle ABC, we draw three regular n-gons,
external to the triangle. Find all values of n for which the centers of the n-gons
are the vertices of an equilateral triangle.

(Balkan Mathematical Olympiad 1990—Shortlist)

Solution. Let Ay, By, Cy be the centers of the regular n-gons constructed
externally on the sides B C, C'A, A B, respectively (Fig.3.14).

Bo
A
Co '
B C
27/n
Ag
Figure 3.14.

s 2
The angles ACyB, BAqC', AByC have measure T Let
n

20 .. 2w
€ = C0S — 4+ 1sIn —
n n

and denote by a,b,c, ag,bg,co the coordinates of the points A, B,C,
Ay, By, Cy, respectively.
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Using the rotation formula, we obtain

a=co+ (b—co)e,

b=ag+ (c—ap)e,

c=1bo+ (a—bo)e.
Thus
b—ce b _c—ae :a—ba
e T 1 T
Triangle Ay By Cy is equilateral if and only if

ag =

ag + b% + 0(2) = agbg + bocy + coap.
Substituting the above values of ag, by, co, we obtain
(b—ce)? + (c — ag)* + (a — be)?
= (b—ce)(c—ag) + (c — ae)(a — be) + (a — be)(c — ag).
This is equivalent to
(1+e+e)(a—b)2+(b—c)*+(c—a)?] =0.
2r 27w

It follows that 1+ +¢2 =0, i.e., — = R and we get n = 3. Therefore,
n
n = 3 is the only value with the desired property.

3.5 Some Analytic Geometry in the Complex Plane

3.5.1 Equation of a Line

Proposition 1. The equation of a line in the complex plane is
a-Z4+az+ =0,

where a € C*, BE€R and z =z + iy € C.

Proof. The equation of a line in the Cartesian plane is
Az + By + C =0,

z2+z
2

where A, B, C € R and A? + B? £ 0. If we set z = = + 4y, then 2 =

and y = 22;2 Thus
i
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AT E Bt ic=o,
or equivalently,
z(AZBi>+zA;Bi+O_O.
Let a = A Bi € C* and B = C € R. Then a # 0, because |a|? =
@7&0, and
a-zZ4+az+p=0,
as claimed. O

If « =@, then B = 0, and we have a vertical line. If « # @, then we define
the angular coefficient of the line as

A a+a a+a.

Proposition 2. Consider the lines di and do with equations
al -E—|—o¢1 Z—Fﬁl =0

and
Q- Z+az-z+ B2 =0,
respectively.

Then the lines di and do are:
(1) parallel if and only zf % = %
042

(2) perpendicular if and only zf — —|— — =0;
042

(8) concurrent if and only zf — ;é —=
s

Proof.

o +@1Z._ 7] +@2Z.

(1) We have d ||ds if and only if m; = ms. Therefore, — —=4,
a1 — 1 g — (g

SO a2l = o, and we get & = 22,

(2) We 1 have d1 1 dy if and only if mlmg = —1. That is, asa; + agas = 0,

(3) The lines d; and dz are concurrent if and only if m; # ms. This condition
. ayp |, Qg
yields — # —.
(5] a9

The results for angular coefficient correspond to the properties of slope.O
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The ratio mgq = _¢ is called the complex angular coefficient of the line d
@

with equation

a-Z4+a-z+5=0.

3.5.2 Equation of a Line Determined by Two Points

Proposition. The equation of a line determined by the points Py(z1) and
PQ(ZQ) 1S

21711

z9 Z_2 11=0.

z z1
Proof. The equation of a line determined by the points Pi(z1, y1) and
Py(x2, y2) in the Cartesian plane is

x1 1
I2y21 =0.
z yl

Using complex numbers, we have

Z1+Z1 21—Z1 1
2 21

Z2+Z3 Z2—Z2 —
2 2% 1|=0

if and only if
n+zma—7z1 1

1
T 29+ 73 29 —Z23 1| =0.
v z+7zZ z—7Z 1
That is,
212’_11
222_21 :Oa
z z1
as desired. O
Remarks.

(1) The points M;(z1), Ma(z2), Ms(z3) are collinear if and only if

21711
222’_21 =0.
232’_31
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(2) The complex angular coefficient of a line determined by the points with

coordinates z; and zs is

22 — 21
e
Indeed, the equation is
z1 Z_l 1
Z2 2_2 1= 07
z zZ31

and it is equivalent to

2129 + 292 + 2721 — 229 — 212 — 2221 = 0.

That is,

Z(22 — 21) — 2(Z2 — Z1) + 2172 — 2221 = 0.

Using the definition of the complex angular coefficient, we obtain

3.5.3 The Area of a Triangle

Theorem. The area of triangle A1 AsAs whose wertices have coordinates
21, z2, 23 s equal to the absolute value of the number

212_11
222_21

1
4 2373 1

(1)

Proof. Using Cartesian coordinates, the area of a triangle with vertices

(x1, y1), (w2, y2), (r3, y3) is seen to be equal to the absolute value of

the determinant

1 {Elyll
A=— l‘gyzl
2
x3 Y3 1
Since
- et 7k Bk — 2k
k = 2 ) Y = 2%

)

k=1,2,3,
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we obtain
z1+z121—21 1 1% 72
A= —|z9+Z9290—Z21l|=——|20722 1
8 _ _ ) _
2’3—|—232’3—231 zZ3 Z23 2
2’12_11
= = 222_21 )
232’_31
as claimed. a

It is easy to see that for a positively oriented triangle A; As A3 with vertices
with coordinates z1, z2, 23, the following inequality holds:

i Z1 21 1
—1z97Z3 1| > 0.
4 =
Z3 Z23 1
Corollary. The area of a directly oriented triangle A1 A2As whose vertices
have coordinates z1, zo, z3 i

1
area|A; A As] = élm(z_lzz + Z323 + Z321). (2)

Proof. The determinant in the above theorem is

212’_11
29723 1| = (le_2+222’_3+232_1—z_22’3 - 21%—2’22’_1)
232’_31

= [(=172 + 2273 + 23%1) — (#2172 + 2273 + 23%71)]

Replacing this value in (1), the desired formula follows. O

We will see that formula (2) can be extended to a convex directly oriented
polygon A; Ay --- A, (see Sect.4.3).

Problem 1. Consider the triangle A1 A3 As and the points M1, My, M3 sit-
uated on lines AsAs, A1As, AjAs, respectively. Assume that My, My, Mg
divide segments [A2As], [AsAi], [A1A3] into ratios A1, A2, Az, respectively.
Then
area[ My My Ms] 1— X223 3)
area[A1A2A3] (1 — )\1)(1 — )\2)(1 — )\3)

Solution. The coordinates of the points My, Ms, Ms are

az — A1a3 az — A2a1 ay — Azaz

T T T VL e
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Applying formula (2), we find that

1
area[MlMgMg] = §Im(m_1m2 + m_2m3 + m_gml)

_ llm {(@ — Miaz)(az — Azay) + (@3 — Aear)(ar — Azaz)
2 (1=A)(1 = Ag) (1= 2A2)(1 = As)
(@1 — \3@z)(ag — )\1613)}
(I —=A3)(1 = A1)
_ llm [ 1— A3
2 (1 =A)(1 = A2)(1 = A3)
1— X123

= (1 — )\1)(1 — )\2)(1 — )\3)ar€a[A1A2A3].

Remark. From formula (3), we derive the well-known theorem of Menelaus:
The points My, Ms, Mz are collinear if and only if M AaA3 =1, i.e.,

(@ias + azas + %al)}

M1A2 M2A3 M3A1 -1
M1A3 M2A1 M3A2_ '

Problem 2. Let a, b, ¢ be the coordinates of the vertices A, B, C of a
triangle. It is known that |a| = |b| = |¢| = 1 and that there ezists a € (0, %)
such that a + bcosa + csina = 0. Prove that

1+v2

1 < area[ABC| < 5

(Romanian Mathematical Olympiad—Final Round, 2003)

Solution. Observe that
1 =|al* = |bcosa + csinal?

= (beosa + csin ) (b cos a + Esin @)

= |b% cos? o + |¢|?* sin a + (b€ + be) sin o cos a
2, 2

=1+ cos o sin «v.

It follows that b? + ¢? = 0; hence b = +ic. Applying formula (2), we obtain
1 —
area| ABC| = 3 |Im (@b + be + ¢a)
1 - _ . - .
= §|Im[(—b cosa — ¢sina)b + be — ¢(bcos a + csin )]

1 -
= §|Im(— cosa — sina — besin a — becos a + be)|
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1. - 1 -
= §|Im[bc — (sina + cos a)be| = §|Im[(1 + sina + cos a)bc]|

—_
—_

= 5(1 + sina + cos a)|Im(bc)| = 5(1 + sin« + cos o) |Im(=+ice)|

1 1
= 5(1 + sina + cos o) |Im(+4)| = 5(1 + sina + cos a)

1 2 2 1
=-|1+v2 £sirl(344—£cos04 :—(1+\/§sin(a+z)).
2 2 2 2 4
2
Taking into account that g<a+%<%, we get that §< sin (a—l—g) <1,

and the conclusion follows.

3.5.4 Equation of a Line Determined by a Point
and a Direction

Proposition 1. Letd : az+a-z+ 8 =0 be a line and let Py(zo) be a point.
The equation of the line parallel to d and passing through point Py is

z2— 29 = —3(7—2_0)-

Proof. In Cartesian coordinates, the line parallel to d and passing through
point Py(zg, yo) has the equation

Using complex numbers, the equation takes the form

2 2

z—Z Z—%2 _.ataz+Z 2+7Zo

27 27 a—a '

This is equivalent to (o« —@)(z — 20 —Z+ %) = —(a+ @) (2 +Z — 20 — Z0),
o

)

. a

or az — z9) = —@(Z — Zp). We obtain z — 20 = ——(Z — %o
a

Proposition 2. Letd : az+«a-z+ [ =0 be a line and let Py(z0) be a point.
The line passing through point Py and perpendicular to d has the equation

2z -m).

zZ— 20 =

Proof. In Cartesian coordinates, the line passing through point Py and per-
pendicular to d has the equation
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1 a—a( )
— Yo = —— T—x
y— Yo T at+a 0
Then we obtain
Z—2Z 20— 20 L a—a fz4+zZ zo+2z
=q- .
21 21 a+a 2 2

That is, (a +@)(z —20 —Z+ %) = —(a —@)(z — 20 +Z — Zg), Or

(: = z0)a+T+a—7) = (F-m)(—a+T+a+a)
‘We obtain

alz — zp) = a(z — Zo)
and therefore

z—zozg(i—z_o).

3.5.5 The Foot of a Perpendicular from a Point
to a Line

Proposition. Let Py(z9) be a point and let d : @z + az + = 0 be a line.
The foot of the perpendicular from Py to d has the coordinate

_azg—azg —f3
B 2c
Proof. The point z is the solution of the system

a-Z+a-z+ =0,
alz — z0) = a(z — Zo).
The first equation gives
__—az—p
Z=——.

a
Substituting in the second equation yields

az—azg=—az—f—a-Zg.
Hence

_azg—azy —

200 ’
as claimed.

89



90 3 Complex Numbers and Geometry

3.5.6 Distance from a Point to a Line

Proposition. The distance from a point Py(zo) to a lined : @-Z+a-z+ =0,
a € C*, is equal to
ez +a@ -z + B

2Va -

Proof. Using the previous result, we can write

D

azg — - Zg — f3

D:
2

— 20

_‘—ozzo—ozzo—ﬂ

a-zotazm+ Bl oz +azo + 0
2| 2V o '

3.6 The Circle

3.6.1 Equation of a Circle

Proposition. The equation of a circle in the complex plane is
z-Z4+a-z+a-z+ =0,

where o € C and B € R, B < |af?.

Proof. The equation of a circle in the Cartesian plane is
22+ +mz+ny+p=0,

m2—|—n2
4

z—Z
and y = 57 we obtain
)

m7n7p€R7p<

Setting x = itz

9 z2+7Z z—
|z]*+m——+n

z
—0
D 9 tP="b

or
m-—nt _m-+ni
z-Z+z 5 +z 5 +p=0.

m—ni
Take o =

is proved. a

€ C and 8 = p € R in the above equation, and the claim
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Note that the radius of the circle is equal to

Then the equation is equivalent to

Z+a)(z+a) =r2

Setting
— m n.
TmTeT Ty Ty

shows that the equation of the circle with center at « and radius r is

E-(z—7) =71
Problem. Let z1, 2z, z3 be the coordinates of the vertices of triangle A1 As As.
The coordinate zy of the circumcenter of triangle Ay AsAs is

1 1 1
2 2 oz
|21 |22]? |23]?
= . 1
=0 111 (1)
Z1 22 Z3
Z1 22 23

Solution. The equation of the line passing through P(zp) that is perpendic-
ular to the line A; A5 can be written in the form

2(Z1 — 72) + Z(21 — 22) = 20(Z1 — Z2) + Zo(21 — 22). (2)

Applying this formula to the midpoints of the sides [A2A3], [A1A3] and the
lines A3 A3, A1As, we obtain the equations
2(72 = 73) + Z(22 — 23) = |22f” — |23,

2(z73 —71) + 2(23 — 21) = |z)* = |2
By eliminating z from these two equations, we see that that
z[(z2 — ) (21 — 23) + (Z8 — 71)(22 — 23)]

= (21 — 23)(|22” — |23]*) + (22 — 23)(|z3]* — |21]?),
whence

111 1 1 1
Z|Z1 2223 =| 21 22 23 |,
wzmz| |lal? |zl? |zl
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and the desired formula follows.

Remark. We can write this formula in the following equivalent form:

o = 2071 (22 — 23) + 2272(23 — 21) + 23Z3(21 — 22). 3)
111
Z1 Z2 23
Z1 29 23

3.6.2 The Power of a Point with Respect to a Circle

Proposition. Consider a point Py(zo) and a circle with equation
zZ+a-z +a@-z+p5=0,

fora e C and B € R.
The power of Py with respect to the circle is

p(z0) =20 Z0 +azg +@-Z + B.

Proof. Let O(—a) be the center of the circle. The power of Py with respect to
the circle of radius r is defined by p(29) = OP§ — r?. In this case, we obtain

p(20) = OP¢ —r* = |20 +@|* — 1% = 20% + @z + @Z0 + a@ — aa + 3

= 2920 + @zo +a-Z + 5,
as claimed. a
Given two circles with equations
z:Z4+ar- z4+a1- 2+ =0and 2zZ+as-z+az-Z+ B2 =0,

where a1, as € C, 1, B2 € R, their radical azis is the locus of points having
equal powers with respect to the circles. If P(z) is a point of this locus, then

2 Z4+oa1z +a1-Z2+ 1=z Z4+asz+az -z + Bo,

or equivalently, (aq — ag)z + (a7 —@z2)z + $1 — B2 = 0, which is the equation
of a line.

3.6.3 Angle Between Two Clircles

The angle between two intersecting circles with equations

2 Z+a1-z+a1-Z2+ 61 =0
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and
z-Z+ag: z+ag- Z+P2=0, a1, ag € C, (1, B2 €R,
is the angle # determined by the tangents to the circles at a common point.

Proposition. The following formula holds (Fig. 3.15):

| B+ B2 — (e +ara)
cosf = .
27‘17‘2

Proof. Let T be a common point and let O1(—a7), O2(—az) be the centers
of the circles. - -
The angle 6 is equal to O1TO2 or m — O1TO5; hence

— 2472 - 0,02
cosf = |cos O1TO,| = Iri £ 7 103

27‘17‘2

_ lonar — B1 + ags — B2 — [ar — oz )?|
27‘17‘2

_Jawor + asog — B1 — B2 — aan — andp 4 aron + aq0)|
27‘17‘2

|81 + B2 — (o + aras)|
27‘17‘2

3

as claimed. O

Figure 3.15.
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Note that the circles are orthogonal if and only if
B1+ B2 = a1 + @ran.

Problem. Let a, b be real numbers such that |b| < 2a?. Prove that the set of
points with coordinates z such that

|22 — a?| = |2az + b|

is the union of two orthogonal circles.

Solution. The relation
|22 — a?| = |2az + b

is equivalent to
|22 — a®* = |2az + b)?,

ie.,
(22 —a®)(z2 — @%) = (2az + b)(2aZ + D).

We can rewrite the last relation as

|2|* — a®(2% + 7%) + a* = 4a®|2|? + 2ab(z + Z) + b2,

ie.,
12]* — a®[(z + 2)? — 2|2*] + a* = 4d?|2| + 2ab(z + Z) + b*.
Hence
|z|* — 2d%|2|? + a* = a®(2 +2)% + 2ab(z + %) + b7,
ie.

(J2]* = a*)? = (a(z + %) + b)2.
It follows that
z-Z—a*=a(z+Z)+borz-Z—a* = —a(z+%) —b.
This is equivalent to

(z—a)(Z—a)=2d>+bor (z +a)Z+a) =2a> —b.

Finally,
|z —al® = 2a® + b or|z + a|* = 2a* — b. (1)

Since |b| < 2a?, it follows that 2a®+b > 0 and 2a?—b > 0. Hence the relations
(1) are equivalent to

|z —al = vV2a% 4+ b or|z + a| = V2a% — b.
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Therefore, the points with coordinates z that satisfy |22 — a?| = |2az + b
lie on two circles with centers C; and Cy whose coordinates are a and —a,
and with radii B; = v/2a2 + b and Ry = v/2a2 — b. Furthermore, using the
Pythagorean theorem, we have

C1C5 = 4a® = (V242 + b)* + (V/2a> = b)> = R} + R3.

Hence the circles are orthogonal, as claimed.



Chapter 4

More on Complex Numbers
and Geometry

4.1 The Real Product of Two Complex Numbers

The concept of the scalar product of two vectors is well known. In what

follows, we will introduce this concept for complex numbers. We will see that

the use of this product simplifies the solution to many problems considerably.
Let a and b be two complex numbers.

Definition. Given complex numbers a and b, we call the number given by
a-b— %(ab+a5)
the real product of the two numbers. It is easy to see that
a-b= %(ag—i-ﬁb) =a-b

hence a - b is a real number, which justifies the name of this product.

Let A(a), B(b) be points in the complex plane, and let § = (O—/i, @) be
the angle between the vectors (ﬁl, (7@ . The following formula holds:

a-b=la||b|cosd = OA - OB.
Indeed, considering the polar form of a and b, we have
a = |a|(cost; +isinty), b= |b|(coste + isints),
and

1 — 1
a-b= é(db—i—ab) = §|a||b|[cos(t1—t2)—isin(tl—tg)-i-cos(tl—tg)—i—isin(tl—tg)]

— |a||b| cos(t1 — t2) = |al|b| cos6 = OA - OB.

The following properties are easy to verify.

T. Andreescu and D. Andrica, Complex Numbers from A to ... Z, 97
DOI 10.1007/978-0-8176-8415-0_4, © Springer Science+Business Media New York 2014
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Proposition 1. For all complex numbers a, b, ¢, =z, the following
relations hold:

(1) a-a=lal*

(2)a-b="b-a (the real product is commutative).

(8)a-(b+c)=a-b+a-c (the real product is distributive with respect to
addition).

(4) (aa) -b=ala-b) =a-(ab) for all o € R.

(5)a-b=0 if and only if OA L OB, where A has coordinate a and B has
coordinate b.

(6) (az) - (bz) = |2[*(a - D).

Remark. Suppose that A and B are points with coordinates a and b. Then
the real product a - b is equal to the power of the origin with respect to the

circle of diameter AB.
a+b

Indeed, let M (T) be the midpoint of [AB], hence the center of this
1 1
circle, and let r = éAB = §|a — b| be the radius of this circle. The power of

the origin with respect to the circle is

a—bl?

2

a+b
2

2
OM? —r? = —

_(@+b)@+d) (a—b)a—b ab+ba_

4 4 2 ’

as claimed.

Proposition 2. Suppose that A(a), B(b), C(c), and D(d) are four distinct
points. The following statements are equivalent:

(1) AB 1L CD;
(2) (b—a)-(d=c)=0;
b—a ., ) b—a\

(8) T € iR* (or equivalently, Re (E) =0).
Proof. Take points M (b — a) and N(d — ¢) such that OABM and OCDN
are parallelograms. Then we have AB 1 CD if and only if OM L ON. That
is, m-n=(b—a)-(d—c) =0, using property (5) of the real product.

The equivalence (2) < (3) follows immediately from the definition of the
real product. a

Proposition 3. The circumcenter of triangle ABC' is at the origin of the
complex plane. If a, b, ¢ are the coordinates of vertices A, B, C, then the
orthocenter H has the coordinate h =a + b+ c.

Proof. Using the real product of the complex numbers, the equations of the
altitudes AA’, BB’, CC'’ of the triangle are
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AA": (z—a)-(b—c) =0, BB': (z=b):(c—a) =0, CC": (z—c)-(a—b) = 0.

We will show that the point with coordinate h = a + b+ ¢ lies on all three
altitudes. Indeed, we have (h—a)-(b—c¢) = 0 if and only if (b+¢)-(b—c¢) = 0.
The last relation is equivalent to b+ b —c-c = 0, or [b|> = |c|?. Similarly,
H € BB’ and H € CC’, and we are done. |

Remark. If the numbers a, b, ¢, o, h are the coordinates of the vertices
of triangle ABC, the circumcenter O, and the orthocenter H of the triangle,
then h =a+ b+ c— 2o0.

Indeed, if we take A’ diametrically opposite A in the circumcircle of tri-
angle ABC, then the quadrilateral HBA'C' is a parallelogram. If {M} =
HA N BC, then

b / 20 —
= ;—C:ZH_;ZA :ZH+2O a, ie., zg =a+ b+ c— 2o.

M

Problem 1. Let ABCD be a convex quadrilateral. Prove that
AB?+CD? = AD? + BC?
if and only if AC L BD.

Solution. Using the properties of the real product of complex numbers, we
have

AB? + CD? = BC? + DA?
if and only if
b—a)-b—a)+(d—c)-(d—c)=(c—=b)-(c=b)+(a—d)-(a—d).

That is,
a-b+c-d=b-c+d-a,

and finally,
(c—a)-(d=0b)=0,

or equivalently, AC | BD, as required.

Problem 2. Let M, N, P,Q, R, S be the midpoints of the sides AB, BC, CD,
DE, EF, FA of a hexagon. Prove that

RN? = MQ* + PS?
if and only if MQ L PS.

(Romanian Mathematical Olympiad—Final Round, 1994)
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Solution. Let a, b, ¢, d, e, f be the coordinates of the vertices of the
hexagon (Fig. 4.1). The points M, N, P, Q, R, S have coordinates

_a+b n_b—i—c _c+d
- 2 b - 2 7p_ 2 b
_d+e e+ f  fHa

9 T Ty 8T Ty

respectively.

Figure 4.1.

Using the properties of the real product of complex numbers, we have
RN? = MQ? + PS?
if and only if
(e+f—b—c)-(e+f—b—c)=(d+e—a—b)-(d+e—a—b)+(f+a—c—d)-(f+a—c—d).

That is,
(d+e—a—-b)-(f+a—c—d)=0;

hence M Q) 1L PS, as claimed.

Problem 3. Let A1 As - -+ A, be a reqular polygon inscribed in a circle with
center O and radius R. Prove that for all points M in the plane, the following
relation holds:

> MA; =n(OM? + R?).
k=1

Solution. Consider the complex plane with the origin at point O, with the
z-axis containing the point A;, and let Rej be the coordinate of vertex Ay,
where ¢ are the nth-roots of unity, k =1, ..., n. Let m be the coordinate
of M.
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Using the properties of the real product of the complex numbers, we have

N
M:

m - R{:‘k) : (m - R{:‘k)

ol
Il
—

(m-m — 2Rey, -m + R%cy, - €1,)

I
M=

b
Il
—

=n|m|* — 2R <Z €k> - m+ R? Z lex|?
k=1

k=1
=n-0OM? 4+ nR*=n(OM? + R?),

since Y e, = 0.
k=1
Remark. If M lies on the circumcircle of the polygon, then
> MA; =2mR?.
k=1

Problem 4. Let O be the circumcenter of the triangle ABC, let D be the
midpoint of the segment AB, and let E is the centroid of triangle ACD.
Prove that lines CD and OF are perpendicular if and only if AB = AC.

(Balkan Mathematical Olympiad, 1985)

Solution. Let O be the origin of the complex plane and let a, b, ¢, d, e be
the coordinates of points A, B, C, D, E, respectively. Then

a-+b at+c+d 3a+b+2c
and e = 3 = 5

d:

Using the real product of complex numbers, if R is the circumradius of tri-
angle ABC, then

a-a=b-b=c-c=R"
Lines CD and OF are perpendicular if and only if (d — ¢) - e = 0, that is,
(a4+b—2c)-(3a+b+2c) =0.
The last relation is equivalent to
3a-at+a-b+2a-c+3a-b+b-b+2b-c—6a-c—2b-c—4c-c=0,

that is,
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On the other hand, AB = AC' is equivalent to

|b—al® =|c—al?.

That is,
(b—a)-(b—a)=(c—a)(c—a),
or
b-b—2a-b+a-a=c-c—2a-c+a-a,
whence

a-b=a-c. (2)
The relations (1) and (2) show that CD L OF if and only if AB = AC.

Problem 5. Let a, b, ¢ be distinct complex numbers such that |a| = |b] = |¢|
and |b+ ¢ — a| = |a|. Prove that b+ ¢ = 0.

Solution. Let A, B, C be the geometric images of the complex numbers
a, b, ¢, respectively. Choose the circumcenter of triangle ABC' as the origin
of the complex plane and denote by R the circumradius of triangle ABC.
Then

aa = bb = c¢ = R?,
and using the real product of the complex numbers, we have

|b+ ¢ — a| = |a| if and only if |b + ¢ — a|* = |a|*.

That is,
(b+c—a)-(b+c—a)=laf,
i.e.,
lal? + |b]2 +|c|* +2b-c—2a-c—2a-b=|al’.
We obtain
2(R*+b-c—a-c—a-b) =0,
i.e.,

a-a+b-c—a-c—a-b=0.

It follows that (a —b) - (a — ¢) = 0, and hence AB L AC, i.e., BAC = 90°.
Therefore, [BC] is the diameter of the circumcircle of triangle ABC, so
b+c=0.

Problem 6. Let E, F, G, H be the midpoints of sides AB, BC, CD, DA
of the convex quadrilateral ABC'D. Prove that lines AB and CD are perpen-
dicular if and only if

BC? + AD? = 2(EG? + FH?).
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Solution. Denote by the corresponding lowercase letter the coordinate of a
point denoted by an uppercase letter. Then

_a+b f_b—i—c _c+d h_d—i—a
T T T I T Ty P Ty

Using the real product of the complex numbers, the relation
BC? + AD? = 2(EG* + FH?)
becomes
(c=b)-(c=b)+(d—a)-(d—a)==(c+d—a—=0b)-(c+d—a—0b)

+-(a+d—-b—c)-(a+d—b—c).

[N el NCY IS

This is equivalent to
c-c+b-b+d-d+a-a—2b-c—2a-d
=a-a+b-b+c-c+d-d—2a-c—2b-d,

or
a-d+b-c=a-c+b-d.

The last relation shows that (a —b) - (d —¢) = 0 if and only if AB L CD, as
desired.

Problem 7. Let G be the centroid of triangle ABC and let Ay, Bi, Cy be
the midpoints of sides BC, C'A, AB, respectively. Prove that

MA? + MB?* + MC? + OMG? = 4(M A2 + MB} + MC?)
for all points M in the plane.

Solution. Denote by the corresponding lowercase letter the coordinate of a
point denoted by an uppercase letter. Then

at+b+ec b+c c+a a+b
, a1 = 7b1: , C1 = .
3 2 2 2

Using the real product of the complex numbers, we have
MA? + MB*+ MC? + 9MG?
=(m—a)-(m—a)+(m—=>0) - (m=b)+(m—c)-(m—c)

v (o dtbteN ([, _atbte
3 3

=12\m|* —8(a+b+c)-m+2(|a]* + b + |c|*) +2a - b+ 2b-c+ 2¢- a.
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On the other hand,
4(MA? + MB} + MC3})

:4Km_b20) , (m_b;c)+<m_c;a>
(59 (2]

=12/m|?> = 8(a+b+c) -m+2(|a]® + |b]* + |c|*) +2a-b+2b-c+2c-a,

so we are done.

Remark. The following generalization can be proved similarly.

Let A1 A5 --- Ay, be a polygon with centroid G and let A;; be the midpoint
of the segment [A;4;], i <j, i, j € {1,2, ..., n}.

Then

(n—2) ZMAk +n’MG® =4 MA3,
1<J
for all points M in the plane. A nice generalization is given in Theorem 3 in
Sect. 4.11.

4.2 The Complex Product of Two Complex Numbers

The cross product of two vectors is a central concept in vector algebra, with
numerous applications in various branches of mathematics and science. In
what follows, we adapt this product to complex numbers. The reader will
see that this new interpretation has multiple advantages in solving problems
involving area or collinearity.

Let a and b be two complex numbers.

Definition. The complex number
1 —
axb= g(ﬁb—ab)

is called the complex product of the numbers a and b.
Note that

1 -1 -
axb+axb= é(ab—ab)—i—i(ab—ab) =0
so Re(a x b) = 0, which justifies the definition of this product.

Let A(a), B(b) be points in the complex plane, and let § = O—/i O?
the angle between the vectors (ﬁl O? The following formula holds:

a X b= gila||b|sin,
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where
- —1, if triangle OAB is positively oriented;
" | +1, if triangle OAB is negatively oriented.

Indeed, if a = |a|(costy + isinty) and b = |b|(costs + isints), then
a X b= ilal|b| sin(—t1 + t2) = ci|a||b| sin 6.

The connection between the real product and the complex product is given
by the following Lagrange-type formula:

ja - b + la x b|* = |al?[b*.
The following properties are easy to verify:

Proposition 1. Suppose that a, b, c are compler numbers. Then:

(1)axb=20if and only if a = 0 or b = 0 or a = \b, where \ is a real
number.

(2) a x b= —bx a (the complex product is anticommutative).

(8) ax (b+c) =axb+axc (the complex product is distributive with respect
to addition).

(4) a(a x b) = (aa) x b =a x (ab), for all real numbers «.

(5) If A(a) and B(b) are distinct points other than the origin, then a X b =0
if and only if O, A, B are collinear.

Remarks.

(a) Suppose A(a) and B(b) are distinct points in the complex plane different
from the origin (Fig. 4.2).
The complex product of the numbers a and b has the following useful
geometric interpretation:

b 2i. area [AOB|, if triangle OAB is positively oriented;
“ ~ | —2i. area [AOB], if triangle OAB is negatively oriented.

Figure 4.2.
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Indeed, if triangle OAB is positively (directly) oriented, then

2i - area [OAB]=i-OA-OB - sin(@)

. . by . b\ |a
= i|al - |b| - sin (arga> =14-|al-|b|-Im (E) Tl
1 b b\ 1 -
= 5|a|2 (— —:) = (@ —ab) =axb.

a a

In the other case, note that triangle OBA is positively oriented; hence
2i-area[OBA] =bx a= —a x b.

(b) Suppose A(a), B(b), C(c) are three points in the complex plane.
The complex product allows us to obtain the following useful formula for
the area of the triangle ABC:

1
Z(axb+b><c+c><a)

if triangle ABC is positively oriened;
area [ABC] =

1
—E(axb—l—bxc—l—cxa)
i

if triangle ABC' is negatively oriented.

Moreover, simple algebraic manipulation shows that
1 —
area [ABC] = élm(ab + be + ¢a)

if triangle ABC is directly (positively) oriented.

To prove the above formula, translate points A, B, C by the vector —c.
The images of A, B, C are the points A’, B’, O with coordinates a —c, b —
¢, 0, respectively. Triangles ABC and A’B’O are congruent with the same
orientation. If ABC is positively oriented, then

area [ABC| = area [OA'B'] = %((a —c)x (b—c¢))

:%((a—c)xb—(a—c)xc):%(cx(a—c)_bx(a_c))

1 1
=—(exa—cxc—bxat+bxc)=—(axb+bxc+cxa),
24 24
as claimed.
The other situation can be handled similarly.
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Proposition 2. Suppose A(a), B(b), and C(c) are distinct points. The
following statements are equivalent:

(1) Points A, B, C are collinear.
(2) (b—a)x (c—a)=0.
(83)axb+bxc+exa=0.

Proof. Points A, B, C are collinear if and only if area[ABC] = 0, i.e.,
axb+bxc+cxa=0. The last equation can be written in the form (b — a) x
(c—a)=0. O

Proposition 3. Let A(a), B(b), C(c), D(d) be four points, no three of which
are collinear. Then AB||CD if and only if (b—a) x (d—c¢) =0.

Proof. Choose the points M(m) and N(n) such that OABM and OCDN
are parallelograms; then m =b—a and n =d — c.

Lines AB and C'D are parallel if and only if points O, M, N are collinear.
Using property 5, this is equivalent to 0 = m x n = (b —a) x (d — ¢). O

Problem 1. Points D and E lie on sides AB and AC of the triangle ABC
such that

AD AE 3

AB  AC 4
Consider points E' and D’ on the rays (BE and (CD such that EE’ = 3BE
and DD’ = 3CD. Prove the following:

(1) points D', A, E' are collinear.

(2) AD' = AF'.
3b
Solution. The points D, E, D’, E’ have coordinates: d = a—z ,
o a—+ 3c
=
e =4e—3b=a+3c—3b, and d = 4d — 3c = a + 3b — 3c,
respectively.

D’ A E’

Figure 4.3.
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(1) Since
(a—d)x (e =d) = (3c—3b) x (6c—6b) = 18(c —b) x (¢ —b) =0,

it follows from Proposition 2 in Sect. 4.2 that the points D', A, E’ are
collinear (Fig. 4.3).

(2) Note that

a—d

e —d

AD’

D'E"

=35

so A is the midpoint of segment D'E’.

Problem 2. Let ABCDE be a convex pentagon and let M, N, P, Q, X, Y
be the midpoints of the segments BC, CD, DE, EA, M P, NQ, respectively.
Prove that XY ||AB.

Solution. Let a, b, ¢, d, e be the coordinates of vertices A, B, C, D, F,
respectively (Fig. 4.4).

B M c

Figure 4.4.

Points M, N, P, Q, X, Y have coordinates

b+c c+d d+e
m = , = y D= )
2 2 2
e+a b+c+d+e ct+d+e+a
= €r= =
q 2 2 4 ) y 4 2
respectively. Then
a—>b
Yy—x 4 1
= =——€eR,

whence

(v =) % (b—a) = —3(b—a) x (b—a) =0.

From Proposition 3 in Sect. 4.2, it follows that XY ||AB.
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4.3 The Area of a Convex Polygon

We say that the convex polygon Ay As - - - A, is directly (or positively) oriented
if for every point M situated in the interior of the polygon, the triangles
MAR A1, k=1,2, ..., n, are directly oriented, where A, 11 = A;.

Theorem. Consider a directly oriented convexr polygon AyAs--- A, with
vertices with coordinates ay, az, ..., a,. Then

1
area [A1As -+ Ay = Elm(a_lag +azas + -+ Gp_1an + Gra1).

Proof. We use induction on n. The base case n = 3 was proved above using
the complex product. Suppose that the claim holds for n = k, and note that

area [A1As -+ A Ag+1] = area [A1 Ay - - - A] + area [Ag Agy141]
1 _ o - - 1 . - _
= §Im(a1a2 +azas + - - -+ aQp_1ai + ar1a) + §Im(akak+1 + apri01 + arak)
1 _ _ _ _
= 51111(&1@2 +G2a3 + -+ + Ap—10k + Q41 + Trr101)

1. _ 1. _ _ _
+§Im(aka1 + arar) = §Im(a1a2 +azasg + - -+ + Qpak11 + Ggr1a1),

since
Im(ara; + arax) = 0.

Alternative proof. Choose a point M in the interior of the polygon. Applying
the formula (2) in Sect. 3.5.3, we have

area [A1As--- A,] = Z area [MApAgt1]
k=1

1 n
=5 Z Im(Zay, + arag+1 + Teriz)
k=1

1 n
1 Im(a@gars1) + 5 ; Im(Zay, + ariz)

= §Im (}; akak+1> + §Im z;ak + z;aj = §Im (Z akak+1> ,

k=1

|
| —
(]

~
Il

since for any complex numbers z, w the relation Im(Zw + zw) = 0 holds. O

Remark. From the above formula, it follows that the points Aj(aq),
As(az), ..., Ap(ayn) as in the theorem are collinear if and only if

Im(ﬁlag +asas+ -+ ap_1an +ana1) =0.
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For this result, the hypotheses in the theorem are essential, as we can see
from the following counterexample.

Counterexample The points with respective complex coordinates
ap =0, ao = 1, a3 = i, ag = 1+ ¢ are not collinear, but we have
Im(atas + azas + azaq + azaq) = Im(—1) = 0.

Problem 1. Let PyP; - - - P,,—1 be the polygon whose vertices have coordinates
1, &,..., €" L and let QuQ1---Qn_1 be the polygon whose vertices have

2
coordinates 1, 1+¢, ..., 14+e+---4+e""1 wheree = cos—ﬂ—l—isin—ﬂ-. Find
n n

the ratio of the areas of these polygons.

Solution. Consider a, =1+¢e+---+¢*, k=0,1, ..., n— 1, and observe
that

n—1
area [QoQ1 - Qn-1] = %Im (Z @akH)
k=0

n—l k41 _ k+2 _
. <Z @) 1 ¢ 1)

2 z—1 e—1

n—1
! Im [Z(s — @)k 2 )

= TP
2|le — 1| —
1 Im(ne + n) 1 . 27
= m(ne +n) = ————=nsin —
2le — 12 2le —1)2 n
LT T n 0
= ———5—2sin—cos — = — cotan —,
8sin” n n 4 n
since
n—1 n—1
ZE’“H =0 and Z eht2 — 0.
k=0 k=0
On the other hand, it is clear that
2
area [PyPy -+ P,_1] = n area [PhOP;] = 2 sin == = nsin — cos —.
2 n n n
We obtain
LT T
PPPn_ 7 S1n — CoS —
arealPy P 1] gy T (1)
a’rea[QOQl e anl] —cotan— n
4 n
Remark. We have QzQri1 = |ags1 — ax| = ¥ = 1 and PPy =
b1 — k| = k(e —1)| = |eF||l —¢| = |1 —¢| = 2sin ~, k= 0,1,...,n— 1.
n

It follows that
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Py Pyyq
QrQr+1

That is, the polygons PyP; -+ P,—1 and QoQ1 - Qr—1 are similar, and
the result in (1) follows.

—9sin’, k=0,1, ..., n— 1.
n

3

Problem 2. Let AjAy---Ap(n > 5)
midpoint of the segment [AkAkH], k
the following inequality holds:

b convex polygon and let By be the
= .., n, where Ap4+1 = Ay1. Then

area [B1By--- By| > % area [A1 Az -+ Ayl

Solution. Let a; and bx be the coordinates of points Ay and B, k =
1,2, ..., n. It is clear that the polygon B1Bs--- B, is convex, and if we
assume that A;As--- A, is positively oriented, then By Bs--- B, also has
this property. Choose as the origin O of the complex plane a point situated
in the interior of polygon Ay As--- A,,.

We have by, = %(ak +ag+1), k=1,2, ..., n, and
G- 1
area [B1Bs - = —Im Z brbr+1) = —Imz ar + 1) (kg1 + akg2)
k=1 k=1

()l e

k=1 k=1 k=1

1 1 "
= jarea [A1As---Ap]+ glm (Za_]ga/k+2>

k=1

1 1 &
= garea [A1Ag--- Ap] + 3 ; Im(arakt2)

1 1 < —
= carea [A1 Ay -+ Ap] + < > OAy - OAg o sin A O Ay
2 8 &

> %area [A1As--- Ay,

where we have used the relations

Im <Z a_kakH) =Im (Z Mak_ﬂ) =2 area [A1 Az - A,)]

k=1 k=1

and sinAkO/AEQ >0, k=1,2, ..., n, where A, 12 = As.



112 4 More on Complex Numbers and Geometry

4.4 Intersecting Cevians and Some Important Points
in a Triangle

Proposition. Consider the points A, B', C' on the sides BC, CA, AB of
the triangle ABC' such that AA’, BB', CC' intersect at point Q and let

BA” p CB" m AC" n

AC n BA p CB m

If a, b, c are the coordinates of points A, B, C, respectively, then the coor-
dinate of point @ is

_ ma+nb+ pc
m+n+p
b
Proof. The coordinates of A’, B’, C' are o' = r —i—pc, b = M,
n+p m-+p
b
and ¢ = @, respectively. Let () be the point with coordinate ¢ =
m+n
matnbipe \We prove that AA’, BB', CC’' meet at Q.

m~+n-+p
The points A, @, A’ are collinear if and only if (¢—a) x (¢’ —a) = 0. This

is equivalent to
(ma—i—nb—i—pc ) (nb—l—pc )
— —a| X | ———a] =0,
m+n+p n-—+p

or (nb+ pc— (n+p)a) X (nb+ pc— (n+p)a) = 0, which is clear by definition
of the complex product.
Likewise, @Q lies on lines BB’ and C'C’, so the proof is complete. a

Some Important Points in a Triangle

(1) If @ = G, the centroid of the triangle ABC, we have m = n = p. Then
we obtain again that the coordinate of G is

at+b+c
3 .

(2) Suppose that the lengths of the sides of triangle ABC are BC = o, CA =
B, AB = ~. If Q = I, the incenter of triangle ABC, then using a known
result concerning the angle bisector, it follows that m = «, n = 8, p = 7.
Therefore, the coordinate of I is

zZqg =

aa+fbt+ye l[((m + Bb+ ye),

= a+ B8+ 2s

where s = £ (a+ 8+ 7).
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(3) If @ = H, the orthocenter of the triangle ABC, we easily obtain the
relations

BA" tanC CB' tanA AC’' tanB
A'C "~ tanB’ B'’A~ tanC’ C'B tan A’

It follows that m = tan A, n = tan B, p = tanC, and the coordinate of
H is given by

ZH =

(tan A)a + (tan B)b + (tan C)c
tan A + tan B + tan C '

Remark. The above formula can also be extended to the limiting case in
which the triangle ABC' is a right triangle. Indeed, assume that A — g

tan B)b + (tan C tan B + tan C
ThentanA—>:|:ooand(an )b+ (tan >C—>O,u—>0.1n

) i tan A ) “tan
this case, zy = a, i.e., the orthocenter of triangle ABC' is the vertex A.

(4) The Gergonne® point J is the intersection of the cevians AA’, BB', CC’,
where A’, B’, C' are the points of tangency of the incircle to the sides
BC, CA, AB, respectively. Then

1 1 1
BA' s—~y CB' _, AC' s—8
Ac 1 "pa 1 o 17
s—p 55— s—a

and the coordinate z; is obtained from the same proposition, where

raa +1rgb+1,c

z] =
Ta+ 7+ 7,

Here 7o, rg, 7, denote the radii of the three excircles of triangle. It is
not difficult to show that the following formulas hold:

K K K

Trn = T~ =
s—a P T s—p " s—7’

Ta =

where K = area [ABC] and s = 3(a + 8+ 7).

(5) The Lemoine? point K is the intersection of the symmedians of the tri-
angle (the symmedian is the reflection of the bisector across the median).
Using the notation from the proposition, we obtain

BA" y* CB' _o* AC' B
A'C B2 B'A A2 C'B o2’

1 Joseph Diaz Gergonne (1771-1859), French mathematician, founded the journal Annales
de Mathématiques Pures et Appliquées in 1810.

2 Emile Michel Hyacinthe Lemoine (1840-1912), French mathematician, made important
contributions to geometry.



114 4 More on Complex Numbers and Geometry

It follows that
a?a + B%b + %
a? + 32 + 2
(6) The Nagel® point N is the intersection of the cevian AA’, BB', C(C’,

where A’, B’, C’ are the points of tangency of the excircles with respec-
tive sides BC, CA, AB. Then

K =

BA" s—vy CB s—a AC' s-p

AC  s—pB B'A s—~ C'B s—ao

and the proposition mentioned above gives the coordinate zx of the Nagel
point N:
(s—a)a+ (s—PB)b+ (s —7)c

R RN PRy R CEE) :é[@—a)“(s—ﬁ)bﬂs—w)c]

_(1—%)a+<1—§)b+(l—g)c.

Problem. Leta, (8, v be the lengths of sides BC, CA, AB of triangle ABC
and suppose o < 3 < ~y. If points O, I, H are the circumcenter, the incenter,
and the orthocenter of triangle ABC, respectively, prove that

area [OTH| = 8_1r(a = B)(B =y — ),

where r is the inradius of ABC.

Solution. Consider triangle ABC, directly oriented in the complex plane
centered at point O.
Using the complex product and the coordinates of I and H, we have

1 1 + 8b+
area [OTH| = Z(Z[ X zp) = % %_’_JC X (a—l—b—i—c)]

1

= E[(o‘_ﬂ)aXb"’(ﬂ—’}/)bxc—l—("y—a)cxa]
= %S[(a — B) - area [OAB] + (8 — v) - area [OBC] + (y — a) - area [OCA]

= - a9

2s 2

R?sin2C R?sin2A R?sin 2B
Fn20 (g2 (o ein2B

3 Christian Heinrich von Nagel (1803-1882), German mathematician. His contributions
to triangle geometry were included in the book The Development of Modern Triangle
Geometry [21].
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= f—;[(a—ﬁ)sin20+ (B —7)sin2A4 + (v — a)sin 2B]

_ 8i<a ~B)(B-7(r - a),

r
as desired.

4.5 The Nine-Point Circle of Euler

Given a triangle ABC, choose its circumcenter O to be the origin of the
complex plane and let a, b, ¢ be the coordinates of the vertices A, B, C. We
have seen in Sect. 4.1, Proposition 3, that the coordinate of the orthocenter
Hiszg=a+b+ec.

Let us denote by A;, B;, C; the midpoints of sides BC, CA, AB; by
A’, B, C' the feet of the altitudes; and by A”, B”, C” the midpoints of
segments AH, BH, CH, respectively (Fig. 4.5).

B A Al c

Figure 4.5.

It is clear that for the points A;, By, Ci, A”, B”, C"”, we have the
following coordinates:

1 1 1
ZA; = 5(1)—}-6), 2By — §(C+a)v 2Cy = §(a+b)a

1 1 1
zar = a+ §(b+ ¢), zpr =b+ §(c+a), zon =c+ 5(&4— b).
It is not so easy to find the coordinates of A’, B’, C’.

Proposition. Consider the point X () on the circumcircle of triangle ABC.
Let P be the projection of X onto line BC. Then the coordinate of P is
given by
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1 be _
P=3 x—ﬁx—i—b—i—c ,

where R is the circumradius of triangle ABC.

Proof. Using the complex product and the real product, we can write the
equations of lines BC' and X P as follows:

BC:(z—b)x (c—b) =0,
XP:(z—2)-(c=b)=0.

The coordinate p of P satisfies both equations; hence we have
(p—b)x(c—b)=0and (p—2x)-(c—b)=0.
These equations are equivalent to
(p=b)e—b)—(P—b)(c—b) =

and
(p—z)T—b)+ (P—T)(c—b)=0.

Adding the above relations, we obtain

(2p —b—x)(€—b)+ (b—7)(c—b) = 0.

It follows that

c—b

1 R 1 c _
pzi[b—i_x—’—é—l_)(x_b)]:ﬁ b-l—x-i-w(iﬂ—b)
c b
1 be - 1 be _
_§{b+x—ﬁ(;v—b)]—§<x—ﬁx+b+c). a

From the above proposition, we see that the coordinates of A’, B’, C’ are

1 bca
5 CL+b—|—C—— s

ZA!

R2

. 1 a+b+c_ca5
B’_2 R2 )

1 abc
ZC/:é a—l—b—i—c—ﬁ .

Theorem 1 (The nine-point circle). In every triangle ABC, the points
Ay, By, Ci, A", B, C', A", B"”, C” are all on the same circle, whose
center is at the midpoint of the segment OH and whose radius is one-half the
circumradius.
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Proof. Denote by Og the midpoint of the segment OH. Using our
initial assumption, it follows that zog = %(a + b + ¢). Also, we have
|a| = |b] = |¢| = R, where R is the circumradius of triangle ABC.

1 1
Observe that OgA; = |za, — zo,| = §|a| = §R, and also
1
OgBl = OgCl = ER
1 1
We can write OgA” = |zav — zo,| = §|a| = §R, and also
1

OgB" = OgC"" = ER'
The distance Og A’ is also not difficult to compute:

1 bea\ 1
OQA/ = |ZA/ —2'09| = }5 <a+b+c—%) —§(a+b—|—c)
1 1 R 1
oz 0@l = gz lalbliel = 55z = 3

1
Similarly, we get OgB’ = OgC’ = §R. Therefore, OgA1 = OgB1; = OgCy =
1
OgA" = OgB' = OgC’" = OgA” = OgB" = 0yC" = §R, and the desired
property follows. O
Theorem 2.

(1) (Euler* line of a triangle.) In any triangle ABC the points O, G, H are

collinear.

(2) (Nagel line of a triangle.) In any triangle ABC the points I, G, N are
collinear.

Proof.

(1) If the circumcenter O is the origin of the complex plane, we have zo = 0,
z¢ = =(a+b+c), zy = a+ b+ c. Hence these points are collinear by
Proposition 2 in Sect. 3.2 or 4.2.

(2) Weh a+ﬂb+7 1(+b+) d (1 a)+

ehave z; = —a+—b+—c, z¢g = = (a and zy = (1——)a
VORI T g0 oV T g0 ¢ T g ) N s
<1 — é) b+ (1 — 1) ¢, and we can write zy = 3zg — 22;.
S S

Applying the result mentioned above and properties of the complex prod-
uct, we obtain (z¢ — z1) X (25 — 21) = (2¢ — 21) X [3(2¢ — 21)] = 0; hence
the points I, G, N are collinear. a

4 Leonhard Euler (1707-1783), one of the most important mathematicians of all time,
created much of modern calculus and contributed significantly to almost every existing
branch of pure mathematics, adding proofs and arranging the whole in a consistent form.
Euler wrote an immense number of memoirs on a great variety of mathematical subjects.
We recommend William Dunham’s book Euler: The Master of Us All [33] for more details
concerning Euler’s contributions to mathematics.
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Remark. Note that NG = 2GI, and hence the triangles OGI and HGN
are similar. It follows that the lines Ol and NH are parallel, and we have
the basic configuration of triangle ABC shown in Fig. 4.6.

Figure 4.6.

If G is the midpoint of segment [IN], then its coordinate is

G, = %(ZI +2n) = (ﬂ;wa+ (VLa)b+ (a;ﬂ)c.

The point Gy is called the Spiecker point of triangle ABC, and it is easy to
verify that it is the incenter of the medial triangle A1 B1Ch.

Problem 1. Consider a point M on the circumcircle of triangle ABC. Prove
that the nine-point centers of triangles MBC, M CA, MAB are the vertices
of a triangle similar to triangle ABC.

Solution. Let A’, B’, C’ be the nine-point centers of the triangles
MBC, MCD, MAB, respectively. Take the origin of the complex plane
to be at the circumcenter of triangle ABC. Denote by the corresponding
lowercase letter the coordinate of the point denoted by an uppercase letter.
Then

, m+b+c , m+4c+a , m+a+bd

¢ =—,bV=———cd=—"7—,

2 2 2
since M lies on the circumcircle of triangle ABC'. Then

b—a a-b b-a

d—a a—-c c—a’

and hence triangles A’B’C’ and ABC' are similar.



4.5 The Nine-Point Circle of Euler 119

Problem 2. Show that triangle ABC' is a right triangle if and only if its
circumcircle and its nine-point circle are tangent.

Solution. Take the origin of the complex plane to be at the circumcenter O
of triangle ABC, and denote by a, b, ¢ the coordinates of vertices A, B, C,
respectively. Then the circumcircle of triangle ABC' is tangent to the nine-

point circle of triangle ABC' if and only if OOg¢ = g This is equivalent to
R2
003 = e that is, |a + b+ c|> = R%

Using properties of the real product, we have
la+b+c?>=(a+b+c)-(a+b+c)=la>+|b*+|c|* +2(a-b+b-c+c-a)
=3R*+2(a-b+b-c+c-a)=3R*+ (2R? — o® + 2R* — % + 2R* — +?)
=9R? — (a® + B2 ++7),

where o, (3, 7 are the lengths of the sides of triangle ABC. We have used
2 2 2

the formulasa-b:RQ—l, b~c:R2—a—, c~a:R2—%,which can

be easily derived from the definition of the real product of complex numbers

(see also the lemma in Sect. 4.6.2).

Therefore, a? + 32 + 42 = 8R2, which is the same as sin? A + sin? B +
sin? C' = 2. We can write the last relation as 1 — cos24 + 1 — cos2B + 1 —
cos 2C = 4. This is equivalent to 2 cos(A + B) cos(A — B) +2cos®> C = 0, i.e.,
4 cos Acos BcosC = 0, and the desired conclusion follows.

Problem 3. Let ABCD be a cyclic quadrilateral and let E,, Fy, E., Eq be
the nine-point centers of triangles BCD, CDA, DAB, ABC, respectively.
Prove that the lines AE,, BE,, CE., DE, are concurrent.

Solution. Take the origin of the complex plane to be the center O of the
circumcircle of ABC'D. Then the coordinates of the nine-point centers are

1 1 1 1
€q = §(b—|—c—|—d), eb:§(c—|—d—|—a), eC:§(d—|—a—|—b), ed:§(a—|—b—|—c).

We have AE, : z = ka+ (1 — k)eq, k € R, and the analogous equations
for the lines BEy,, CE., DE,. Observe that the point with coordinate %(a +

1
b+ ¢+ d) lies on all four lines (k = 5)’ and we are done.
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4.6 Some Important Distances in a Triangle

4.6.1 Fundamental Invariants of a Triangle

Consider the triangle ABC' with sides «, 3, 7y; semiperimeter

S=%(0<+B+7);

inradius r; and circumradius R. The numbers s, r, R are called the funda-
mental invariants of triangle ABC.

Theorem. The sides a, 8, v are the roots of the cubic equation
t3 — 2st? + (s* + 1% + 4Rr)t —4sRr = 0.

Proof. Let us prove that « satisfies the equation. We have

) ) A A COSE
a=2Rsin A = 4Rs1n5cos ) and s —a = rcotang = 7‘7,
sin —
2
whence
A als—a) A ar
o= ———and sin® - = ———.
O T Tarr MM Y T URG — )

A A
From the formula cos? 3 + sin? 7= 1, it follows that

a(s — ) ar

=1.
4Rr + 4R(s — )

That is, a® —2sa?+ (s +r? +4Rr)a—4sRr = 0. We can show analogously
that 8 and ~ are roots of the above equation. O

From the above theorem, using the relations between the roots and the
coefficients, it follows that

a+pB+y=2s,

af + By +ya = s®+ 712 +4Rr,
afy = 4sRr.
Corollary. The following formulas hold in every triangle ABC':

o + %4+ ~4% =2(s® —r* —4Rr),

a’ + 8% + 9% = 2s(s* — 3r* — 6Rr).
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Proof. We have

o’ + B2 +97 = (a4 B+7)* = 2(aB + By +a) = 4s” — 2(s* + 1° + 4Rr)
=2s? — 2r? —8Rr = 2(s*> — 1% — 4Rr).

In order to prove the second identity, we can write
3 3 3 _ 2 2 2
o’ + 7 +7° = (a+ B+y)(a” + 7+ — af — By — ya) + 3aby

=25(25% — 2r? —8Rr — s> — 12 — 4Rr) + 12sRr = 2s(s> — 3r — 6Rr). O

4.6.2 The Distance OI

Assume that the circumcenter O of the triangle ABC' is the origin of the
complex plane, and let a, b, ¢ be the coordinates of the vertices A, B, C,
respectively.

Lemma. The real products a-b, b-c, c-a are given by

2 2
bRl peer- e
a-b=R 2,bC—R 2,ca—R 5

Proof. Using the properties of the real product, we have
7? = la—b]* = (a—b)-(a—b) = a-a—2a-b+b-b = |a|*—2a-b+|b|* = 2R*—2a-b,
and the first formula follows. a

In order to simplify the formulas, we will use the symbol chc, called the
cyclic sum:

Zf(fcl,!Ez,fEs) = f(x1, 2, 23) + f(x2, 23, 21) + f(23, 21, 22),

cyc
where the sum is taken over all cyclic permutations of the variables.
Theorem (Euler). The following formula holds:

OI* = R*> — 2Rr.
Proof. The coordinate of the incenter is given by

a B Y
= — —b _
550 + 2s + 25
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SO we can write

By, a B,
OI2 — 2 — ) _b . — _b -
&l (2sa+ 2s *os 25" 25" 23 + 25 ¢

r0? + 5 4R 25 S (aB)asb

cyc

42

Using the above lemma, we find that

or? = 4i (@ 4 B* ++7) R2+ Zaﬁ (R2 )

cyc

1 2 1
= qzl@+B8+7)R %Cjaﬁv =R — afy(a+5+7)
2 2 0‘57 K 2
=R—- = —2— =R"-2
=R ozﬁ’y R K s =R Rr,
where the well-known formulas
_apy K
R=9g "=%
are used. Here K is the area of triangle ABC. a

Corollary (Euler’s inequality). In every triangle ABC, the following
inequality holds:
R > 2r.

We have equality if and only if triangle ABC' is equilateral.
Proof. From the above theorem. we have OI? = R(R—2r) > 0, hence R > 2r.

The equality R — 2r = 0 holds if and only if OI? =0, i.e., O = I. Therefore,
triangle ABC is equilateral. O

4.6.3 The Distance ON

Theorem 1. If N is the Nagel point of triangle ABC, then
ON = R — 2r.

Proof. The coordinate of the Nagel point of the triangle is given by

av=(1-%)a +(1_é)b+( e
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Therefore,
ON? = |axP = oo = B2Y. (1-2) 423" (1-9) <1_§>a.b
cye cye
ES DD
= R? (3—a+f+7)2—§;(1—%) (1_5)72
g3
cyc

To calculate E, we note that

E= 2(1—‘”5 ) ZQ——Za+ﬁw+QZaﬁwz

cyc cyc cyc cyc
=S MM > et 4+ Z 3+8°‘—M K
cyc 5 cyc cyc cyc §
= —Za2+§2a3+8Rr.
cyc cyc

Applying the formula in the corollary of Sect. 4.6.1, we conclude that
E=—-2(s>—1% —4Rr) + 2(s* — 3r* — 6Rr) + 8Rr = —4r? + 4Rr.

Hence ON? = R? — E = R? — 4Rr + 4r? = (R — 2r)?, and the desired
formula is proved by Euler’s inequality. a

Theorem 2 (Feuerbach®). In any triangle the incircle and the nine-point
circle of Euler are tangent.
Proof. Using the configuration in Sect. 4.5 we observe that
1 GI GOy
2 GN GO’
Therefore, triangles GIOg9 and GNO are similar. It follows that the lines
1
109 and ON are parallel and 10y = §ON . Applying Theorem 1 in Sect.

1 R
4.6.3, we get 109 = §(R —2r) = 5= Rg — r, and hence the incircle is

tangent to the nine-point circle. a

5 Karl Wilhelm Feuerbach (1800-1834), German geometer, published the result of
Theorem 2 in 1822.
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Figure 4.7.

The point of tangency of these two circles is denoted by ¢ and is called
the Feuerbach point of the triangle (Fig. 4.7).

4.6.4 The Distance OH

Theorem. If H is the orthocenter of triangle ABC, then
OH? = 9R* + 2% + 8Rr — 25°.

Proof. Assuming that the circumcenter O is the origin of the complex plane,
the coordinate of H is

zg=a-+b+ec.

Using the real product, we can write

OH? = |zgl* =2y -2z = (a+b+c) - (a+b+c)

=Y 1a?+2)" a-b=3R*+2) a-b.

cyc cyc

Applying the formulas in the lemma and then the first formula in Corol-
lary 4.6.1, we obtain

2
0H2—3R2+22<R2—%) =9R? — (® + % +1?)

cyc

=9R? — 2(s®> —r? —4Rr) = 9R? + 2r2 + 8Rr — 252 0
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Corollary 1. The following formulas hold:

2 8 2
1 2 _ p2 2.2 = _ 2.2,
(1) OG R+9T+9RT 55

9 1 1
(2) 003 = “RZ4+ Zr?2 4 2Rr — 252
4 2 2
Corollary 2. In every triangle ABC, the inequality
o® + %+~ <9R?

1s valid. Equality holds if and only if the triangle is equilateral.

4.6.5 Blundon’s Inequalities

Given a triangle ABC, denote by O its circumcenter, I the incenter, G the
centroid, N the Nagel point, s the semiperimeter, R the circumradius, and r
the inradius. In what follows, we present a geometric proof to the so-called
fundamental triangle inequality. This relation contains, in fact, two inequal-
ities, and it was first proved by E. Rouché in 1851, answering a question of
Ramus concerning necessary and sufficient conditions for three positive real
numbers s, R, r to be the semiperimeter, circumradius, and inradius of a tri-
angle. The standard simple proof was first given by W.J. Blundon, and it is
based on the following algebraic property of the roots of a cubic equation:
The roots x1, x3, x3 of the equation

:103+a1x2+a2x+a3:0

are the side lengths of a (nondegenerate) triangle if and only if the following
three conditions are satisfied:

(i) 18ajazas + a?a3 — 27a% — 4aj — dadaz > 0;
(ll) —ay; >0, az >0, —az > 0;
(iii) a} —4ajas +8az > 0.

The following result contains a simple geometric proof of the fundamental
inequality of a triangle, as presented in the article [15].

Theorem 1. Assume that the triangle ABC' is not equilateral. The following
relation holds:

2R% + 10Rr — 12 — §?

2(R - 2r)VRZ —2Rr

Proof. Tt is known (see Theorem 2 in Sect. 4.5) that the points N, G, and I are

collinear on a line called Nagel’s line of the triangle, and we have NI = 3GI.
If we use Stewart’s theorem in the triangle JON, then we get

COS@V =

ON?.GI +0I> NG —-0G?-NI=GI-GN - NI,
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and it follows that
ON?.GI +OI* - 2GI — OG® — 3GI = 6GI°.
This relation is equivalent to
ON? +20I* — 30G? = 6GI*.

Now, using formulas for ON, OI, and OG, we obtain

L/(a®>+b 4 1 /2(s>—r2 —4R

Grro (T o g2) 2L (2 ") SRrtar?)
6 3 6 3

So we get

NI? =9GI* = 51 + s> — 16Rr.
We use the law of cosines in the triangle JON to obtain

ON? 4+ 0OI*> - NI?

cosION = 50N - OI

(R—2r)>+ (R* —2Rr) — (5r* + s> —16Rr) _ 2R?*+10Rr —r? — s*
2(R — 2r)VR? — 2Rr "~ 2(R—2r)WRZ—2Rr’
and we are done.

If the triangle ABC is equilateral, then the points I, O, N coincide, i.e.,
triangle ION degenerates to a single point. In this case, we extend the formula

by cosION = 1. a

Theorem 2 (Blundon’s inequalities). A necessary and sufficient condi-
tion for the existence of a triangle with elements s, R, and r is

2R* + 10Rr — r* — 2(R — 2r)\/ R2 — 2Rr
< s? <2R* +10Rr — r* + 2(R* — 2r)\/ R2 — 2Rr.

Proof. If we have R = 2r, then the triangle must be equilateral, and we are
done. If we assume that R — 2r # 0, then the desired inequalities are direct

consequences of the fact that —1 < cosI/O]\V < 1. O

Equilateral triangles give the trivial situation in which we have equality.
Suppose that we are not working with equilateral triangles, i.e., we have
R — 2r # 0. Denote by T(R,r) the family of all triangles with circumradius
R and inradius r. Blundon’s inequalities give, in terms of R and r, the exact
interval for the semiperimeter s of triangles in the family 7 (R, r). We have

s2. =2R*+10Rr —r* —2(R — 27")\/m
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and

s2  =2R?>+10Rr —r* +2(R — 2r)v/ R — 2Rr.

If we fix the circumcenter O and the incenter I such that OI = v R? — 2Rr,
then the triangle in the family 7(R,r) with minimal semiperimeter corre-
sponds to the case cosION = 1 of equality, i.e., points I, O, N are collinear,
and I and N belong to the same ray with the origin O. Taking into account
the well-known property that points O, G, H belong to Euler’s line of the tri-
angle, we see that O, I, G must be collinear, and hence in this case, triangle
ABC is isosceles. In Fig. 4.8, this triangle is denoted by Amin BminCrmin- Also,
the triangle in the family 7 (R,r) with maximal semiperimeter corresponds
to the case of equality cos TON = —1, i.e., points 1,0, N are collinear, and
O is situated between I and N. Using again the Euler line of the triangle,
we see that triangle ABC is isosceles. In Fig. 4.8, this triangle is denoted by
Amameameax-

Note that we have BupinCmin > BmaxCmax- The triangles in the family
T(R,r) are “between” these two extremal triangles (see Fig.4.8). According
to Poncelet’s closure theorem, they are inscribed in the circle C(O; R), and
their sides are externally tangent to the circle C(I;7).

min

maxr

C,

‘max

min

Figure 4.8.
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4.7 Distance Between Two Points in the Plane
of a Triangle

4.7.1 Barycentric Coordinates

Consider a triangle ABC and let «, 3, v be the lengths of sides BC, C' A, AB,
respectively.

Proposition. Let a, b, ¢ be the coordinates of vertices A, B, C and let P
be a point in the plane of the triangle. If zp is the coordinate of P, then there
exist unique real numbers g, Wy, fe Such that

Zp = fla@ + b + pcc and pg + pp + pre = 1.

Proof. Assume that P is in the interior of triangle ABC and consider the

/
point A’ such that AP N BC = {A’}. Let ky = If_j” 0 = j/—g, and observe
that
a+ kiza b+ kac

S TR

Hence in this case, we can write
1 k1 k1ko
A T +k2)b+ A+ k)1t k)

Moreover, if we consider

_ 1 _ ki B Kk
Ba e 0 P T Okt k) T O k) + ko)’

we have

1 ky ke ko
1+ ky * (14 k1)(1 + ko) * (14 k1)(1 + ko)
Ltk kot kike
(k)1 F k)

Ha + pho + fe =

=1

We proceed in an analogous way when the point P is situated in the
exterior of triangle ABC.

If the point P is situated on the support line of a side of triangle ABC
(i.e., the line determined by two vertices), then

1 k 1 k

- —0-a4 — pa
A e e g

zp

PB
here k = —. O
where PO
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The real numbers pq, tp, pe are called the absolute barycentric coordinates
of P with respect to triangle ABC.

The signs of the numbers i, iy, e depend on the regions of the plane in
which the point P is situated. Triangle ABC determines seven such regions
(Fig. 4.9).

I
VII

B C
V/ I w

Figure 4.9.

In the following table, we give the signs of pga, Wy, Me:

1[I [I[IV]V]VI[VII
pa|— [+ [+ F]=[= [+
T I e e ER e
pe| HF= ==+ ]+

4.7.2 Distance Between Two Points in Barycentric
Coordinates

In what follows, in order to simplify the formulas, we will use again the

cyclic sum symbol defined above, > f(x1, za, ..., x,). The most important
cyc
example for our purposes is

> flar, wa, w3) = fz1, 22, w3) + flw2, 73, 11) + fl23, T2, T2).

cyc

Theorem 1. In the plane of triangle ABC, consider the points P and Py
with coordinates zp, and zp,, respectively. If zp, = aga + Prb + yrc, where
ak, Bk, Yk are real numbers such that o + B+ =1, k=1,2, then

PP} =— Z(Oéz —a1)(B2 — i)y

cyc
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Proof. Choose the origin of the complex plane to be located at the
circumcenter O of the triangle ABC. Using properties of the real product,
we have

PP} = |zp, — zp,|* = [(a2 — o1)a + (B2 — B1)b+ (v2 — 1)l

= Z(Oéz —a1)’a- a+ 22(042 —ai)(f2—PBr)a- b

cyc cyc
2
= ;(QQ - a1)2R2 + QC}IZC(OZQ — Ozl)(ﬂz — ﬂl) <R2 — %)
=R* oy +fa+y2—o1—fr— )’ — 2(042 —o)(B2 = By
cyc
== (a2 —a1)(B2 — )7’
cyc
SinCGO&l—Fﬂl—I—"yl:OAQ—FﬂQ—F’}/Q:l. O

Theorem 2. The points Ay, Az, By, Bs, C1, Cs are situated on the sides
BC, CA, AB of triangle ABC such that lines AA,, BBy, CCy meet at
point Py, and lines AAs, BBy, CCy meet at point Ps. If

BAk_pk CBk_mk ACk_nk k=19

AkC’_nk’ BkA_pk7CkB_mk7 o
where my, ng, px are nonzero teal numbers, k = 1,2, and
Sk =mg +ng+pr, k=1,2, then

1

2
Bl =gg

5152 Z(n1P2 +p1n2)a2 - Sf 27121)2042 - 522 Zn1p1042

cyc cyc cyc
Proof. The coordinates of points P; and P, are

; _ mga + ngb+ pre k—19
e mg +ng+pe o

It follows that in this case, the absolute barycentric coordinates of points
P, and P, are given by

ap = Mk _ Mk gk:—nk _
mp+nk+pe Sk’ my+nk+pe Sk’
e = Pk Pk 1 —1,2.

mg +nk +pE S_k7

Substituting in the formula in Theorem 1 in Sect. 4.7.2, we obtain
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P, P2 — _ O D2 p_l 2
e 2 (52 ) (52 s )
cyc
= S2s2 > (Sing — Sama)(Sip2 — Sap1)a’
cyc
S2S2 Z Sinaps + S3nipr — S152(naps + napr)] o
cyc
1
82S2 [5152 Z(n1p2 +ngp1)a’® — 7 Z nopac® — 53 Z mpia?|
cyc cyc cyc
and the desired formula follows. O

Corollary 1. For real numbers oy, Bk, Ve with a + B + v =1, k = 1,2,
the following inequality holds:

Z(Oéz —a1)(B2 — f1)y* <0,

cyc
with equality if and only if an = a, B = P2, 71 = V2.

Corollary 2. For nonzero real numbers my, ng, px, k = 1,2, with Sy =
myg +ng + pr, k= 1,2, the lengths of sides «, B, v of triangle ABC' satisfy
the inequality

S S.
2 1 2 2 2
Z(n1p2 + ping)” > 5, anza + 3, anpla ;

cyc cyc cyc
m my n n
with equality if and only if o p_z} - —2, a2
n nz2 p1 P2 m1 Mg

Applications

(1) Let us use the formula in Theorem 2 in Sect. 4.7.2 to compute the distance
GI, used in Sect. 4.6.5, where G is the centroid and I is the incenter of
the triangle.

We have m; =ny =p; =1 and my = a, no = 3, pa = 7; hence

51:Zm1:3; SQZZWQZQ-I-B—F’V:ZS;

cyc cyc

S (mp2 +nopr)a® = (8 +7)a? + (v + )8 + (a + B)7
cyc
= (a+B+7)(aB + By +7ya) —3afy = 2s(s* + 1> + 4rR) — 12sRr
=253 4 2512 — 4sRr.
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On the other hand,

> napaa® = a?By + BPya+y7af = afy(a+ B +7) = 8s°Rr
cyc
and
Zn1p1a2 =a?+ 3% ++%=2s>—2r> — 8Rr.

cyc

Then

1
GI? = §(52 + 572 — 16Rr).

(2) Let us prove that in every triangle ABC with sides «, 3, v, the following
inequality holds:

D 2a—B-)(28-a-7)7 <0

cyc

In the inequality in Corollary 1 in Sect. 4.7.2, we consider the points

1
PlzGandPg = 1. Thenal :ﬂl = " = —anda2 = g, /82 = ﬁ,
3 2s 2s
Yo = l, and the above inequality follows. We have equality if and only if
s
P, = Py, that is, G = I, so the triangle is equilateral.

4.8 The Area of a Triangle in Barycentric Coordinates

Consider the triangle ABC with a, b, ¢ the respective coordinates of its
vertices. Let «, [, 7 be the lengths of sides BC, C'A, and AB.

Theorem. Let Pj(zp,), j = 1,2,3, be three points in the plane of triangle
ABC with zp; = aja+ B;b+vjc, where oy, Bj, v; are the barycentric coor-
dinates of P;. If the triangles ABC and P, P>P; have the same orientation,
then
area| Py P, Ps] a1 gl n
— = = .
area| ABC 21722
as B3 73
Proof. Suppose that the triangles ABC and P P, Ps are positively oriented.
If O denotes the origin of the complex plane, then using the complex product,
we can write

2i area|PLOPs] = zp, X zp, = (@1a + B1b+ 71¢) X (aea + B2b + v20)

= (a1f2 — 2f1)a X b+ (Biy2 — B2y1)b X ¢+ (M1 —12a1)c X a



4.8 The Area of a Triangle in Barycentric Coordinates 133

axbbxcexa a xbbxc2iarea [ABC]
=lm m B|=m o 1
Yo az P Yo Q2 1

Analogously, we obtain

a xbbxc2iarea [ABC]
2i area [Po,OPs] = | v  «g 1
Y3 Qs 1

a xbbxc2iarea [ABC]
2i area [PgOPl] = Y3 (6% 1
Mmoo 1

Assuming that the origin O is situated in the interior of triangle P, P> Ps,
it follows that

area| P, P, P3] = area [POP;] + area [P,OPs3] + area [PsOP ]

1 1
= Z(al —as+a—az+ag—ai)ax b_Z(% — Yo+ —7v3+y3—71)bXx ¢
+(y12 — y201 + Y23 — Y32 + Y301 — Y103)area [ABC]
= (712 — Y201 + Yeas — Y32 + Y301 — Y1a3) area [ABC]

1y an a1 B
= area [ABC| |1 vz ag | = area| ABC| | a2 B2 Y2 |,
173 as as B3 73
and the desired formula is obtained. O

Corollary 1. Consider the triangle ABC' and the points A1, By, C1 situated
on the respective lines BC, CA, AB (Fig. 4.10) such that

AB_ L BC_ . GA
AC " BA " oB ™

If AAy,NBB; = {Pl}, BB NCC; = {Pz}, and CC1NAA = {P3}, then

area[P1P2P3] (1 — k1k2k3)2

area[ABC’] (1 + k1 + klkg)(l + ko + kzkg)(l + k3 + kgkl) '

Proof. Applying the well-known Menelaus’s theorem to triangle AA; B, we
find that
ChA CB P3A

: : =1.
Ci1B CA; DA

Hence
PA 1A CB
PsA; - CiB CA

= ks(1+ k).
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Figure 4.10.

The coordinate of Pj is given by

b+ kic
CL+I€3(1+]€1)ZAI - 1+k a+ k3b+ kskic

T+ks(1+k) 14 k3 + ksky L+ kg +kaky

a+ks(1+ k)

Zpy =

In an analogous way, we find that

. klkga + b + klc

. . koa + koksb + ¢
PUT T ke o ks

d zp, = .
e R T S A

The triangles ABC and P; P, P; have the same orientation; hence by applying
the formula in the above theorem, we find that

area[P, PyPs] 1 kllfz’ klk "11
arcal ABC] — (L+ki+hkiks)(I+ka+hoks)(1+ks+hsk) | | %3%h

B (1 — k1koks)? -

(U4 k1 + krk2) (1 + ko + koks) (1 + k3 + ksk1)
Remark. When k; = ko = k3 = k, from Corollary 1 in Sect. 4.8, we obtain
Problem 3 in Sect. 4.9.2 from the 23rd Putnam Mathematical Competition.
Let A;, B;, C; be points on the lines BC, C'A, AB, respectively, such that

BAjipj C'Bjimj chiﬁ i—1.9273
AjC_nj’ BjA_pj, CjB_mjvj_ e

Corollary 2. If P; is the intersection point of lines AA;, BB;,CC;, j =
1,2,3, and the triangles ABC, P, P, P3 have the same orientation, then

area[P P, P3) 1 21 Zl P
arealABC] 518285 | 222
ms3 N3 p3

where S; =mj; +n; +p;, j=1,2,3.
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Proof. In terms of the coordinates of the triangle, the coordinates of the
points P; are
mja +nib+ pj;c 1

P = —(mja+nb+pc), 7=1,2,3.
BT my 4+ Sj( 90+ b+ pich, J

The formula above follows directly from the above theorem. a

Corollary 3. In triangle ABC, let us consider the cevians AA’, BB’, and
CC" such that

ac =™ AT OB
Then the following formula holds:

A'B BC (A

:p,

area|A’ B'C"] 1+ mnp

area| ABC] (14+m)(1+n)(1+p)
Proof. Observe that the coordinates of A’, B, C' are given by

L, _m L+ L+ Py
4= — ¢, zpr = c+——a, zov=——a+ ——
A 14+m 1+m “B 1+n T+n ' ¢

Applying the formula in Corollary 2 in Sect. 4.8, we obtain

area[ A’ B'C'] 1 0 (1) 7711
= n
area| ABC)| (L+m)(1+n)1+p) |4 » 0

- 1+ mnp -
S (I+m) (I +n)(1+p)

Applications

(1) (Steinhaus)® Let A;, B;, C; be points on lines BC, CA, AB, respec-
tively, j = 1,2, 3. Assume that

BA, 2 CB, 1 AC, 4
AC 4 BA 2" 4B 1
BAy; 4 CBy 2 AC, 1
A;C 17 ByA 4 CoB 2
BA; 1 CBy 4 AC; 2
A3C T2 B3A 1 C3B 4

If P; is the intersection point of lines AA;, BB;, CCj, j =1,2,3, and
triangles ABC, P P, P3 are of the same orientation, then from Corollary 3
above, we obtain

6 Hugo Dyonizy Steinhaus (1887-1972), Polish mathematician, made important contribu-
tions to functional analysis and other branches of modern mathematics.
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arealP PPs] 1 ;?Z 49 1
area ABC] — 7-7-T|, 5 7 T

(2) If the cevians AA’, BB’, CC’ are concurrent at point P, let us denote
by Kp the area of triangle A’ B’C’. We can use the formula in Corollary 3
above to compute the areas of some triangles determined by the feet of
the cevians of some notable points in a triangle.

(i) If I is the incenter of triangle ABC, we have

1428 @
K; = b o vy area| ABC
(1+3) (+2) (+3)
B 200y aren _ 2a8vysr
BN (R R et A T [ Gy o)

(ii) For the orthocenter H of the acute triangle ABC, we obtain

tanC tanB tand
Ky = tanB tan A tanC areal ABC]

1+taLnC' 1+taLnB 1+tamA
tan B tan A tan C

= (2 cos A cos B cos C')area| ABC] = (2 cos A cos B cos C)sr.

(iii) For the Nagel point of triangle ABC, we can write

14570 s s—p3
Ky = — s— P j:7 S_as—ﬁ area| ABC]|
(1+S 7)(H a><1+ )
s—p3 s—7 s o
3 3 _ 2
= 20s a)(ZByﬂ)(s el arealABC] = MZT[I?:%]MGMABC]

2
r Sr

= ﬁarea[ABC] = 3R

If we proceed in the same way for the Gergonne point J, we obtain the
relation

87‘2

K;= %%area[ABC] =5E"
Remark. Two cevians AA’ and AA” are isotomic if the points A" and A"
are symmetric with respect to the midpoint of the segment BC. Assuming
that



4.8 The Area of a Triangle in Barycentric Coordinates 137

A'B B'C C'A
=m =N =
wc - " BAa" "o P
then for the corresponding isotomic cevians, we have

A'B 1 B'C 1 1
A'"C " m’ B"A n’ C"B  p

Applying the formula in Corollary 3 above yields that
area|A’ B'C"] 14+ mnp

area|ABC)| 1+m)(1+n)(1+p)

1
1+ mnp area|A” B"C"]

Ty

Therefore, area [A'B’C’'] = area[A” B”C"]. A special case of this relation
is Ky = K, since the points N and J are isotomic (i.e., these points are

intersections of isotomic cevians).

(3) Consider the excenters I, Ig, I, of triangle ABC. It is not difficult to
see that the coordinates of these points are

___« p g
I CEr R e M P
o« B Y
ZIB_2(s—a)a_2(s—6)b+2(s—7)c’
__«a B gl
ZI”_2(s—a)a+2(s—6)b_2(s—7)c'

From the formula in the theorem above, it follows that

a Je] ol
2(s—a) 2(s—p) 2(s—v)

area[lolply] = | 5555 —2(57@ sy | arealABC]
a __
2(s—a)  2(s=p)  2(s—7)
By 111
= 1-11|arealABC
TP ) T § Bl et
safyarea| ABC)| safyarea| ABC)| 2safy 95 R
= = = = 2sR.

C 2s(s—a)(s—B)(s—7)  2area?|ABC]  4darea|ABC]

(4) (Nagel line) Using the formula in the theorem above, we give a different
proof for the so-called Nagel line: the points I, G, N are collinear. We
have seen that the coordinates of these points are
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B B
Z[—ga/-i- 2—Sb+ 2—C
EESS Y
GT 3T YT 34

zN_(l—g)a+(1—§)b+(1—%)c

Then
o L
2s 2s 2s
area[IGN| = | 3 3 5 |.area[ABC| =0,
1-21-871-12

and hence the points I, GG, N are collinear.

4.9 Orthopolar Triangles

4.9.1 The Simson—Wallace Line and the Pedal
Triangle

Consider the triangle ABC, and let M be a point situated in the plane of
the triangle. Let P, @), R be the projections of M onto lines BC, CA, AB,

respectively.

Theorem 1 (The Simson line”). The points P, Q, R are collinear if and
only if M is on the circumcircle of triangle ABC.

Proof. We will give a standard geometric argument.

Suppose that M lies on the circumcircle of triangle ABC. Without loss
of generality, we may assume that M is on the arc BAC. In order to prove
the colhnearlty of R, P, @, it suffices to show that the angles BPR and
C’PQ are congruent The quadrllaterals PRBM and PCQM are cychc (smce
BRM BPM and MPC + MQC = 1800) hence we have BPR = BMR
and CPQ = CMQ But BMR = 90° — ABM = 90° MCQ, since the
quadrllateral ABMC'is cychc too. Fmally, we obtain BMR = 90° — ]\m =

C’MQ, so the angles BPR and CPQ are congruent (Fig. 4.11).

To prove the converse, we note that if the points P, ), R are collinear,
then the angles BPR and @ are congruent; hence ABM + ACM = 180°,
i.e., the quadrilateral ABMC is cyclic. Therefore, the point M is situated on
the circumcircle of triangles ABC. ad

7 Robert Simson (1687-1768), Scottish mathematician. This line was attributed to Simson
by Poncelet, but it is now generally known as the Simson—Wallace line, since it does not
actually appear in any work of Simson. William Wallace (1768-1843) was also a Scottish
mathematician, who possibly published the theorem above concerning the Simson line in
1799.
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Figure 4.11.

When M lies on the circumcircle of triangle ABC, the line in the above
theorem is called the Simson—Wallace line of M with respect to triangle
ABC.

We continue with a nice generalization of the property contained in Theo-
rem 1 above. For an arbitrary point X in the plane of triangle ABC, consider
its projections P, @, and R on the lines BC, C A and AB, respectively.

The triangle PQR is called the pedal triangle of point X with respect to
the triangle ABC'. Let us choose the circumcenter O of triangle ABC' as the
origin of the complex plane.

Theorem 2. The area of the pedal triangle of X with respect to the triangle
ABC is given by

area| ABC’
area| PQR] = | | |2 ‘ (1)

where R is the circumradius of triangle ABC.

R,
A .----.--------.---.. X

B P
Figure 4.12.
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Proof. Applying the formula in the proposition of Sect. 4.5, we obtain the
coordinates p, ¢, r of the points P, Q, R, respectively (Fig. 4.12):

1 be _
p:§<$—ﬁ$+b+c>a
1 ca _
0= (=T Heta),
1 ab
T:§<$—ﬁ$+a+b>

Taking into account the formula in Sect. 3.5.3, we have

(PPl Llq—pq—D
wealPQR| =I5 |a 71| 1= 15122177}
rrl

For the coordinates p, g, r, we obtain

_ 1 be
P=3 x—ﬁx+b+c
_ 1 (_ ea  _ _
Q—§ x——2$+c+a s
_ 1/_ ab R
T=3 x—ﬁx—i—a—i—b
It follows that
1 cT 1 b
q—p—g(a—b)<1—ﬁ) andr—p_i(a—c)<1—ﬁ), (2)
T-P= —(a—b)(w— )R and T~ = ——(a — )(z — b)R”
7—P=5-(a T —c and T p=g-(a—c)(z )
Therefore,
q—pq—p ila=b)a—c) |1- £ (z—c)R?
wealpQr) = || 172 TP - Mg =9 g e O )
_|z(a—b)(a—c) RP—cTrx—c |_|( b)(a—c) |[(b—c)Tb—c |
B 16abc R*—bzx—b 16abc R —bzx—b
_ila—=b)(b—c)(a—c) T 1 _ila=b)(b—c)la—c) _
= 16abc R?2—bzxz—b = 16abc (27 = B7)].
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We find that
la—bl[b—cllc—al, 2 afy | o 2
areal PQE] 16]al[b]|c] [l = togs |l |
_area ABC “ 2
where o, (3, 7 are the side lengths of triangle ABC. ad

Remarks.

(1) The formula in Theorem 2 above contains the Simson-Wallace line
property. Indeed, points P, (), R are collinear if and only if area
[PQR] = 0, that is, |27 — R?| = 0, i.e., 2T = R?. It follows that |z| = R
so X lies on the circumcircle of triangle ABC.

(2) If X lies on a circle of radius R; and center O (the circumcenter of
triangle ABC), then 27 = R?, and from Theorem 2 above, we obtain

area| ABC)|
4R?

It follows that the area of triangle PQ R does not depend on the point X.

area| PQR] = |R? — R?|.

The converse is also true. The locus of all points X in the plane of triangle
ABC such that area [PQR] = k (constant) is defined by

4R%*k
2 2
[l | area| ABC
This is equivalent to
w2 = R2+ 4Rk

4k
— =R 14+ ——— .
area| ABC R < area[ ABC] >

1
If k> Zarea[ABC’], then the locus is a circle with center O and radius

4k
B = R\/ I+ area| ABC]

1
If £ < Zarea[ABC], then the locus consists with two circles of

center O and radii R4/1 + 4—k, one of which degenerates to O when
area| ABC

k= iarea[ABC].

Theorem 3. For every point X in the plane of triangle ABC, we can con-
struct a triangle with sides AX - BC, BX - CA, CX - AB. This triangle is
then similar to the pedal triangle of point X with respect to the triangle ABC.
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Proof. Let PQR be the pedal triangle of X with respect to triangle ABC.
From formula (2), we obtain

2_cx
19 = 50— b - O o )

Taking moduli in (3), we obtain

R?>—cT

1
M—pﬁzﬁgm—ﬂw—d

On the other hand,

2

R?—cx R?-c¢x R?>—cx R?-c¢x

R?—cx
T —c T—C Tr—c R?

Tr—cC

R?—ct R%*(c—x)

= . = R?
T —c cT — R? ’
whence from (4), we derive the relation
4=l = ==la—blle — ¢ (5)
q—p|l = 5 a T —cl.
Therefore,
PQ QR RP 1 (6)
CX-AB AX-BC BX-CA 2R’
and the conclusion follows. O

Corollary 1. In the plane of triangle ABC, consider the point X and denote
by A'B'C" the triangle with sides AX - BC, BX - CA, CX. AB. Then

area[A’'B'C'] = area[ABC]||z|* — R?|. (7)

Proof. From formula (6), it follows that area [A’B’'C’] = 4R? area [PQR],
where PQR is the pedal triangle of X with respect to triangle ABC'. Replac-
ing this result in (1), we obtain the desired formula. O

Corollary 2 (Ptolemy’s inequality). The following inequality holds for
every quadrilateral ABCD:

AC-BD < AB-CD + BC - AD. 8)

Corollary 3 (Ptolemy’s theorem). The conver quadrilateral ABCD is
cyclic if and only if

AC-BD = AB-CD + BC - AD. (9)
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Proof. If the relation (9) holds, then triangle A’B’C’ in Corollary 1 above is
degenerate; i.e., area [A’B’C] = 0. From formula (7), it follows that d-d = R?,
where d is the coordinate of D and R is the circumradius of triangle ABC'.
Hence the point D lies on the circumcircle of triangle ABC'.

If quadrilateral ABCD is cyclic, then the pedal triangle of point D
with respect to triangle ABC is degenerate. From (6), we obtain the
relation (9). O

Corollary 4 (Pompeiu’s theorem?®). For every point X in the plane of
the equilateral triangle ABC, three segments with lengths X A, X B, XC can
be taken as the sides of a triangle.

Proof. In Theorem 3 above, we have BC = CA = AB, and the desired
conclusion follows. a

The triangle in Corollary 4 above is called the Pompeiu triangle of X
with respect to the equilateral triangle ABC'. This triangle is degenerate if
and only if X lies on the circumcircle of ABC'. Using the second part of
Theorem 3, we find that Pompeiu’s triangle of the point X is similar to the
pedal triangle of X with respect to triangle ABC' and

CX _AX _BX _2R_2V3 (10)
PQ QR RP a 3 °

Problem 1. Let A, B, and C be equidistant points on the circumference of
a circle of unit radius centered at O, and let X be any point in the circle’s
interior. Let da, dp, dc be the distances from X to A, B, C, respectively.
Show that there is a triangle with sides d4, dp, dc, and that the area of this
triangle depends only on the distance from X to O.

(2003 Putnam Mathematical Competition)
Solution. The first assertion is just the property contained in Corollary 4
above. Taking into account the relations (10), we see that the area of Pom-

peiu’s triangle of point X is garea[PQR]. From Theorem 2 above, we get
that area [PQR] depends only on the distance from X to O, as desired.

Problem 2. Let X be a point in the plane of the equilateral triangle ABC
such that X does not lie on the circumcircle of triangleABC, and let
XA=u, XB=v, XC =w. Ezxpress the side length o of triangle ABC in
terms of real numbers u, v, w.

(1978 GDR Mathematical Olympiad)

8 Dimitrie Pompeiu (1873-1954), Romanian mathematician, made important contribu-
tions in the fields of mathematical analysis, functions of a complex variable, and rational
mechanics. He was a Ph.D student of Henri Poincaré.
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Solution. The segments [XA], [XB], [XC] are the sides of Pompeiu’s
triangle of point X with respect to equilateral triangle ABC. Denote this
triangle by A’B’C’. From relations (10) and from Theorem 2 in Sect. 4.9.1 it
follows that

2
area|A'B'C'] = <%§> area|PQR] = ;ﬁarea[ABC’Hx T — R?|

_ L VB e g V3
3R? 4 4

|XO* — R?|. (1)

On the other hand, using the well-known formula of Heron, we obtain,
after a few simple computations,

1
area|A'B'C'] = Z\/(u2 + 02 +w?)2 = 2(ut + vt + w?).

Substituting in (1), we obtain

|XO2—R2|:%\/(u2+v2+w2)2—2(u4+v4+w4). (11)

Now we consider the following two cases:

Case 1. If X lies in the interior of the circumcircle of triangle ABC, then
XO?% < R%. Using the relation (see also formula (4) in Sect. 4.11)

1
X0? = g(u2 + v +w? — 3R?),

from (11) we find that

—_

1
2R? = —( 2+v2+w2)+ﬁ\/(iﬂ—l—vz—sz)z—2(u4+v4+w4),

3

and hence

—_

3
04225( 2+v2+w2)+g\/(iﬂ—i—vz—%wz)z—2(u4—|—v4+w4).

Case 2. If X lies in the exterior of the circumcircle of triangle ABC, then
X0? > R?%, and after some similar computations we obtain

—_

3
o? = E(u2 + 0 +w?) — g\/(lﬂ + 02 +w?)? = 2(ut + vt + wh).
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4.9.2 Necessary and Sufficient Conditions
for Orthopolarity

Consider a triangle ABC and points X, Y, Z situated on its circumcircle.
Triangles ABC and XY Z are called orthopolar triangles (or S-triangles)® if
the Simson—Wallace line of point X with respect to triangle ABC' is perpen-
dicular (orthogonal) to line Y Z.

Let us choose the circumcenter O of triangle ABC to lie at the origin of the
complex plane. Points A, B, C, X, Y, Z have the coordinates a, b, ¢, z, y, z
with

la| = [b] = e[ = [z] = |y| = 2| = R,
where R is the circumradius of the triangle ABC.

Theorem. Triangles ABC and XY Z are orthopolar triangles if and only if
abc = xyz.

Proof. Let P, Q, R be the feet of the orthogonal lines from the point X to
the lines BC, C A, AB, respectively.

Points P, @, R are on the same line, namely the Simson—Wallace line of
point X with respect to triangle ABC.

The coordinates of P, @, R are denoted by p, ¢, r, respectively. Using
the formula in Proposition of Sect. 4.5, we have

1 be _
p== x—ﬁx—i—b—i—c ,

ca _
q= (x—ﬁx—i—c—i—a),

2
1 ab _
r=g x—ﬁx—i—a—i—b .
We study two cases.

Case 1. Point X is not a vertex of triangle ABC.
Then P @ is orthogonal to Y Z if and only if (p —q) - (y — z) = 0. That is,

-0 (1| w-2-0,

or

‘We obtain

(5-2) (e 2ot ) (5-2) -

9 This definition was given in 1915 by the Romanian mathematician Traian Lalescu (1882
1929). He is famous for his book La géometrie du triangle [43].
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hence

L a—b)e—2)(y - 2) — —(a—b)(c—a)(y—2) =0.

abc TYz

The last relation is equivalent to
(abe — 2y2) (a — b)(c —2)(y — 2) =0,

and finally, we get abc = xyz, as desired.

Case 2. Point X is a vertex of triangle ABC'. Without loss of generality,
assume that X = B.
Then the Simson—Wallace line of point X = B is the orthogonal line from
B to AC. It follows that B(@ is orthogonal to Y Z if and only if lines AC
and Y Z are parallel. This is equivalent to ac = yz. Because b = z, we
obtain abc = xyz, as desired.

O

Remark. Due to the symmetry of the relation abc = xyz, we observe that
the Simson-Wallace line of every vertex of triangle XY Z with respect to
ABC is orthogonal to the opposite side of the triangle XY Z. Moreover, the
same property holds for the vertices of triangle ABC.

Hence ABC and XY Z are orthopolar triangles if and only if XY Z and
ABC are orthopolar triangles. Therefore the orthopolarity relation is sym-
metric.

Problem 1. The median and the orthic triangles of a triangle ABC are or-
thopolar in the nine-point circle.

Solution. Consider the origin of the complex plane at the circumcenter O
of triangle ABC. Let M, N, P be the midpoints of AB, BC, CA and let
A’, B', C' be the feet of the altitudes of triangles ABC from A, B, C,
respectively.

If m, n, p, d’, V/, ¢ are coordinates of M, N, P, A’, B', C’, then we
have

1 1 1
mzi(a—i_b)v n:§(b—|—c), p:5(6+a)

and
1 b 1 b
a’_§<a+b+c—R—C26) zi(a—l—b—l—c—f),
1 ca 1 ab
r_ 2 @ U i
b—2(a—|—b+c b),c 2(a+b+c 2>.

The nine-point center Oy is the midpoint of the segment OH, where H(a+b+
1
¢) is the orthocenter of triangle ABC'. The coordinate of Og is w = §(a—|—b+c).
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Now observe that
1
(0~ )t/ ~ w)(¢ ~w) = (m — w)(n —w)(p — w) = —abe,

and the claim is proved.

Problem 2. The altitudes of triangle ABC meet its circumcircle at points
A1, By, Cy, respectively. If A}, B}, C} are the antipodal points of A1, By, Cy
on the circumcircle ABC, then ABC and A} BiCY are orthopolar triangles.

bc  ca ab
Solution. The coordinates of A, B1,C; are ——, ——, —— respectively.
c

a
Indeed, the equation of line AH in terms of the real product is
AH :(z—a)-(b—c)=0.

be
It suffices to show that the point with coordinate —— lies both on AH and

a
on the circumcircle of triangle ABC. First, let us note that

_bel Pl _R-R _
al la R

R;

hence this point is situated on the circumcircle of triangle ABC. Now we

b

shall show that the complex number _x satisfies the equation of the line
a

AH. This is equivalent to

(%-l—a)-(b—c)zo.

Using the definition of the real product, this reduces to

(EE—EJra) (b—c)+ (%C-i-a) (b—72) =0,

() (5o (- 2) -

Finally, this comes down to
be R? R?
(b_c) (24_@___&_) =0,

a relation that is clearly true.

or

bc ca ab
It follows that A}, Bj, C} have coordinates —, 3 o respectively.
a c
Because
bc ca ab
—_— — o — abC7
a ¢ ¢

we obtain that the triangles ABC and A} B} Cj are orthopolar (Fig. 4.13).
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A A{
Bl
By
Cy
oy
Z/ C
Ay

Figure 4.13.

Problem 3. Let P and P’ be distinct points on the circumcircle of triangle
ABC such that lines AP and AP" are symmetric with respect to the bisector

of angle BAC. Then triangles ABC and APP’' are orthopolar (Fig. 4.14).

AV VA

Figure 4.14.

Solution. Let us consider p and p’ the coordinates of points P and P’,
respectively. It is clear that the lines PP’ and BC' are parallel. Using the
complex product, it follows that (p — p’) x (b — ¢) = 0. This relation is
equivalent to

(p=p)b-2) = FE-p)b-c)=0.
Considering the origin of the complex plane at the circumcenter O of triangle
ABC, we have
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(»—») (%—R—Q>— (R—Q—R—2> (b—c)=0,

c p p
SO
1 1
2 o b— - = _

Therefore, bc = pp’, i.e., abc = app’. From the theorem at the beginning of
this subsection, it follows that ABC and APP’ are orthopolar triangles.

4.10 Area of the Antipedal Triangle

Consider a triangle ABC and a point M. The perpendicular lines from
A, B, Cto MA, MB, MC, respectively, determine a triangle; we call this
triangle the antipedal triangle of M with respect to ABC' (Fig. 4.15).

Recall that M’ is the isogonal point of M if the pairs of lines AM, AM’;
BM, BM'; CM, CM' are isogonal, i.e., the following relations hold:

MAC = M'AB, MBC = M'BA, MCA = M'CB.

Figure 4.15.

Theorem. Consider M a point in the plane of triangle ABC, M' the isog-
onal point of M, and A" B"C" the antipedal triangle of M with respect to
ABC'. Then

areal[ABC]  |R*—OM"”|  |p(M')|

area|AVB"C"] ~  4R2 4R?

where p(M') is the power of M’ with respect to the circumcircle of triangle
ABC.
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Proof. Consider point O the origin of the complex plane and let m, a, b, ¢
be the coordinates of M, A, B, C. Then

R? = aa = bb = c¢ and p(M) = R* — mm. (1)

Let O1, Os, O3 be the circumcenters of triangles BMC, CMA, AMB,
respectively. It is easy to verify that O1, Oa, O3 are the midpoints of segments
MA"”, MB", MC”, respectively, and so
area]O1 0203 1
(2)

areaA”B"C"] 4’

The coordinate of the circumcenter of the triangle with vertices with coo-
rdinates zj, 22, z3 is given by the following formula (see formula (1) in

Sect. 3.6.1):

21 Z1(22 — 23) + 2272(23 — 21) + 23%3(21 — 22)
z1 2_1 1
z9 2_2 1
z3 2’_3 1

zZ0 —

The bisector line of the segment [z1, 22| has the following equation in
1
terms of the real product: |z — 5(21 + 29)| - (21 — z2) = 0. It is sufficient to

check that zo satisfies this equation, since that implies, by symmetry, that zg
belongs to the perpendicular bisectors of segments [z2, z3] and [z3, 21].
The coordinate of O is

mm (b — ¢) + bb(c — m) + cc(m — b)

mm 1
b b1l
ccl
_ (R =mm)(c—=b)  p(M)(c—b)
N mm 1 N mm 1
b b1l b b1
ccl ccl
Let
agl
A=1bb1
ccl
and consider
1 mm 1 1 mm 1
a=x b§1,ﬁzz cEl,
ccl a al
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and
mm 1
*1 a al
y=—
Ay

With this notation we obtain

(aa + Bb+vc)- A = Zm(a@—aﬁ) - m(ab—ac)—i—Za(bE—l_)c)
cyc cyc cyc
m-0+>» a b R A+RY ab _ ac A
R — =m _— = m
cyc ! cyc ¢ b 7

and consequently,
aa+ Bb+ye=m

since it is clear that A # 0.
We note that a, 3, v are real numbers and e+ +v =1,s0 a, 5, 7y are
the barycentric coordinates of point M.

Since
o=t pM)  (e—a)-p(M) _ (a—b) p(M)
Oq N sy 209 BA sy <03 v A 9
we have
i 20, Zoll
Z 202%1
area[010203] 203 205 1
area[ABC] i A
4
g [reboe
=~ 55t ——|c—at-
A A aBy a—ba—bry
B p2(M). 1 c—ac—a
| A3 aBy |a—ba-—b
_|pPen 1 (|| 1 3)
A3 apy A2 apy

Relations (2) and (3) imply that

areal[ABC]  |A%afy]
area[A”B"C"]  4p2(M)’

Because a, 3, « are the barycentric coordinates of M, it follows that

Zvm = aza + Bz +vzo.
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Using the real product, we find that
OM? =z - 2y = (aza + Bz + 720) - (aza + 2B + 720)

= (042 + 52 -I—”yz)Rz —|—22aﬁz,4 - 2B

cyc

2
= (a2+62+72)R2+2Za6 (R2—ATB)

cyc
=(a+8+7)°R* =) afAB*=R*-> aBAB”.
cyc cyc

Therefore, the power of M’ with respect to the circumcircle of triangle ABC
can be expressed in the form

p(M) =R* - OM* = aBAB>.

cyc

On the other hand, if o, 3, v are the barycentric coordinates of the point
M, then its isogonal point M’ has barycentric coordinates given by

;L ByBC? 5= vyaCA?
~ BYBC? 4+ ayCA2 + aBAB2’ " ByBC2 + ayCA? + affAB?’

;o afAB?
T T ByBC? 1 anCA? + aBAB?

Therefore,

p(M/) — Za'ﬁ’AB2

cyc
B aByAB? - BC? - CA? B aByAB? - BC? - CA? (5)

~ (BYBC? + ayCA% + afAB2)? p*(M) '

On the other hand, we have
4 i\ |4 ?  AB? BC?.CA?
2 — [ — f— —_ =

A% = ‘ (z 4A) - area|ABC 7 . (6)
The desired conclusion follows from the relations (4), (5), and (6). O

Applications
(1) If M is the orthocenter H, then M’ is the circumcenter O, and

area| ABC] R* 1

area[A"B"C"] ~ 4R? 4
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(2) If M is the circumcenter O, then M’ is the orthocenter H, and we obtain

arealABC]  |R?> — OH?|
area[A”B"C"] 4R?

Using the formula in the theorem of Sect. 4.6.4, it follows that

area[A”B"C"] 2R?

area| ABC)| (2R +7)? — 52|

(3) If M is the Lemoine point K, then M’ is the centroid G, and

areal[ABC]  |R* — OG?|
area[A”B"C"] 4R?

Applying the formula in Corollary 1 in Sect. 4.6.4, then the first formula
in Corollary of Sect. 4.6.1, it follows that

areaABC)| 2(s2 — 12 —4Rr) o’ + % ++°

arealA”B"C"] 36R2 B 36R2

where a, (3, v are the sides of triangle ABC'
From the inequality a2 + 82 +~2 < 9R? (Corollary 2 in Sect. 4.6.4), we
obtain
area| ABC < 1
area[A"B"C"] — 4
(4) If M is the incenter I of triangle ABC, then M’ = I, and using Euler’s
formula OI? = R? — 2Rr (see the theorem of Sect. 4.6.2), we find that

arealABC|]  |R*—OI*| 2Rr r
arcalAVB'CY] | 4RZ | 4RZ 4R

Applying Euler’s inequality R > 2r (corollary of Sect. 4.6.2), it follows
that

area| ABC < 1
area|A”B"C"| — 4’

4.11 Lagrange’s Theorem and Applications

Consider the distinct points A1(21), ..., An(z,) in the complex plane. Let
msy, ..., My be nonzero real numbers such that my 4+ --- + m, # 0. Let
m=mi+- -+ mpy.
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The point G with coordinate

1
zg = —(miz1+ -+ Mmnzp)
m

is called the barycenter of the set {A1, ..., A,} with respect to the weights
mi, «.., Mp.

In the case m; = --- = m,, = 1, the point G is the centroid of the set
{Ay, ..., A,}.

When n = 3 and the points Ay, As, Asz are not collinear, we obtain the
absolute barycentric coordinates of G with respect to the triangle A; Az A3
(see Sect. 4.7.1):

_my M2 _mg
Hzy = Ha Hzy = Ha Hzg = H
Theorem 1 (Lagrange'®). Consider the points Ay, ..., A, and the
nonzero real numbers my, ..., my, such that m=mqy+---+m, #0. If G
denotes the barycenter of the set {A1, ..., An} with respect to the weights
ml, ..., my,, then for every point M in the plane, the following relation
holds:
n n
ijMA? = mMGQ—FijGA?. (1)
j=1 j=1

Proof. Without loss of generality, we can assume that the barycenter G is
the origin of the complex plane; that is, zg = 0.
Using properties of the real product, we obtain for all j =1, ..., n, the
relations
MA? = |2y — 2 = (2m — 25) - (21 — 2j)

= |zm|? — 2200 - 25 + |2)%,
i.e.,

MA? = lam? — 220 - 25 + ||

Multiplying by m; and adding the relations obtained for j =1, ..., n
yields

> omyMAT = " my(lam* — 2200 - 25 + |2
j=1

Jj=1

n n
=mlzml® = 2200 - [ Y myzg | + Y mylzl
j=1 j=1

10 Joseph Louis Lagrange (1736-1813), French mathematician, one of the greatest math-
ematicians of the eighteenth century. He made important contributions in all branches of
mathematics, and his results have greatly influenced modern science.
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n

=mlzn|? — 2201 - (Mm2g) + ij|zj|2
j=1

n n
= m|zym|? +ij|2j|2 = mlzy — 2g|? +ij|2j —2¢|?

j=1 j=1
n
=mMG® +Y m;GA3. O
j=1
Corollary 1. Consider the distinct points A1, ..., A, and the nonzero real
numbers my, ..., my, such that my +---+m, # 0. The following inequality

holds for every point M in the plane:

j=1 j=1
with equality if and only if M = G, the barycenter of set {A1, ..., An} with
respect to the weights my, ..., my.

Proof. The inequality (2) follows directly from Lagrange’s relation (1). O

If my =--- = m, = 1, then from Theorem 1 above, one obtains the
following corollary.

Corollary 2 (Leibniz!'!). Consider the distinct points A1, ..., A, and the
centroid G of the se t {A1, ..., A,}. The following relation holds for every
point M in the plane:
Y OMA? =nMG?+) GAZ. (3)
Jj=1 j=1

Remark. The relation (3) is equivalent to the following identity: For all
complex numbers z, 21, ..., 2z,, we have

n
Y le—zl=n
j=1

Applications. We will use formula (3) in determining some important
distances in a triangle. Let us consider the triangle ABC and let us take
n = 3 in the formula (3). We find that the following formula holds for every
point M in the plane of triangle ABC:

2 n 2

77— -
n

Zj— —————

Jj=1

MA? + MB? + MC? = 3MG? + GA? + GB? + GC?, (4)

11 Gottfried Wilhelm Leibniz (1646-1716) was a German philosopher, mathematician,
and logician who is probably best known for having invented the differential and integral
calculus independently of Sir Isaac Newton.
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ere GG is the centroid of triangle ABC'. Assume that the circumcenter O

of the triangle ABC is the origin of the complex plane.

(1)

In the relation (4) we choose M = O, and we get
R? = 30G” + GA* + GB* + GC”.
Applying the well-known median formula yields

GA? + GB?* + GC? = 4

9(m2+m%+m2)
1
:_Z [2(8% +7%) —a®] = 3(a® + B2 + %),
cyc

where «, 3, 7 are the sides of triangle ABC. We obtain

1
0G? = R? — §(a2 + B2 +42). (5)
An equivalent form of the distance OG is given in terms of the basic
invariants of a triangle in Corollary 1, Sect. 4.6.4.
Using the collinearity of points O, G, H and the relation OH = 30G
(see Theorem 1 in Sect. 3.1), it follows that

OH? = 90G? = 9R? — (a? + 8% +4?). (6)

An equivalent form for the distance OH was obtained in terms of the
fundamental invariants of the triangle in the theorem of Sect. 4.6.4.

In (4), consider M = I, the incenter of triangle ABC (Fig. 4.16).
We obtain

TA?2 4+ IB? + IC? = 3IG? + 3(a + B2+ 7).
On the other hand, we have the following relations:

T
IA = A,IB_ B,Ic_ —
sm— SlIl— SlIl—

2 2 2

where r is the inradius of triangle ABC. It follows that

1 1 1 1
IG® = = |r? + +

sin? = sin? = sin® —

2 2 2

1
_ g(a2 +B2 +72)

Taking into account the well-known formula

2 A _(s=PB)(s=7)

sin? = =~ 20— U

2 By
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A

B
Figure 4.16.

we obtain
1 By _ B
(s=B)s—7) ; (s —a)(s=B)(s—7)

Z sin? é
cyc

cyc
- %;Bv(s —a) = = [s 3 8y — 3ap1]|

— %[8(32 NI 4R’r) — 128R'r] = r_2(82 2 SR’I“),
where we have used the formulas in Sect. 4.6.1. Therefore,

1 1
IG? = = [52 +7r% —8Rr — 5(042 + 8%+ 72)}
—(s% +5r* —16Rr),

= [52 +7% —8Rr — ;(52 —r? - 4RT):|
(7)

1
-3
where the first formula in Corollary 1 in this section was used. That is,

1
IG* = —(s* + 51 — 16Rr),

and hence we obtain again the formula in Application 1 of Sect. 4.7.2.
Problem. Let z1, z3, 23 be distinct complex numbers having modulus R.

9R2—|Zl—|—22—|—2’3|2 >\/_§

Prove that
|Zl —2’2| . |2’2 — Z3| . |Z3 —Zl| - R

yand |z1—22] = 7, [22—23| =

Solution. Let A, B, C be the geometric images of the complex numbers
21, 22, z3 and let G be the centroid of the triangle ABC.
21+ 29 + 23

The coordinate of G is equal to 3

|23 — 21| = B.
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The inequality becomes

9R? —90G* _ V3
afy -~ R’
Using the formula
1
OG? = R? = 5 (o + 3% +77),

we see that (1) is equivalent to

3 ARK
a4+ 6% +42 > aﬁ]{\/—zT\@ﬂLK\/ﬁ.

Here is a proof of this famous inequality using Heron’s formula and the
arithmetic—geometric mean (AM-GM) inequality:

— _ — )3 3
K—\/s(s—a)(s—ﬂ)(s—”y)g\/s(s a+527ﬂ+5 ) = s%
82 _(a+6+'7)2<3(a2+62+72)_0¢2+62+72

"33 12v3 12v/3 /3

We now extend Leibniz’s relation in Corollary 2 above. First, we need the
following result.

Theorem 2. Let n > 2 be a positive integer. Consider the distinct points
A1, ..., Ay, and let G be the centroid of the set {Ay, ..., An}. Then the
following formula holds for every point in the plane:

n’MG®=n) MA}— > A (8)
j=1 1<i<k<n

Proof. We assume that the barycenter G is the origin of the complex plane.
Using properties of the real product, we have

MAF = |aar — 2 = (2n = 25) - (21 = 25) = [zml® = 2200 - 25 + |25
and
A A2 = |z — 2]? = |zi)® — 220 - 21 + 2],

where the complex number z; is the coordinate of the point A;, j =
1,2, ..., n.
The relation (8) is equivalent to

n
n2lanl? =0 (el = 22002+ 122 = D0 1(zl? = 220 2+ zl?).
j=1 1<i<k<n
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That is,

nZ|z3|2—2nZzM zj + Z (|2i]* = 22521 + |21)?).

1<i<k<n

Taking into account the hypothesis that G is the origin of the complex plane,
we have

ZZM-zj:zM- Zz] =n(zpy - 2¢) = n(zp - 0) = 0.
j=1

Hence, the relation (8) is equivalent to

n
Z |2 = —2 Z Zi* Zk-
j=1

1<i<k<n

The last relation can be obtained as follows:

1 n n
O_|ZG|2_ZG'ZG_E<ZZZ'> . (sz>
k=1

i=1
n
Z|Zj|2+2 Z 2+ 2k
j=1 1<i<k<n
Therefore the relation (8) is proved. O
Remark. The formula (8) is equivalent to the following identity: for all
complex numbers z, 21, ..., 2z,, we have
1 & 9 214+ 2 S| 9
j=1 1<i<k<n
Applications
(1) If Ay, ..., A, are points on the circle with center O and radius R, then

if we take M = O in (8), it follows that

> A4 =nP(R? - 0G?).

1<i<k<n

If n = 3, we obtain the formula (5).
(2) The following inequality holds for every point M in the plane:

Zn: MAZ>= M A4}
j=1

1<i<k<n
with equality if and only if M = G, the centroid of the set {Ay, ..., A,}.

Sl
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Let n > 2 be a positive integer, and let k be an integer such that 2 < k < n.

Consider the distinct points Ay, ..., A, and let G be the centroid of the
set {4y, ..., A,}. For indices i1 < --- < iy, let us denote by G, ;. the
centroid of the set {A4;,, ..., A;_ }. We have the following result:

Theorem 3. For every point M in the plane,

(n—k) <Z> éMA?Jrn?(k—n (Z) MG?

=kn(n—-1) Y MG; ., . (9)

1<ij< - <ipg<n

Proof. Tt is not difficult to see that the barycenter of the set {Gi;...;, : 1 <
i1 < --- <ip <n}is G. Applying Leibniz’s relation, one obtains
> MA? =nMG®+) GAZ (10)

Jj=1 Jj=1

1<ip <---<ip<n 1<i1 << <n

11"'ik

k k
STMAZ =kMGE_,, + Y Gy AL (12)
s=1 s=1

Considering in (12) M = G and adding all these relations yields

k
2. . ea=k > GG,

1<y < <ip<n s=1 1<i3 <--<ipg<n
k
2
1<ii <+ <ip <n s=1

Applying formula (8) in Theorem 3 above to the sets {4i,...,4,} and
{4;,,..., A}, respectively, we get

n?MG® =nY MA?— Y AA7 (14)
j=1 1<i<k<n
k
MG ., =kY MA} — > A A7, (15)
s=1 1<p<qg<k

Taking M = G;,...;,, in (15) yields

k

ZGM...%AZ?S:% > AL AL (16)

s=1 1<p<q<k
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From (16) and (13), we obtain

k
Z Z GA?S =k Z GGZ ik

1<iy <-<ip<n s=1 1<ip < <ip<n

+% > > AL AL (17)

1<i1 < <ip<n 1<p<qg<n

If we rearrange the terms in formula (17), we get

—G)(Z)Zn:GA?_k > GG} 1—(5)(7;) > A4l

J 1 'Lk k
(?) =1 1<i < <ip<n (;) 1<i<k<n

(18)
From relations (10), (11), (14), and (18), we readily derive formula (9). O

Remark. The relation (9) is equivalent to the following identity: for all
complex numbers z, 21, ..., zn, we have

n-o (}) il|z—zj|2+n2<k—1> (1)

=kn(n—1) Z _ etz

. _ k
1<y < <ip<n

2
21 _% e _F Zn
-

2

Applications

(1) In the case k = 2, from (9) we obtain that the following relation holds
for every point M in the plane:

(n—2) Zn: MA? +n’MG* =4 > MG},

j=1 1<i1<i2<n

In this case, Gj, i, is the midpoint of the segment [A4;, A;,].
(2) If k = 3, from (9) we get that the relation

114213

(n — Zn: MAZ +2n°(n —2)MG* =18 > MG}

1<i1<i2<i3<n

holds for every point M in the plane. Here the point G;,4,:, is the centroid
of triangle A;, A;, Ai,.
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4.12 Euler’s Center of an Inscribed Polygon

Consider a polygon A; Ay --- A, inscribed in a circle centered at the origin of
the complex plane and let a;, as, ..., a, be the coordinates of its vertices.
By definition, the point £ with coordinate

ay+az +---+ap
2

ZE =
is called Euler’s center of the polygon AjAs--- A,. In the case n = 3, it is
clear that F is equal to Og, the center of Euler’s nine-point circle.
Remarks.

(a) Let G(z¢) and H(zp) be the centroid and orthocenter of the inscribed
polygon A1 As--- Ay,. Then

o= PG P g op = M0G0

2 2 2 2

Recall that the orthocenter of the polygon A;As--- A, is the point H
with coordinate zg = a1 +as + - + a,.

(b) For n =4, point F is also called Mathot’s point of the inscribed quadri-
lateral A1 AsAsA,.

Proposition. In the above notation, the following relation holds:
> EA} =nR®+ (n—4)EO”, (1)
i=1
Proof. Using the identity (8) in Theorem 4, Sect. 2.17 for M = E and
M = O, namely

n?. - MG? :niMA?— Z AiAia

i=1 1<i<j<n
we obtain .
n?-EG*=nY EA}— Y  AA3 (2)
i=1 1<i<j<n
and
n?-0G? = nR?* - Z AZ-A? (3)
1<i<j<n
Setting s = > a;, we have
i=1

EG=|ZE—ZG|=E-%}:‘g}-”_2=”_2-0E. (4)

n n
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From the relations (2), (3), and (4), we derive that

nZEAf =n?.EG? —n?-0OG*? + n’R?
i=1

= (n—2)?0E? —40E? + n*R? = n(n — 4) - EO* + n*R?,

or equivalently,

> EA} =nR®+ (n-4)EO?,

=1

as desired. O

Applications

(1) For n = 3, from relation (1), we obtain

OgA? + 0 A2 + 09 A2 = 3R2 — 002, (5)

Using the formula in Corollary 1 in Sect. 4.6.4, we can express the
right-hand side in (5) in terms of the fundamental invariants of trian-
gle A1A2A32

3

1 1
OQA% + OgAg + OQA% = ZRQ - 57"2 —2Rr + 552. (6)

From formula (5), it follows that the following inequality holds for every
triangle A; As As:

Og A7 + Og A3 + O9A3 < 3R?, (7)

with equality if and only if the triangle is equilateral.
For n = 4, we obtain the interesting relation

4
> EA} = 4R’ (8)

i=1

The point F is the unique point in the plane of the quadrilateral
A1 Ay A3 Ay satisfying relation (8).
For n > 4, from relation (1), the inequality

> EA} >nR? (9)
1=1

follows. Equality holds only in the polygon A; As - - - A,, with the property
E=0.



164 4 More on Complex Numbers and Geometry

(4) The Cauchy—Schwarz inequality and inequality (7) give

3 2 3
(Z R- ogAi> < (3R%)D 0 A7 < 9R*.
1=1

i=1
This is equivalent to
OgA1 + OgAs + OgAs < 3R. (10)

(5) Using the same inequality and the relation (8), we have

4 2 4
(RZ EAZ-> <4R?-Y EA; = 16R",
=1

i=1

or equivalently,
4

> EA; <4R. (11)

i=1
(6) Using the relation

2EA; = 2le — ay] :2}3—6”

= |s — 2a|,
the inequalities (4), (5) become respectively

Z|—CL1+CL2+CL3|S6R
cyc

and

Z|—a1+a2—|—a3+a4|§8R.

cyc

The above inequalities hold for all complex numbers of the same
modulus R.

4.13 Some Geometric Transformations of the Complex
Plane

4.13.1 Translation

Let zp be a fixed complex number and let ¢,, be the mapping defined by
ty: C—=C, ty(2) =2+ 20.

The mapping t,, is called the translation of the complex plane by complex
number zg.
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M'(t1(2))

M(z)

Mo(zo)

Figure 4.17.

Taking into account the geometric interpretation of the addition of two
complex numbers (see Sect. 1.2.3), we have Fig.4.17, giving the geometric
image of t,,(2).

In Fig.4.17, OMoM'M is a parallelogram and OM’ is one of its diago-
nals. Therefore, the mapping t,, corresponds in the complex plane C to the

translation t oL by the vector OMj in the case of the Euclidean plane.
It is clear that the composition of two translations ¢,, and t,, satisfies the
relation

tzl o tZz = t21+22'

It is also clear that the set T of all translations of the complex plane is
a group with respect to the composition of mappings. The group (7, o) is
abelian, and its unit is tp = 1¢, translation by the complex number 0.

4.13.2 Reflection in the Real Axis

Consider the mapping s : C — C, s(z) = Z. If M is the point with coordinate
z, then the point M'(s(z)) is obtained by reflecting M across the real axis
(see Fig.4.18). The mapping s is called the reflection in the real axis. It is
clear that sos = 1¢.

4.13.3 Reflection in a Point

Consider the mapping so : C — C, s¢(z) = —=z. Since so(z)+z = 0, the origin
O is the midpoint of the segment [M(z)M’(z)]; hence M’ is the reflection of
point M across O (Fig.4.19).
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M(z)

M'(s(2))

Figure 4.18.

The mapping sg is called the reflection in the origin.
Consider a fixed complex number zy and the mapping

$20 : C = C, 5,0(2) =229 — 2.

If zo, 2z, S,,(2) are the coordinates of points My, M, M’  then My is the
midpoint of the segment [MM’]. Hence M’ is the reflection of M in M
(Fig. 4.20).

The mapping s, is called the reflection in the point My(zo). It is clear
that the following relation holds: s,, o0 s, = 1c.

M(z)

M'(-z)

Figure 4.19.

4.13.4 Rotation

Let a = costg + isinty be a complex number having modulus 1 and let r, be
the mapping given by r, : C — C, r4(2) = az. If z = p(cost +isint), then
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M'(so(2))

Mo(z0)

M(z)

Figure 4.20.

ra(2) = az = plcos(t + to) + isin(t + to)],

and hence M'(r,(z)) is obtained by rotating point M(z) about the origin
through the angle o (Fig.4.21).
The mapping r, is called the rotation with center O and angle ty = arga.

4.13.5 Isometric Transformation of the Complex
Plane

A mapping f : C — C is called an isometry if it preserves distance, i.e., for
all z1, z2 € C, |f(z1) — f(22)] = |21 — 22]-

Theorem 1. Translations, reflections (in the real axis or in a point), and
rotations about center O are isometries of the complex plane.

M'(ry(2))

~
N
N\

\
\

fo M(2)

Figure 4.21.
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Proof. For the translation t,,, we have
|tz (21) =tz (22)] = (21 + 20) — (22 4 20)[ = |21 — 22]-
For the reflection s across the real axis, we obtain
[s(21) = s(22)| = [71 = 22| = |21 — 22| = |21 — 22},

and the same goes for the reflection in a point. Finally, if r, is a rotation,
then

[ra(z1) — ra(22)] = |az1 — aza| = |al|z1 — 22| = |21 — 23], since |a] = 1. O

We can easily check that the composition of two isometries is also an
isometry. The set Iso(C) of all isometries of the complex plane is a group
with respect to the composition of mappings, and (7, o) is a subgroup of
that group.

Problem. Let A1AsA3As be a cyclic quadrilateral inscribed in a circle
with center O, and let Hy, Hy, Hs, H, be the orthocenters of triangles
A2A3A4, A1A3A4, A1A2A4, AlAgAg, Tespectively.

Prove that quadrilaterals Ay A3 AsAy and HiHoH3sHy are congruent.

(Balkan Mathematical Olympiad, 1984)

Solution. Consider the complex plane with origin at the circumcenter, and
denote by the corresponding lowercase letter the coordinates of a point de-
noted by an uppercase letter.

If s=a;4+as+as+ay, then hy =as+as+ag =s—ay, ho =s—ag, hy =
s — a3, hy = s — ay. Hence the quadrilateral Hy Ho H3H, is the reflection of
quadrilateral A1 A; A3 A4 across the point with coordinate f.

The following result describes all isometries of the complex plane.

Theorem 2. Every isometry of the complex plane is a mapping f : C — C
with f(z) =az+0b or f(z) = az+ b, where a, b € C and |a| = 1.

Proof. Let b= f(0), ¢= f(1), and a = ¢ —b. Then
la| = le=b] = [f(1) = f(O)| = [1 - O] = 1.

Consider the mapping g : C — C, given by g(z) = az+b. It is not difficult to
prove that g is an isometry, with g(0) = b = f(0) and g(1) = a+b=c = f(1).
Hence h = ¢~ ! is an isometry, with 0 and 1 as fixed points. By definition,
it follows that every real number is a fixed point of h, and hence h = 1¢ or
h = s, the reflection in the real axis. Hence g = f or ¢ = f o s, and the proof
is complete. O

The above result shows that every isometry of the complex plane is the
composition of a rotation and a translation or the composition of a rotation
with a reflection in the origin O and a translation.
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4.13.6 Morley’s Theorem

In 1899, Frank Morley, then professor of mathematics at Haverford College,
came across a result so surprising that it entered mathematical folklore under
the name “Morley’s Miracle.” Morley’s marvelous theorem states that the
three points of intersection of the adjacent trisectors of the angles of any
triangle form an equilateral triangle.

The theorem was mistakenly attributed to Napoleon Bonaparte, who made
some contributions to geometry.

There are various proofs of this nice result, such as those by J. Conway,
D.J. Newman, L. Bankoff, and N. Dergiades.

Here we present a new proof published in 1998, by Alain Connes. His proof
is derived from the following result:

Theorem 1 (Alain Connes). Consider the transformations f; : C — C,
fi(z) = a;z+b;, i =1,2,3, of the complex plane, where all coefficients a; are
different from zero. Assume that the mappings fi1 o fa, foo fs, fso fi, and
fio fao fs are not translations, equivalently, that ayas, asas,asay, ajazas €
C\{1}. Then the following statements are equivalent:

(1) f{ o f3 o f§ =1c.

(2)j3 =1 and a+jB+ j?y =0, where j = ajazaz # 1 and o, B3, v are the

respective unique fived points of the mappings f1 o fa, fao fs, f3o fi.

Proof. Note that (f1 o f2)(2) = a1a22z + a1bs + b1, aras # 1,

(fQ (¢] fg)(z) = Q20a3z + CLng + b2, aga3 7§ 1,
(fs o f1)(z) = aza1z + azby + b3, azay # 1,

. aibs +b aiazbs + asb
FlX(f10f2):{12 1}:{132 31—'a},

1—0,1&2 Cbg—j

i o g = [ ) _ (oot oy _ )

1 —asas ay —j
. asbi + b3 azazby + azbs
FlX(fBOfl)_{l—amh}_{ w-j

where Fix(f) denotes the set of fixed points of the mapping f.
For the cubes of f1, f2, f3, we have the formulas

[P (2) = alz+bi(a] + a1 + 1),
f3(2) = a3z + ba(a3 + az + 1),
f3(z) = aj + bs(a3 + as + 1),
whence
(fi o f3 o f3)(z) = ala3a3z + afa3bs(a3 + as + 1)

+a3by(a3 + ag + 1) + by (a? +ay +1).
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Therefore, f o f3 o f§ = idc if and only if aja3a3 = 1 and
ajazbs(aj + as + 1) + atba(a3 + az + 1) + bi(af + a1 + 1) = 0.

To prove the equivalence of statements (1) and (2) we have to show that
a+ jB+ j%v is different from the free term of f o f3 o f3 by a multiplicative
constant. Indeed, using the relation 52 = 1 and implicitly j2 +j +1 =0, we
have successively

at+iB+ify=a+iB+(-1—jly=a—-v+jB—7)

al—j ag—j

az —j az —j

_a1a3bs +azby  aza3by + azbs n <a1a2b3 +aibs  azazhy + a253)

ajazazbs + asasby — ayasbsj — asb1j— a2a§b1 — agasbs + azasbrj + azbsj
(a2 = j)(as — j)

_a1a§b3 + ajagbs — ajasbsj — ar1bej— ajasasb; — ajazbs 4+ asasbyj + azbsj
(a1 = j)(az2 — j)

1 <b2j — asazb1j? — a1azbaj — azb1j — a2a3by — azazbs + asbsj

as—j as —Jj
+a1a§b3j + alazsz + a1a2b3 - a1b2j2 - b1j2 + a2a3b1j2 + a2b3j2>
ay—j

1 . . . .
= —(a1boj — b1 — afasbaj — arasbij — arazazby — bsj

(a1 — j)(az — j)(asz — j)
+a1a2b3j - b2j2 + a2a3b1 + a1a3b2j2 + a3b1j2 + agagblj + azagbgj - a2b3j2

+a2b3j2 + b2j2 + bgj - a1a3b2j2 — a3b1j2 + a2a3b1j2 + a2a3b3j2
—aya3bsj® — arasbaj® — arasbsj + arbs + by — azasby — asbs)

1 . . . .
= (—a1baj? — alazbej — arazbij — azbyj

(a1 —j)(az — j)(as — j)
—a2a§b1 — a2a3b3 — aa§b3j2 — a1a2b2j2 — a2b3)

1
2.2 2 2
=— (a3a3a3bs + ajaza3bs

(a1 — j)(az — j)(as — j)
—i—a%azagbl + alagagbl + a2a§b1 + asaszbs + a?agagbg + a?agagbz + agbs)

1
= - [a2a3b1 (1 + a1 + af) + afazazby(1 + as + a3)

(a1 — j)(az — j)(az — j)
+asbs(l+ a3 +a

1 +ajaja3)]

2
S 4243 [a?agbg(l + az + ag)

(a1 —j)(az — j)(as — j)
+a3bo(1 4 ag + a2) + by (1 +ay +a?)]. 0
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Theorem 2 (Morley). The three points A'(«), B'(5), C'(7) of the adjacent
trisectors of the angles of any triangle ABC' form an equilateral triangle.

Figure 4.22.

Proof (Alain Connes). Let us consider the rotations fi = 74,22, fa = 75,2y,

1. 1.
f3 = rc 2, with centers A, B, C and angles z = §A, y = §B, z = §C
(Fig.4.22).

Note that Fix (f1 o fo) = {A'}, Fix (f20 f3) = {B'}, Fix (f30 f1) = {C"}
(see Fig.4.23).

All
g f 5
A B
x A
A"=fr(A)
Figure 4.23.
X" C

X’

A\LB
X

Figure 4.24.
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To prove that triangle A’B’C’ is equilateral, it is sufficient to show, by
Proposition 2, in Sect. 2.4 and above Theorem 1 in Sect. 4.13.6, that f; o
]‘230]“33 = 1¢. The composition sacos4p of reflections sy and sap across the
lines AC and AB is a rotation about center A through angle 6z (Fig. 4.24).

Therefore, fi = sac o sap, and analogously, f§ = spaospc and
I3 = scposca. It follows that

3 3 .3
fiofdofs =sac054B05BA0SBCOScBOSca = lc.

4.13.7 Homothecy

Given a fixed nonzero real number k, the mapping hy : C — C, hi(2) = kz,
is called the homothety of the complex plane with center O and magnitude k.

Figures 4.25 and 4.26 show the position of point M’(hj(z)) in the cases
k>0and k < 0.

Points M (z) and M'(hy(z)) are collinear with center O, which lies on the
line segment M M’ if and only if k& < 0.

Moreover, the following relation holds:

|OM'| = |k||OM]|.

Point M’ is called the homothetic point of M with center O and magnitude k.

M(z))

M'(hi(2))

(0] k>0

Figure 4.25.

It is clear that the composition of two homotheties hy, and hg, is also a
homothety, that is,

hk1 o hkg = h/kllklz'

The set H of all homotheties of the complex plane is an abelian group with
respect to the composition of mappings. The identity of the group (H, o) is
h1 = 1¢, the homothety of magnitude 1.
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M(z))

k<0

M'(hi(2))

Figure 4.26.

Problem. Let M be a point inside an equilateral triangle ABC and let
My, Ms, Ms be the feet of the perpendiculars from M to the sides
BC, CA, AB, respectively. Find the locus of the centroid of the triangle
M1 Mo Ms.

Solution. Let 1, ¢, €2 be the coordinates of points A, B, C, where
€ = cos 120° 4 7 sin 120°. Recall that

e24+e+1=0and e =1.

If m, my, meo, ms are the coordinates of points M, M;, M,, Ms, we have

my = =-(1+e+m—em),

N = DN

my = =(e + &> +m —m),

2

1
my = = (e + 1 +m — e*m).

2
Let g be the coordinate of the centroid of the triangle M; MsMs. Then

1
6

—_

m
g= g(m1+m2+m3) =20 +e+eH)+3m-—m(l+e+%)) = 5
1

and hence OG = QOM.

The locus of G is the interior of the triangle obtained from ABC under a

1

homothety of center O and magnitude 5 In other words, the vertices of this
Lo

11
triangle h dinates —, —¢, —¢€~.
riangle have coordinates 5, 5, g€
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4.13.8 Problems

1. Prove that the composition of two isometries of the complex plane is an
isometry.

2. An isometry of the complex plane has two fixed points A and B. Prove
that every point M of line AB is a fixed point of the transformation.

3. Prove that every isometry of the complex plane is a composition of a
rotation with a translation and possibly also with a reflection in the real
axis.

4. Prove that the mapping f : C — C, f(z) =i-Z + 4 — i, is an isometry.
Analyze f as in the previous problem.

5. Prove that the mapping g : C — C, g(z) = —iz + 1 + 2i, is an isometry.
Analyze g as in the previous problem.



Chapter 5
Olympiad-Caliber Problems

The use of complex numbers is helpful in solving Olympiad problems. In many
instances, a rather complicated problem can be solved unexpectedly by
employing complex numbers. Even though the methods of Euclidean geome-
try, coordinate geometry, vector algebra, and complex numbers look similar,
in many situations the use of complex numbers has multiple advantages. This
chapter will illustrate some classes of Olympiad-caliber problems for which
the method of complex numbers works efficiently.

5.1 Problems Involving Moduli and Conjugates

Problem 1. Let z1, z3, z3 be complex numbers such that
21| = |22 = |zs] =7 >0
and z1 + zo + z3 # 0. Prove that

Z1%22 + 2223 + 2321 |
21+ 29+ 23

Solution. Observe that

T. Andreescu and D. Andrica, Complex Numbers from A to ... Z, 175
DOI 10.1007/978-0-8176-8415-0_5, © Springer Science+Business Media New York 2014
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Then
2
Z1Z2 + 2223 + 2321 | Z1Ze + 2223 + 2321 2122 + %223 + 2321
z1+ 22+ 23 21+ 22+ 23 Z1+ZzZ2+7Z3
22 P2 p2 2 2
_ Z1R2F+ 2eZ3 + 2321 21 29 z9 23 Z3 21 2
21+ 29+ 23 r2 2 g2 ’
Z1 z9 z3

as desired.

Problem 2. Let z1, zo be complexr numbers such that

|z1] = |z2| =r > 0.

21+ 22 2 Z1 — 22 2 1
T2 ) (=) >
72 + 2129 2 — 2129 ) T 12
Solution. The desired inequality is equivalent to
r(z1 + 22) 2 r(z1 — 22) 2
- + | =21
2 + 2129 2 — 2129

z1 = r(cos 2z 4 isin2zx) and zo = r(cos 2y + i sin 2y)

Prove that

Setting

yields

r(z1+ 22)  r?(cos2x +isin2x + cos2y 4 isin2y)  cos(z — y)
r2+ 2120 72(1 4 cos(2z + 2y) +isin(2z + 2y))  cos(z +y)’

Similarly,
r(z1 —22)  sin(y —x)

r2— 2120  sin(y+a)

Thus

(M)2+<r<zl—22>>2_cos< —y) s’ —y)

2 + 2129 T2 — 2129 cos?(z + y) sin?(z + y)
> cos?(x —y) +sin(z —y) =1,

as claimed.

Problem 3. Let z1, 22, z3 be complex numbers such that

|21] = |22] = [23] = 1
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and
2 2 2
z z z
- = 2 +1=0.
Z9Z3 Z1%3 Z1%2
Prove that

|21 + 22 + 23] € {1, 2}.

Solution 1. The given equality can be written as

zi)’ + zg’ + zg + 212023 = 0,
or

—4212023 = z? + zg + zg — 3212223
= (21 + 20+ 23) (22 4+ 25 + 25 — 2120 — 2223 — 2321).
Setting z = z1 + 29 + 23 yields
23— 32(z122 + 2223 + 2321) = —4212223.

This is equivalent to
1 1 1
23 = 212223 [32’ (— +—+ —) — 4] .
z1 Z9 Z3

The last relation can be written as

22 = n2n32(FT + ;o + 33) — 4], ie., 2° = z12023(3]2)% — 4).

2
Taking the absolute values of both sides yields |z|® = |3]z]? —4]. If || > 73
2
then |z|3—3|z|>+4 = 0, implying |z| = 2. If |2]| < 7 then |z|>+3|z|?—4 = 0,

giving |z| = 1, as required.

Solution 2. It is not difficult to see that |27 +25+23| = 1. From the algebraic

identity

(u+v)(v+w)(w+u) = (u+v+w)(uw + vw + wu) — vvw
for u =2z}, v =23, w = 23, it follows that
(27 +23)(25 + 23) (25 + 1) = (2 + 23 + 23) (2125 + 2323 + 2327) — 272343
1 1 1
— sl 4 g ) (b g+ ) - Al

A1 k2 23

_.3.3.3/.3 . .3, .3\723 L 3 . .3 3.3.3
= 27252327 + 25 + 23) (21 + 25 + 23) — 272523

_ 3,33 _ 3,33 _
= 2iz525 — 212525 = 0.
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Suppose that 2§ + 23 = 0. Then z; + 22 = 0 or 2} — 2122 + 25 = 0, implying

23+ 22 = —22129 Or 22 + 22 = 2129
On the other hand, from the given relation it follows that zg = —212923,
yielding 23 = —z;2».
We have
9 1 1 1
|Zl—|—22—|—2’3| :(Zl—|—22—|—2’3) —_t — 4+ —
z1 z9 z3

z z z z z Z
:3+<_1+_2>+<_1+_3)+<_2+_3>

29 21 23 zZ2 z3 21

22 4 22 224+ 212 224+ 212 22 4 22
=34 1 2+ 3 1<2 3 12:3_'_#'

z1%22 2223 2321 z1%22

This leads to |21 + 22 + 23| = 1 if 27 4+ 25 = —22120 and |21 + 22 + 232 = 4
if 22 + 22 = 2129. The conclusion follows.

Problem 4. If a,b € C, then |1 +a|+ |1+ b+ |1 + ab| > 2.

Solution. If |a| > 1 we have

[L+al+ |1 +b[+ 1+ ab] = [(1 4+ a) — (1 +ab)| + 1+ b|
=lal-[L=b+[1+b > [1—=b+[1+b>|(1—-0)+(1+b)]=2.

If |a| < 1, we have

[1+a|+[1+0b+ |1 +abl >|(1+a)+ (1+ab)|+ |1+ b
=2+a(l+0)+[1+b > [24+a(l+b)[+|al- |1+
=24 a(l+b)[+ |a(l +0)| > [(2+a(l +b)) —a(l +b)| = 2.

Problem 5. Let n > 0 be an integer and let z be a complex number such that
|z| = 1. Prove that

14z + 14+ 22+ |1+ 23+ F [T+ 22+ |1+ 22T > 2n.
Solution 1. We have

nl4z|+ 14+ 22+ |1+ 23 4+ + |1+ 227 + |1+ 22

n n

=D (1 42+ +222)+ D1+ 22
k=1 k=1
>3 e =MD 22 =D (2 L =22 [+ 2
k=1 k=1 k=1
=Y (1 =+ ) =D =2 1+ 22 =2,
h=1 k=1

as claimed.
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Solution 2. We use induction on n.
For n = 1, we prove that |1 + z| + |1 + 22| + |1 + 23| > 2. Indeed,

2=[1+2+22+1—-2014+2%)|<|1+2|+ |22+ 1] + |2]|]1 + 27|
=142+ |1+ 2% + 1+ 2%

Assume that the inequality is valid for some n, so
nll+z|+ |1+ 22|+ + |1+ 22" > 2n.

We prove that

4+ 1)1+ 2|+ 1422+ 4 1422 [T+ 222 1422788 > 2n 42

Using the inductive hypothesis yields

(4 1)1+ 2|+ L4+ 2%+ + |1+ 22"+ |1 4 221
>2n+ 1+ 2|+ |1+ 2272 4 |1 4 2273
=204 |1+ 2|+ |2|[1 + 222 4 |1 + 223
>4 142 —2(1+ 22" + 14 223 = 2n 4 2,

as needed.

Problem 6. Let z1, 22, z3 be complex numbers such that
(1) |z1] = |z2] = [zs] = 1;
(2) 21 + 22+ 23 # 0;
(3) 22 + 23+ 23 =0.
Prove that for all integers n > 2,

|27 + 25 + 23| € {0,1,2, 3}.
Solution 1. Let

S§1 =21+ 22+ 23, So = 2122 + 2223 + 2321, S3 = 212223

and consider the cubic equation

23—5122—1—522—53:0

with roots 21, 22, zs3.
Because 2§ + 23 + 22 = 0, we have

57 = 2s9. (1)
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On the other hand,

1 1 1
52 = 83 <—+—+—)—83(Z_1+Z_2+Z_3)—53'§- (2)
21 22 23

The relations (1) and (2) imply s? = 2s3 - 37 and, consequently, |s1]? =
2|ss| - [31] = 2|s1|. Because s1 # 0, we have |s1] = 2, so s; = 2\ with |A] = 1.

From relations (1) and (2), it follows that s = 55% =2)\? and s3 = S:2 =

51
2% s

The equation with roots z1, z2, z3 becomes
22— 2027 + 2272 — A% = 0.
This is equivalent to
(z =M% =Xz + M) =0.
V3

1
The roots are A\, Ae, —Ae?, where € = 5t 17

Without loss of generality we may assume that z1 = A, 20 = A&, z3 =
—)e2. From the relations €2 — e 4+ 1 = 0 and €3 = —1, it follows that
En = |20 + 28 + 27| = | A" + A" + (—=1)"A"e?"
=144 (=1)"?".

It is not difficult to see that Fyi ¢ = Fj for all integers k and that the
equalities

Ey=3, E1=2, Eb =0, E5=1, B4, =0, E5 =2,
settle the claim.

Solution 2. It is clear that 27, 23, 22 are distinct. Otherwise, if, for example,
23 =23, then 1 = |23] = | — (22 + 23)| = 2|2}| = 2, a contradiction.
From 2} + 23 + 22 = 0 it follows that 27, 23, 22 are the coordinates of

the vertices of an equilateral triangle. Hence we may assume that 23 = e27

and 22 = 227, where €2 + £ + 1 = 0. Because 25 = e2] and 23 = €223, it

follows that zo = +e22; and z3 = +e2;. Then

|27 420+ 28] = |(1+ ()" + (£2)™)2]| = |1+ (£e)" + (£e*)"] € {0,1,2, 3}
by the same argument used at the end of the previous solution.

Problem 7. Find all complex numbers z such that

|z =1z +1]| = [z + [z = 1]|.



5.1 Problems Involving Moduli and Conjugates 181

Solution. We have
|z =z + 1| = |z + |z — 1]
if and only if
2=z + 1P = |z + ]2 - 1],
i.e.
C—|lz+1) - G—lz+1)=(=+]z—1]) - (Z+ |z —1]).

The last equation is equivalent to

2 Z— 2+ + 1+ |z+1P=2-Z+(24+2) |z— 1|+ |z - 1%
This can be written as

e+ 1P e =1 = (2 +2) - (|2 + 1| + ]2 = 1)),
i.e.,
+1D)E+1)—--1DE-1)=0=+2) -(|z+ 1+ |z —-1).

The last equation is equivalent to

2z42)=(z4+2) - (lz+ 1]+ |z =1)), ie, z2+z=0,

or [z4+1|+|z—1]=2.
The triangle inequality

2=z+1) - (-1 <|z+1|+|z—1]

shows that the solutions to the equation |z + 1| + |z — 1| = 2 satisfy z + 1 =
t(1 — z), where t is a real number and ¢ > 0.

t —
It follows that z = " , SO z is any real number such that —1 < z < 1.

The equation z +Z = 0 has the solutions z = bi, b € R. Hence, the
solutions to the equation are

{bi:beR}U{aeR:ae[-1,1]}.

Problem 8. Let z1, za,...,2, be complex numbers such that |z1| = |z2| =
= |zn| > 0. Prove that

Re (3032

j=1k=1

&
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if and only if

n

sz =0.

k=1
(Romanian Mathematical Olympiad—Second Round, 1987)

Solution. Let

Then

Hence S is a real number, so ReS =S =0 if and only if 3 z; = 0.
k=1

Problem 9. Let A be a real number and let n > 2 be an integer. Solve the
equation
AZ+2") =iz —2").
Solution. The equation is equivalent to
2"(A41i) =Z(=A+1).
Taking the absolute values of both sides of the equation, we obtain |z|" =
|Z| = |z[; hence |z] =0 or |z| = 1.
1
If |z| = 0, then z = 0, which satisfies the equation. If |z| = 1, then Z = —,
z

and the equation may be rewritten as

A+
n+1l __
z .
—A+1 .
Because | T | =1, there exists ¢t € [0, 27) such that
i

A+ ..
— = cost +¢sint.
A+
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Then
t4+2km . t42km
2k = COS + 7s1n
n+1
for k=0,1, ..., n are the other solutions to the equation (besides z = 0).

Problem 10. Prove that

6z —1 1
‘213; < 1if and only if |z| < 3
Solution. We have
6z —1

< 1if and only if |6z —i| < |2 + 3iz|.

2+ 3iz
The last inequality is equivalent to
|62 —i|? < |2+ 3iz|?, ie., (62 —14)(6Z4i) < (2 + 3iz)(2 — 3i%).

We obtain
36z -2+ 6iz — 612+ 1 <4 —6iZ 4 612 + 927,

1 1
ie., 27z -%z < 3. Finally, 2z < g’ °r equivalently, |z| < 30 88 desired.
Problem 11. Let z be a complex number such that z € C\R and

142+ 22

e R.
1—z422

Prove that |z| = 1.

Solution. We have

1+2z+22 z z
——=14+2—+— e Rifand only if —— e R.
1—2422 + 1— 2+ 22 Handony 1—2422
That is,
1-— 2 1 1
1At 1 11L€R, je, 24+~ €R
z z z

The last relation is equivalent to

1

24 -—=Z+=, ie, (z=2)(1—|2z>) =0.
z

Q| =

We obtain z = % or |z| = 1.
Because z is not a real number, it follows that |z| = 1, as desired.
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Problem 12. Let 21, 29, ..., 2z, be complex numbers such that |z1| = --- =

|zn| =1, and let
n n 1
k=1 k=1

Prove that z is a real number and 0 < z < n?.

1
Solution. Note that z; = — forall k=1, ..., n. Because
2

SR ()

it follows that z is a real number.
Let 2, = cos ay, + isin oy, where oy, are real numbers for kK = T, n. Then

n n n n
z = (Zcosak —I—iZsinak) <Zcosak — iZsinak>
k=1 k=1 k=1 k=1
= <Z cos ak> + <Z sinoek> >0
k=1 k=1
On the other hand, we have
n

Z cos? ay, + sin® oy, ) + 2 Z (cos a; cos o + sin ay; sin o)
k=1

-1
=n+2 Z cos(a; — o) <n+2 <n)_n+2%_n2,

1<i<j<n

as desired.

Remark. An alternative solution to the inequalities 0 < z < n? is as follows:

RS [CHRENIES
(BB ()

s0 0 < z < n?.
Problem 13. Let z1, z2, 23 be complex numbers such that

M=

21+ 22+ 23 # 0 and |z1| = |z2| = |23].
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1 1 1 1
Re[—+—+— ] - Re| ———— ] >0
zZ1 Z2  Z3 Z1+ 22+ 23

Solution. Let r = |z1| = |22]| = |z3| > 0. Then

Prove that

ZF = 2073 = 2373 =17
and
1+1 1 Zi+Z+2Z3  z1+22+23

21 29 23 r2 B r2
On the other hand, we have

1 . 21+ 29 + 23
21+ 22+ 23 |Zl+22+23|2’

and consequently,

1 1 1 1
Re<—+—+—> ~Re<—)
Z1 %2 23 21+ 22+ 23

Z1 + 22 + 23 Z1 + 22 F 23 (Re(z1 + 22 + 23))?
=Re| ——5—— ) Re 5| = 5
r |21 + 22 + 23] r2|21 + 22 + 23|

as desired.

Problem 14. Let z, y, z be complexr numbers.

(a) Prove that
|+ |yl + 2| <|lz+y—z|+|le—y+z|+]|—xz+y+z|

(b) If x, y, z are distinct and the numbersx+y—z, x —y+2z, —x+y+z2
have equal absolute values, prove that

2()z| + [yl +12)) S e +y —z2[+|lz—y+ 2|+ |-z +y+ 2|
Solution. Let
m=—-xr+yt+z, n=r—y+tz, p=r+y—=z.
We have
n+p m—+p m+n

r=  —-- y: z =

2 7 2 2
(a) Adding the inequalities

1 1 1
2l < S (nl+1IpD), [yl < S(ml+pl), |z < 5(jml + n))



186 5 Olympiad-Caliber Problems

yields
|z + |yl + 2] < |m| + |n| + |p],
as desired.
(b) Let A, B, C be the points with coordinates m, n, p and observe that
the numbers m, n, p are distinct and that |m| = |n| = |p| = R, the

circumradius of triangle ABC.

Let the origin of the complex plane be the circumcenter of triangle ABC'
The orthocenter H of triangle ABC has the coordinate h = m 4+ n + p. The
desired inequality becomes

|h = m| +[h—n|+|h—p| <|m[+|n|+|pl,

or
AH + BH + CH < 3R.

This is equivalent to

3
cosA+cosB+cosC§§. (1)
Inequality (1) can be written as
A+ B A-B ., C 3
_ <z
2 cos 5 cos 5 +1 2s1n2_2,
or
C A-B\? A-B
OS(Qsini—cos 5 )—i—sin2 5

which is clear. We have equality in (1) if and only if triangle ABC' is equi-
lateral, i.e., m = a, n = ae, p = ae?, where a is a complex parameter and

27r+_ .27 In thi a a a o

€ =cos— +isin—. In thiscase, t = ——, y = —=¢, 2 = ——¢".

3 ’ 2 ¥ = 79 2
Problem 15. Let 2y, z1, 22, ..., zn be complex numbers such that

(k4 1)zky1 —i(n —k)z, =0

forallke{0, 1, 2, ..., n—1}.
(1) Find zo such that

zo+z+- o+ 2z, =20
(2) For the value of zy determined above, prove that

(Bn+1)"

2ol + 21 o e < S
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Solution.

(a) Use induction to prove that

2 = iF (Z) 20, for all k € {0,1, ..., n}.
Then
20+ 21+ -+ 2z, = 2" if and only if zo(1 +14)" = 2",

ie, zo=(1—10)™
(b) Applying the AM-GM inequality, we have

2 2 2
2 2 2 _ 2 n n n
|z0]" + |21] + -+ + |zn]” = |20] <<0) + <1> -t <n>>

= |20]2. (i”) = 2", (2") = %2n(2n—1)---(n+1)

n

2" (2n+(2n—1)+ -+ m+1)\" (@Bn+1)"
H -

)

n n!
as desired.

Problem 16. Let z1, 22, z3 be complex numbers such that

214+ 20+ 23 = 2129 + 2023+ 2321 = 0.

Prove that |z1] = |2z2| = |23].

Solution 1. Substituting z; + 22 = —z3 in 2122 + 23(21 + 22) = 0 gives
2122 = 23, 50 | 21| - | 22| = |23]2. Likewise, |23 - |23] = |21|? and |z3]|21| = |22]2.
Then

|21 + 22 + [23]* = |z1]|22] + |22l 23] + |23]] 21,
i.e.,

(lz1] = |221)? + (22| = [23])* + (|z3] = |21])* = 0,
yielding |21] = |22| = [23].

Solution 2. Using the relations between the roots and the coefficients, it

follows that 21, 2o, 23 are the roots of the polynomial 23 —p, where p = 21 2923.
Hence 23 —p = 25 —p = 25 —p = 0, implying 2§ = 25 = 23, and the conclusion

follows.

Problem 17. Prove that for all complex numbers z with |z| = 1, the following
inequalities hold:

V2 <1 —z|4+]1+2% <4
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Solution. Setting z = cost + isint yields

[1—2z|= \/(1—cost)2—|—sin2t: V2 —2cost=2

.t
sin —
2

and

|1+ 2% = \/(1+6052t)2+sin22t= V2 4 2cos2t

t
= 2| cost| = 2’1 —QSin2§’.

2 t
It suffices to prove that \/7_ < la| + |1 —2d% < 2 fora = sin§ e [-1, 1].
We leave this to the reader.

Problem 18. Let z1, 29, z3, z4 be distinct complex numbers such that

zZo — 21 zZ9 — 23

Re = Re

R4 — 21 R4 — 23

=0.

(a) Find all real numbers x such that
|21 = z2|" + |21 — 24|” <22 — za]" <22 — 23" + |24 — 23]".
(b) Prove that |z — z1| < |24 — 22].

Solution. Consider the points A, B, C, D with coordinates z1, 22, 23, 24,
respectively. The conditions

Z2 — 21 Z2 — 23
Re—— = Re—

24— 21 R4 — 23

=0

imply BAD = BCD = 90°. Then |21 — 22| = AB and |z1 — z4| = AD are the
lengths of the sides of the right triangle ABD with hypotenuse BD = |z0—24].

The inequality AB* + AD* < BD?® holds for = > 2.

Similarly, |20 —z3] = BC and |z4—z3| = C'D are the sides of the right trian-
gle BC'D, so the inequality BD* < BC*4C D" holds for z < 2. Consequently,
x =2

Finally, AC' = |z3 — z1| < BD = |24 — 22|, since AC is a chord in the circle
of diameter BD.

Problem 19. Let © and y be distinct complex numbers such that |x| = |y|.
Prove that

e+l < el
— | Zl.
2 )

Solution 1. Let x = a + b and y = ¢ + id, with a, b, ¢, d € R and
a? 4+ b? = ¢? + d?. The inequality is equivalent to
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(a+c)* + (b+d)? < 4(a® +b?),
or
(a— )2+ (b—d)? >0,
which is clear, since x # y.

Solution 2. Consider points X (z) and Y (y). In triangle XOY, we have

OX = OY. Hence OM < OX, where M is the midpoint of segment [XY].
T+

The coordinate of point M is y, and the desired inequality follows.

Problem 20. Consider the set
A={zeC:z=a+bi, a>0, |z| <1}
Prove that for every z € A, there is a number x € A such that

11—z

1 —
Solution. Let z € A. The equation z = 1tz T I has the root
x

_1—2_1—a—ib

YT T 1xaxib

where a > 0 and a? +b? < 1.
To prove that x € A, it suffices to show that || < 1 and Re(z) > 0.
Indeed, we have

(1—a)®+b?

. . 2 2
m<11fandonly1f(l—a) <(1—|—a) y

2 =

i.e., 0 < 4a, as needed.

1—
Moreover, Re(z) = e
z

i

> 0, since |z| < 1.

Here are more problems involving moduli and conjugates of complex
numbers.

Problem 21. Consider the set
A={zeC:|z| <1},
a real number a such that |a| > 1, and the function

1+az
fA=A f(z)= o

Prove that f is bijective.
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Problem 22. Let z be a complex number such that |z| = 1 and both Re(z)
and Im(z) are rational numbers. Prove that |2*"—1| is rational for all integers
n>1.

Problem 23. Consider the function

14 ti
FiR=C, f(1) = T

Prove that f is injective and determine its range.

Problem 24. Let z1, zo € C* be such that |z1+ 22| = |21] = |22]. Compute Sy
2

Problem 25. Prove that the following inequality holds for all complex num-
bers z1, zo, ..., Zn:

(lza] + 22l + -+ 4 |2n| + |21 + 224 - + 20])?
> 2|z 4 F |zl s F e A 2.

Problem 26. Let z1, 22, ..., 2o, be complex numbers such that |z1] = |z2| =
o = |z9n| and argz; < argze < --- < argze, < w. Prove that

|21 + 2zon| < |22 + zon—1] < - <|zp + 2Zny1]-

Problem 27. Find all positive real numbers x and y satisfying the system of
equations

\/3_a:<1+x—iy>_2,
\/@(1—$>=4\/§.

(1996 Vietnamese Mathematical Olympiad)

Problem 28. Let z1, z2, z3 be complex numbers. Prove that z1 + 29+ 23 =0
if and only if |z1| = |22 + 23], |22| = |23 + 21| and |z3| = |21 + 22].

Problem 29. Let z1, 29, ..., zn be distinct complex numbers with the same
modulus such that

2324+ Zp—1%n t+ 2124 . Zp_12n + -+ 2122...2n—2 = 0.

Prove that
2120 + 2923+ -+ Zp_12n = 0.

Problem 30. Let a and z be complex numbers such that |z + a| = 1. Prove
that
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|1 — 2[al?|
A

Problem 31. Find the geometric images of the complex numbers z for which

|22 +a?| >

2" -Re(z) =z" - Im(z),
where n is an integer.

Problem 32. Let a, b be real numbers with a+b =1 and let z1, z2 be complex

numbers with |z1| = |z2| = 1.
Prove that
z21+ 2
|az1 + bza| > M
Problem 33. Let k, n be positive integers and let z1, zo2, ..., z, be nonzero

complex numbers with the same modulus such that

zf+z§—|—-~-+z§:0.

Prove that
1 1
- + - + -+ - = 0
zf 25 zK

Problem 34. Find all pairs (a,b) of real numbers such that

(a +bi)® = b+ ai.
Problem 35. For every value of a € R find min |22
and |z| < 1.

—az + a|, where z € C

Problem 36. Let a,b, c be three complexr numbers such that
albe| + blea| + clabl = 0.
Prove that
[(a —b)(b— ¢)(c — a)| > 3V3|abe].
(Romanian Mathematical Olympiad—Final Round, 2008)

Problem 37. Let a and b be two complex numbers. Prove the inequality

|1+ ab| + |a +b] > /|a? — 1]|b* — 1].
Romanian Mathematical Olympiad—District Round, 2008
Y

Problem 38. Consider complex numbers a, b, and ¢ such thata +b+c¢=0
and |a| = |b| = |¢| = 1. Prove that for every complex number z, |z| < 1, we
have

3<|z—al+|z=b+]z—¢] <4

(Romanian Mathematical Olympiad—Final Round, 2012)
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5.2 Algebraic Equations and Polynomials

Problem 1. Consider the quadratic equation
a’2% +abz 4+ =0b
* . L b
where a, b, ¢ € C*, and denote by z1, zs its roots. Prove that if — is a real
c
number, then |z1| = |22| or Zer
Zo
) b
Solution. Let t = — € R. Then b = tc and
c

A = (ab)? — 4a* - ¢ = a*cA(t? — 4).

If |t| > 2, the roots of the equation are

—tac £ acvt? —4 c
Z1,2 = = %(—ti V2 —4),

2a2

.. . 21 .
and it is obvious that — is a real number.

Z2
If |¢| < 2, the roots of the equation are

2172 = 2£(—t + i\/ 4 — t2);
a

hence |z1| = |22| = %, as claimed.
a
Problem 2. Let a, b, ¢, z be complex numbers such that |a| = |b| = |¢| > 0

and az®> + bz 4+ ¢ = 0. Prove that

-1 1
\/52 §|Z|§\/52+ :

Solution. Let r = |a| = |b] = |¢| > 0. We have

jaz®| = | = bz — ¢ < |bl|z| + ],
1 )
and hence r|22| < r|z| + 7. It follows that |z|*> — 2| =1 <0, so |z| < +2\/_.
On the other hand, |¢| = |—az?—bz| < |a||z|?+b]|z]|, so that |z]?+|z|—1 > 0.
Thus |z| > , and we are done.

Problem 3. Let p, q be complex numbers such that |p| + |q| < 1. Prove that
the moduli of the roots of the equation z? + pz + q = 0 are less than 1.
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Solution. Because z1 + 22 = —p and 2122 = ¢, the inequality |p| + |¢| < 1
implies |21 + 22| + |z122| < 1. But ||21| — |22]| < |71 + 22]; hence

|z1] = |22| + |21]|22| — 1 < 0 if and only if (1 + |22])(Jz1] — 1) <0
and

|z2] — |21| + |22]|z1] — 1 < 0 if and only if (1 + |z1])(|22| — 1) < 0.
Consequently, |z1| < 1 and |z2| < 1, as desired.

Problem 4. Let f = 22 4+ ax + b be a quadratic polynomial with complex
coefficients with both roots having modulus 1. Prove that g = x* + |a|z + |b|
has the same property.

Solution. Let x; and x5 be the complex roots of the polynomial f = 22 +
ar + b and let y; and y2 be the complex roots of the polynomial g = 2% +
|alx + |b|.

We have to prove that if |z1| = |x2| = 1, then |y1| = |y2| = 1.

Since z1 - 22 = b and 21 + 3 = —a, then [b| = |z1||z2] = 1 and |a| <
|$1| + |I2| = 2.
The quadratic polynomial ¢ = 2% + |aJz + 1 has discriminant

A = |a]? — 4 < 0; hence

 —a| iAo

2

Y1,2
It is easy to see that |y1]| = |y2| = 1, as desired.
Problem 5. Let a, b be nonzero complex numbers. Prove that the equation
az® + b2 +bz+a=0
has at least one root with absolute value equal to 1.

1
Solution. Observe that if z is a root of the equation, then — is also a root of

Z
the equation. Consequently, if z1, z2, z3 are the roots of the equation, then
1 1 1
—, —, — are the same roots, not necessarily in the same order.
21 %2 Z3

If 2z = — for some k = 1,2,3, then |2;|? = 2,2, = 1, and we are done. If
Zk
1
2z # — for all k =1, 2,3, we may consider without loss of generality that
7k
1 1 1
Rl = %2 = —,%3 = —-

22 z3 21
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The first two equalities yield z; - Z3 - 22:Z3 = 1; hence |21| - |[22]? - |23] = 1. On
the other hand, z12023 = —g, 80 |z1]|22||z3] = 1. It follows that |z3] = 1, as
a

claimed.

Problem 6. Let f = 2* 4+ a2® + bx? + cx + d be a polynomial with real
coefficients and real Toots. Prove that if |f(i)] =1, thena=b=c=d=0.

Solution. Let x1, x2, 3, x4 be the real roots of the polynomial f. Then
[=(x—21)(r —22) (2 — x3) (2 — 24),
and we have
f0) = (a1 + i) (=2 + i) (—23 +0) (—a4 + 0);
hence
lf@) =|—z14+i| | =22+ | —x3+i| | — 4 + 1]

= 1+ \Ji+ad\J1+ad- /1443

Because |f(i)| = 1, we deduce that 1 = 29 = 23 = 24 = 0, and consequently
a=b=c=d=0, as desired.

Problem 7. Prove that if 11219 + 10i2° + 10iz — 11 = 0, then |z| = 1.

(1989 Putnam Mathematical Competition)

11— 104
Solution. The equation can be rewritten as 2 = —OZZ If 2 =a+ b,
1124102
then
12° = '11 —10iz| /112 + 220b + 102(a? + b?)
1z +10i|  \/112(a® + b2) + 220b + 102

Let f(a, b) and g(a, b) denote the numerator and denominator of the right-
hand side. If |2| > 1, then a® + b% > 1, so g(a, b) > f(a, b), leading to
|2%] < 1, a contradiction. If |z] < 1, then a® + b? < 1, so g(a, b) < f(a, b),
yielding |2%| > 1, again a contradiction. Hence |z| = 1.

Problem 8. Let n > 3 be an integer and let a be a nonzero real number.
Show that every nonreal root z of the equation x™ + ax + 1 = 0 satisfies the
inequality

1

n—1

2l = {

(Romanian Mathematical Olympiad—Final Round, 1995)
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Solution. Let z = r(cos a+1isina) be a nonreal root of the equation, where
a € (0, 2m) and a # m. Substituting back into the equation, we obtain
r™cosna +racosa + 1+ i(r" sinna + rasina) = 0. Hence

r'"*cosna +racosa+1 =0 and r"* sinna + rasina = 0.

Multiplying the first relation by sin «, the second by cosc, and then sub-
tracting them, we find that r" sin(n — 1)a = sin a.. It follows that

r"|sin(n — 1)a| = |sina|.

The inequality |sinka| < k|sin ] is valid for every positive integer k. The
proof is based on a simple inductive argument on k.
Applying this inequality, from r"|sin(n — 1)a| = [sina|, we obtain

[sina| < r™(n — 1)|sina|. Because sina # 0, it follows that ™ > ——

n—1
4 | |> n 1
1.e., |2 .
’ “Vn-1

Problem 9. Suppose P is a polynomial of even degree with complex coeffi-
cients. If all the roots of P are complex nonreal numbers with modulus 1,
prove that

P(1) € R if and only if P(—1) € R.

P(1
Solution. It suffices to prove that P(( i) eR.
Let 21, a2, ..., T2, be the roots of P. Then

P(z)=Mx —z1)(x —x2) -+ - (x — T2p)

for some A € C*, and

2n
P(1) _ M1 —z1)(1 —22) - (1 — xap) _ H 1 —xy
P(-1)  A-l-mz)(-1—m2) - (-1—a2) 2 14ak
From the hypothesis, we have |zx| =1 for all k =1,2,..., 2n. Then
<1—Ik)1—ﬁ _J;—kixk_li 1—xp
14z, 1475 1+i T+ 1 1+’
T
whence
P(1) 712-"[ T—z,\ 1 [ 11—
P(-1)) D \1+4ax) L2\ 14wy
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P()

P(-1)
2

Problem 10. Consider the sequence of polynomials defined by Py (x) = 2% —2
and Pj(z) = Py(Pj_1(z)) for j =2,3,.... Show that for every positive integer
n, the roots of the equation P, (x) = x are all real and distinct.

(18th IMO—Shortlist)

This proves that is a real number, as desired.

Solution. Put z = z 4 27!, where z is a nonzero complex number. Then
P(r) =2 -2=(2+2"1)% -2 =22 + 272, A simple inductive argument
shows that for all positive integers n, we have P, (z) = 22" + 272",

The equation P, (x) = z is equivalent to 22" 4+ 272" = z 4+ 2~1. We obtain
22—z =2 =27 e, 2(22 7 — 1) = 2727 (22" — 1). Tt follows that
(22" = 1)(22"+1 — 1) = 0. Because gcd(2™ — 1, 2" + 1) = 1, the unique
common root of the equations 22" ! —1 =0 and 22" ' =1 =01is z = 1
(see Proposition 1 in Sect.2.2.2). Moreover, for every root of the equation
(22"~1 = 1)(22"*1 —1) = 0, we have |z| = 1, i.e., 2~! = Z. Also, observe that
for two roots z and w of (22" 71 — 1)(22"*! — 1) = 0 that are different from
1, we have z + 271 = w+ w1 if and only if (z — w)(1 — (z2w)~!) = 0. This is
equivalent to zw = 1, i.e., w = 2! = Z, a contradiction to the fact that the
unique common root of 22 1 —1 =0 and 22"t —1 =01is 1.

It is clear that the degree of the polynomial P, is 2. As we have seen
before, all the roots of P, (x) = z are given by x = 2+ 271, where z = 1, 2z =

2km s 2km R 279 and 28T s 2sm
08 g —y tisingo—, k=1,... and z = cos 5o—— 1 is 2n+1,
s=1,...,2™
Taking into account the symmetry of the expression z + 271, we see that

1 1
the total number of these roots is 1 + 5(2" —-2)+ 52” = 2", and all of them

are real and distinct.

Here are other problems involving algebraic equations and polynomials.

Problem 11. Let a, b, ¢ be complex numbers with a # 0. Prove that if the
roots of the equation az? + bz + ¢ = 0 have equal moduli, then ab|c| = |a|be.

Problem 12. Let z;, 2 be the roots of the equation 22 + z+1 =0, and let
23, 24 be the roots of the equation 22 — z +1 = 0. Find all integers n such
that 27 + 25 = 23 + 2}

Problem 13. Consider the equation with real coefficients
2 +ar® + bt +ex + b2l +ar+1=0,

and denote by x1, Ta,..., xg the roots of the equation.
Prove that

6
H 34+ 1) = (2a —c)*
k=1
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Problem 14. Let a and b be complex numbers and let P(z) = az® + bz + i.
Prove that there exists zo € C with |z0| = 1 such that |P(z0)| > 1+ |al.

Problem 15. Find all polynomials f with real coefficients satisfying, for
every real number x, the relation f(z)f(222) = f(223 + ).

(21st IMO—Shortlist)

Problem 16. Find all complex numbers z such that

(z =21+ 24 22)?% = ;

(Mathematical Reflections, 2013)

Problem 17. Determine all pairs (z,n) such that
2422+ . 4+ 2" =n|z,
where z € C and |z| € Z+..

(Mathematical Reflections, 2008)

Problem 18. Let a,b, ¢, d be nonzero complex numbers such that ad—bc # 0,
and let n be a positive integer. Consider the equation

(ax +b)" + (cx +d)™ = 0.

(a) Prove that for |a| = |c|, the roots of the equation are situated on a line.
(b) Prove that for |a| # |c|, the roots of the equation are situated on a circle.
(¢) Find the radius of the circle when |a| # |c|.

(Mathematical Reflections, 2010)

Problem 19. Let n be a positive integer. Prove that a complex number of
absolute value 1 is a solution to z™ 4+ z+1 =0 if and only if n = 3m + 2 for
some positive integer m.

(Romanian Mathematical Olympiad—Final Round, 2007)

Problem 20. Let a and b be two complexr numbers. Prove that the following
statements are equivalent:

(1) The absolute values of the roots of the equation x> —azx +b = 0 are
respectively equal to the absolute values of the roots of the equation

22 —br+a=0.
(2) a® = b3 orb=a.

(Romanian Mathematical Olympiad—District Round, 2011)
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5.3 From Algebraic Identities to Geometric Properties

Problem 1. Consider equilateral triangles ABC and A'B’C’, both in the
same plane and having the same orientation. Show that the segments [AA'],
[BB'], [CC'] can be the sides of a triangle.

Solution. Let a, b, ¢ be the coordinates of vertices A, B, C and let o/, V', ¢/
be the coordinates of vertices A’, B’, C'. Because triangles ABC and A’ B’'C’
are similar, we have the relation (see the remark in Sect. 3.3)

11
be|=0. (1)
b c

1
a
a /

AN

That is,
a(b—rc)+b(c—a)+c(a—b)=0. (2)

On the other hand, the following relation is clear:
a(b—c)+blc—a)+cla—0)=0. (3)
By subtracting relation (3) from relation (2), we obtain
(@ —a)(b—c)+ (b —b)(c—a)+ (c —c)(a—b)=0. (4)
Passing to moduli, it follows that
0’ — allb— ] < V' = blle — ol + | — clla — bl (5)

Taking into account that |b—c| = |c—a| = |a—b|, we obtain AA" < BB'+C(C".
Similarly, we prove the inequalities BB’ < CC'+AA" and CC’' < AA'+BB’,
and the desired conclusion follows.

Remarks.

(1) If ABC and A’B’C’ are two similar triangles situated in the same plane
and having the same orientation, then from (5), the inequality

AA"-BC <BB'-CA+CC'. AB (1)

follows. This is the generalized Ptolemy inequality. Ptolemy’s inequality
is obtained when the triangle A’B’C’ degenerates to a point.

(2) Taking into account the inequality (1), we have also BB’ - CA < CC’ -
AB + AA' - BC and CC’ - AB < AA' - BC + BB’ - CA. Tt follows that
for any two similar triangles ABC and A’ B’C’ with the same orientation
and situated in the same plane, we can construct a triangle of side lengths
AA’-BC, BB'-CA, CC'. AB.
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(3) When the triangle A’B’C" degenerates to the point M, it follows from the
property in our problem that the segments MA, M B, MC' are the sides
of a triangle, which follows from Pompeiu’s theorem (see also Sect. 4.9.1).

Problem 2. Let P be an arbitrary point in the plane of a triangle ABC.
Then
a-PB-PC+p-PC-PA+~-PA-PB?> afy,

where o, 8,7 are the sides of ABC.

Solution. Let us consider the origin of the complex plane at P and let
a, b, ¢ be the coordinates of the vertices of triangle ABC. From the algebraic
identity

be n ca n ab
@—Ba—c  G-0b-a  (c—alc—b

it follows if we pass to absolute values that

=1, (1)

|]|c| |cl|al |a|[b]
> 1. 2
la—"blla—c| |b—c|lb—al |c—al|lc—0b] ~ (2)

Taking into account that |a| = PA, |b| = PB, |¢| = PC, and |b —c| =
a, |c—a] =B, |a— bl =, we see that the inequality (2) is equivalent to
PB-PC PC-PA PA-PB
+ + >1
By Yo af

)

which is the desired inequality.

Remarks.

(1) If P is the circumcenter O of triangle ABC, we can derive Euler’s
inequality R > 2r. Indeed, in this case, the inequality is equivalent to
R?(a + B+ ) > aBy. Therefore,

afy affy 4R afy area| ABC
T a+ B8+ 2s 2s 4R S "

and hence R > 2r.
(2) If P is the centroid G of triangle ABC, we obtain the following inequality
involving the medians mq, mg, my:

MaMg MM~y " MM,
af By Yo

9
>_7
— 4

with equality if and only if triangle ABC'is equilateral. A good argument
for the case of acute triangles is given in the next problem.



200 5 Olympiad-Caliber Problems

Problem 3. Let ABC' be an acute triangle and let P be a point in its interior.
Prove that

a-PB-PC+p-PC-PA+~-PA-PB=afy
if and only if P is the orthocenter of triangle ABC.
(1998 Chinese Mathematical Olympiad)

Solution. Let P be the origin of the complex plane, and let a, b, ¢ be
the coordinates of A, B, C, respectively. The relation in the problem is
equivalent to

lab(a = D)[ + [be(b — )| + |calc — a)| = |(a = )(b = ¢)(c — a)l.

Let

ab . be e ca
(a—a)b—0’ 7 (b—a)c—a) 7 (c=b)la—b)

It follows that

zZ1 =

|z1] 4+ |22| + |23] = 1 and 21 + 29 + 23 = 1,

the latter from identity (1) in the previous problem.

We will prove that P is the orthocenter of triangle ABC' if and only if
z1, 22, z3 are positive real numbers. Indeed, if P is the orthocenter, then
since the triangle ABC' is acute, it follows that P is in the interior of ABC.
Hence there are positive real numbers 71, ry, r3 such that

a . . C .
— = —T11 = —Tol, —— = —T31
b—c "c—a "a—b ’

implying z1 = rirg > 0, 290 = rorg > 0, 23 = r3r; > 0, and we are done.
Conversely, suppose that z1, 22, z3 are all positive real numbers. Because

2 2 2
2122 b 2223 c _Z321 a
23 _(c—a> ooz _(a—b> T 2 _(b—c> ’
. a b c . .
it follows that , , A are purely imaginary numbers, thus AP |

—c c—a a—
BC and BP L CA, showing that P is the orthocenter of triangle ABC.

Problem 4. Let G be the centroid of triangle ABC and let Ry, Ra, R3 be
the circumradii of triangles GBC, GCA, GAB, respectively. Then

Ry + Ry + R3 > 3R,

where R is the circumradius of triangle ABC.
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Solution. In Problem 2, consider P the centroid G of triangle ABC. Then
a-GB-GC+p-GC-GA+~-GA-GB > afy, (1)

where «, 8, V are the lengths of the sides of triangle ABC'
But

a-GB-GC = 4R, - area|GBC| = 4R; - %area[ABC].

Likewise,
1 1
B-GC-GA=4R; - garea[ABC], v-GA-GB =4Rj - garea[ABC].
Hence, the inequality (1) is equivalent to

g(Rl + Ry + R3). area [ABC] > 4R. area [ABC],

i.e., R1 + RQ + Rg Z 3R.

Problem 5. Let ABC' be a triangle and let P be a point in its interior. Let
Ry, Ra, Rs be the radii of the circumcircles of triangles PBC, PCA, PAB,
respectively. Lines PA, PB, PC intersect sides BC, CA, AB at A;, By, Cq,
respectively. Let

PAy PB PCy

0 ke = , kg = :

AAy BB, cCy

Prove that k1 Ry + ko Rs + ksRs > R, where R is the circumradius of triangle
ABC.

ky =

(2004 Romanian IMO Team Selection Test)

Solution. Note that
area| PBC] I area| PC'A| i area| PAB]

k= area ABC]" * - area|ABC]" "° - area| ABC]’
But area [ABC| = by and area [PBC| = M Two similar rela-
4R 4R,

tions for area [PCA] and area [PAB] hold.
The desired inequality is equivalent to
-PB-P -PC-PA -PA-PB
RY ¢ ghre +RY > R,
afy afy apy

which reduces to the inequality in Problem 2.
When triangle ABC' is acute, it follows from Problem 3 that equality holds
if and only if P is the orthocenter of ABC.
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Problem 6. The following inequality holds for every point M in the plane of
triangle ABC:

AM3sin A+ BM3sin B+ CM?sinC > 6 - MG. area [ABC],
where G is the centroid of triangle ABC.
Solution. The identity
Py -2+’ z—a)+ 2@ —y) =@ -y -2 -2)(z+y+2) (1)

holds for all complex numbers z, y, z. Passing to the absolute value, we
obtain the inequality

|23 (y = )| + [y*(z = 2)| + |2 (@ = )| > |z — ylly = 2llz = zllz +y + 2] (2)

Let a, b, ¢, m be the coordinates of points A, B, C, M, respectively.
In (2), consider t =m —a, y=m —b, z=m — ¢, and obtain

AM?3 - o+ BM3 -3+ CM? -~ > 3afyMG. (3)
Using the formula area [ABC] = aby

inequality follows from (3).

and the law of sines, the desired

Problem 7. Let ABCD be a cyclic quadrilateral inscribed in circle C(O; R)
having sides of length o, B, v, 0 and diagonals of length di and do. Then

Oéﬂ’yadldg

areal ABC D] > VD

Solution. Take the center O to be the origin of the complex plane and
consider a, b, ¢, d the coordinates of vertices A, B, C, D. From the well-
known Euler identity

3

a
;(a—b)(a—c)(a—d) ’ (1)
by passing to the absolute value, it follows that
ja?
> 1. 2
Z|a—b||a—c||a—d|_ )
cyc

The inequality (2) is equivalent to

R3
>
;AB-AC-AD_L )
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or
> R*-BD-CD-BC > afyédyds. (4)

cyc

But we have the known relation BD - CD - BC' = 4R. area [BCD] and three
other such relations. The inequality (4) can be written in the form

4R*(area ABC|] + area| BCD|] + area[CDA] + area|[DAB]) > afydd:dz,

or equivalently, 8R* area| ABC D] > a3vdd1ds.

Problem 8. Let a, b, ¢ be distinct complex numbers such that
(a=b)"+0b-c)"+(c—a)’=0.
Prove that a, b, ¢ are the coordinates of the vertices of an equilateral triangle.

Solution 1. Settingx =a—b,y=b—c, z=c—a impliessx+y+2 =0
and 27 4+ 37 + 27 = 0. Since z # 0, we may set o = z and 8 = Y Hence
z z

a+ = —1and a” + 7 = —1. Then the given relation becomes
a® —a®B+0t8? — P8 + a8t — af® + 85 = 1. (1)
Let s = a+ = —1 and p = ab. The relation (1) becomes
(a® + 8% —pla + %) +p*(a® + 5%) —p* = 1. (2)
Because o2 + 32 =52 —2p =1 — 2p,

o' + B = (0 + B7)? —2a°B% = (1 - 2p)* — 2p° = 1 — 4p+ 2p°,
af + 8% = (& + ) ((a* + B*) — a®B?) = (1 — 2p)(1 — 4p + p°),

the equality (2) is equivalent to
(1=2p)(1 —4p+p?) = p(1 — 4p+2p*) + p*(1 = 2p) = p° = 1.

That is, 1 —4p 4+ p? — 2p + 8p? — 2p3 —p +4p? —2p3 + p? — 2p3 — p3 = 1;
i.e., —7p® + 14p?> — Tp+ 1 = 1. We obtain 7p(p — 1)? = 0, and hence p = 0 or
p=1.

If p=0, then a« = 0 or 8 = 0, and consequently, x = 0 or y = 0. It follows
that a = b or b = ¢, which is false; hence p = 1.

From af = 1 and a 4+ f = —1, we deduce that a and § are the roots of
the quadratic equation 72 + 2 + 1 = 0. Thus ® = 8% =1 and |a| = |B] = 1.
Therefore, |z| = |y| = |z], or |a —b| = |b — ¢| = |¢ — a, as claimed.

Solution 2. Let x=a—-0b, y=b—c¢, z=c—a. Because x +y+ z = 0 and
2" +y"+ 27 =0, we find that (z +y)” — 27 — y” = 0. This is equivalent to
Tey(z +y) (2 + zy +y*)? = 0.
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But zyz # 0, so 22 + xy + y? = 0, i.e., 2 = 33, From symmetry, 23 =
y3 = 23, whence |z| = |y| = |2|.

Problem 9. Let M be a point in the plane of the square ABCD and let
MA = x, MB = y, MC = z, MD = t. Prove that the numbers
xy, Yz, zt, tx are the sides of a quadrilateral.

Solution. Consider the complex plane such that 1,4,—1,—¢ are the
coordinates of vertices A, B, C, D of the square. If z is the coordinate
of point M, then we have the identity

(z—d)(z+1)+i(z+1)(z+14) —L(z+i)(z—1)—i(z—1)(z—14) = 0. (1)
Subtracting the first term of the sum from both sides yields
iz4+D)(z+9) —1z+0)(z—1) —i(z—1)(z—i) = =1(z —9)(# + 1),
and using the triangle inequality, we obtain
|z —illz + 1| + |z + 1]z +i| + [z +i||[z — 1| > |z — 1|z — i],

or yz + 2t +tx > xy.
In the same manner, we prove that

zy+zt+tr >yz, xy+yz+ter > 2t
and xy + yz + 2zt > tx, as needed.

Problem 10. Let 21, z2, z3 be distinct complex numbers such that |z1| =
|22| = |z3| = R. Prove that

1 1 1 1

+ + > —.
|2’1—22||21—2’3| |2’2—Zl||22—2’3| |2’3—Zl||23—2’2| R2

Solution 1. The following identity is easy to verify:

z z

2 2 22
1 + 2 + 3 =1.

(21— 22)(21 = 23) (22— 21)(22 — 23) (23 — 21)(23 — 22)

Passing to the absolute value, we find that

=Y e S S
(z21 — 22)(21 — 23) | — |21 — 22|]21 — 23

cyc cyc

=Ry
|21 — 22|21 — 23]’

cyc

which is the desired inequality.
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Solution 2. Let
=z =z, B=—2l| 7=]a— 2|
From Problem 29 in Sect. 1.1.9, we have
af + By +ya < IR

Using the inequality

1 1 1
af + By +va <—+—+—>29
( v +7a) oF 5 e
yields
1 n 1 . 1 S 9 S 1
af By ya T af+By+ya T R
as desired.

Remark. Consider the triangle with vertices at z1, z2, z3 and whose cir-
cumcenter is the origin of the complex plane. Then the circumradius R equals
|z1] = |22| = |z3|, and the side lengths are

a=|z0—2z23), B=121— 23], v= 1|21 — 22|.

The above inequality is equivalent to

1 1 1 1

>
of By Tha T RY

ie.
afy 4K  4dsr

> — .
a+B8+v> T2 I 7

We obtain R > 2r, i.e., Euler’s inequality for a triangle.
Problem 11. Let ABC be a triangle and let P be a point in its plane.
(1) Prove that

a-PA®+ - PB3 +~.PC® > 3a8y - PG,

where G is the centroid of ABC.
(2) Prove that

R2(R? — 4r%) > 4r%[8R? — (o® + % +4?)].

Solution.

(1) The identity

Ply—2)+y’z—2)+2 -y =@ -y —2)(z—a)(z+y+2) (1)
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holds for all complex numbers z, y, z. Passing to absolute values, we
obtain

|2ly — 2|+ [ylPle — 2l + |2Ple — y] = |2 = ylly — 2llz — @flo +y + 2],

Let a, b, ¢, zp be the coordinates of A, B, C, P, respectively. In the
equation above, take x = zp —a, y = zp — b, z = zp — ¢ and obtain the
desired inequality.

(2) If P is the circumcenter O of triangle ABC, after some elementary trans-
formations, the previous inequality becomes R? > 6r - OG. Squaring
both sides yields R* > 3672 - OG?. Using the well-known relation

1
0G? = R~ §(a2 + B2 +~?), we obtain R* > 36 R%r2 — 472 (a® + B2 ++2),

and the conclusion follows.

Remark. The inequality (2) improves Euler’s inequality for the class of
obtuse triangles. This is equivalent to proving that a®+32+~2 < 8R? in every
such triangle. The last relation can be written as sin® A +sin? B +sin® C < 2,
or cos? A + cos? B — sin® C' > 0. That is,

14 cos2A 1+ cos2B

5 + 5 —1+4cos’C >0,

which reduces to cos(A + B) cos(A — B) + cos? C' > 0. This is equivalent to
cos C[cos(A — B) + cos(A+ B)] <0, i.e., cos Acos BcosC < 0.

Here are some other problems involving this topic.

Problem 12. Let a, b, ¢, d be distinct complex numbers with |a| = |b| =
le] =1|d] anda+b+c+d=0.

Then the geometric images of a, b, ¢, d are the vertices of a rectangle.

Problem 13. The complex numbers z;, ©+ = 1,2,3,4,5, have the same
nonzero modulus, and

5
Zzi:sz:O.

i=1 i=1
Prove that z1, z2, ...,zs5 are the coordinates of the vertices of a regular
pentagon.

(Romanian Mathematical Olympiad—Final Round, 2003)

Problem 14. Let ABC' be a triangle.
(a) Prove that if M is any point in its plane, then

AM sin A< BMsin B+ CMsinC.
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(b) Let Ay, By, Ci be points on the sides BC, AC and AB, respectively,
such that the angles of the triangle A1 B,C1 are in this order o, [, 7.
Prove that

ZAAl sina < ZBCsina.

cyc cyc
(Romanian Mathematical Olympiad—Second Round, 2003)

Problem 15. Let M and N be points inside triangle ABC such that
MAB = NAC and MBA = NBC.

Prove that
AM -AN BM -BN CM-CN

AB-AC " BABC T CA.CB -

(39th IMO—Shortlist)

5.4 Solving Geometric Problems

Problem 1. On each side of a parallelogram, a square is drawn external to
the figure. Prove that the centers of the squares are the vertices of another
square.

Solution. Consider the complex plane with origin at the intersection point
of the diagonals and let a,b,—a,—b be the coordinates of the vertices
A, B, C, D, respectively.

Using the rotation formulas, we obtain

b .
b=z0, + (a—z20,)(—1) or zo0, = 1—:_0?.
Likewise,
a—bi —b—ai —a+bi
A = A = z = .
O T T T T T T
It follows that
000> — arg 202~ %00 _ a—bi—b—ai arei T
= ar = ar — argi] — —
e gzo4—zol & atbi—b—ai A
SO 0102 = 0104, and
— 20, — %0, —a+bi+b+ai .om
St argzoz—zo3 e T hitbrai BT

so O304 = O304. Therefore, 0102030, is a square.
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Problem 2. Given a point on the circumcircle of a cyclic quadrilateral, prove
that the products of the distances from the point to any pair of opposite sides
or to the diagonals are equal.

(Pappus’s theorem)

Solution. Let a, b, ¢, d be the coordinates of the vertices A, B, C, D of the

quadrilateral and consider the complex plane with origin at the circumcenter

of ABCD. Without loss of generality assume that the circumradius equals 1.
The equation of line AB is

This is equivalent to
2(@—0b) —%(a—b) =ab—ab, i.e., z+abz =a+b.

Let point M; be the foot of the perpendicular from a point M on the
circumcircle to the line AB. If m is the coordinate of point M, then (see the
proposition in Sect. 4.5)

m—abm+a+b
2

Iy, =

and

— abm b - —b
d(M, AB):|m_m1|:‘m_m abm + a + ’:‘(m a)(m — b)

2 2m ’
since mm = 1.
Likewise,
d(M, BC) ‘ —9| | aq, OD)_‘—(m_C)(m_d) :
2m
d(M, DA) ‘ —9| g, AC)_‘—(m_a)(m_c) :
2m
and
d(M, BD) = ‘(m b)(m d)‘
2m
Thus,

d(M, AB) - d(M, CD) = d(M, BC)-d(M, DA) = d(M, AC)-d(M, BD),

as claimed.
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Problem 3. Three equal circles C1(O1; 1), C2(O2;71), and C3(Os;71) have a
common point O. Circles C1 and Cy, Cy and C3, C3 and Cy, meet again at
points A, B, C respectively. Prove that the circumradius of triangle ABC' is
equal to r.

(Tzitzeica’s! “five-lei-coin problem”)

Solution. Consider the complex plane with origin at point O and let
z1, 22, z3 be the coordinates of the centers O;, Oz, Os, respectively. It fol-
lows that points A, B, C have the coordinates z1 + 22, 22+ 23, 23+ 21, and
hence

AB = |(21 + 22) — (22 +2’3)| = |21 — Z3| = 010s.

Likewise, BC' = 0105 and AC = 050g3; hence triangle ABC and 010203 are
congruent. Consequently, their circumradii are equal. Since OO; = 003 =
OO;3 = r, the circumradii of triangles 010203 and ABC' are both equal to
r, as desired.

Problem 4. On the sides AB and BC' of triangle ABC, draw squares with
centers D and E such that points C' and D lie on the same side of line AB
and points A and E lie on opposite sides of line BC. Prove that the angle
between lines AC and DFE is equal to 45°.

Solution. The rotation about E through angle 90° maps point C' to point
B; hence
zZB — Zct

zp=z2g+ (2¢ —zg)i and zg = T

ZB — ZAl

1—4
The angle between the lines AC and DF is equal to

Similarly, zp =

_ — 1—i L—i
arg 20 — ZA — arg (ZC %A)( Z)i = arg 'z — arg(l + z) — I,
ZE — 2D ZB —Zct — ZB T Zy -t 4

as desired (Fig.5.1).

Remark. If on the sides AB and BC of the triangle ABC, we draw rect-
angles with centers D and F, satisfying the same conditions, then the angle
between lines AC' and DE is equal to 90° — BAD.

Problem 5. On the sides AB and BC' of triangle ABC, equilateral triangles
ABN and ACM are drawn external to the figure. If P, Q, R are the midpoints
of segments BC, AM, AN, respectively, prove that triangle PQR is equilateral.

Solution. Consider the complex plane with origin at A and denote by
the corresponding lowercase letter the coordinate of a point denoted by an
uppercase letter (Fig. 5.2).

1 Gheorghe Tzitzeica (1873-1939), Romanian mathematician, made important contribu-
tions in geometry.
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Figure 5.1.

NR

B P c
Figure 5.2.

The rotation about center A through angle 60° maps points N and C to
B and M, respectively. Setting & = cos60° + sin 60°, we have b = n - ¢ and
m = c- €. Thus
b+c m c-e n b bed be?

2 2 2 2 2 2 2

To prove that triangle PQR is equilateral, using Proposition 1 in Sect. 3.4, it
suffices to observe that

P>+ ¢* +1° =pg+qr+rp.

Problem 6. Let AA'BB'CC’ be a hexagon inscribed in the circle C(O; R)
such that

AA'=BB'=CC'=R.
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If M, N, P are midpoints of sides A’B, B'C, C'A respectively, prove that
triangle M N P 1is equilateral.

Solution. Consider the complex plane with origin at the circumcenter O and
let a, b, ¢, a’, V', ¢’ be the coordinates of the vertices A, B, C, A’, B’, (',
respectively. If € = cos60° + 4 sin 60°, then

ad=a¢e b=b¢ d=c-c

The points M, N, P have the coordinates

ac+b be + ¢ ceE+a
, = y P= .
2 2 2

m =

It is easy to observe that
2 2, .2 _ .
m-~ +n° +p° =mn—+ np+ pm;

therefore, MNP is an equilateral triangle (see Proposition 1 in Sect. 3.4).

Problem 7. On the sides AB and AC of triangle ABC, squares ABDE and
ACFG are drawn external to the figure. If M is the midpoint of side BC,
prove that AM 1. EG and EG = 2AM.

Solution. Consider the complex plane with origin at A and let b, ¢, g, e, m
be the coordinates of points B, C, G, E, M (Fig.5.3).

Observe that g = ci, e = —bi, m = %; hence

g—e 2ib+c) 2
and
m—al = e g
= 2 g .
Thus, AM 1 EG and 2AM = EG.

Problem 8. The sides AB, BC, and C A of the triangle ABC are divided into
three equals parts by points M, N; P, Q; and R, S, respectively. FEquilateral
triangles MN D, PQE, RSF are constructed exterior to triangle ABC'. Prove
that triangle D E F is equilateral.

Solution. Denote by the corresponding lowercase letters the coordinates of
the points denoted by uppercase letters. Then

2a+b a+2b 2b+c

m: ’n: ’p: )
3 3 3

b+ 2¢c 2c+a c+ 2a

q= y T'= y §= .

3 3 3
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F
B M C
Figure 5.3.

The point D is obtained from point M by a rotation with center N and angle
60° (Fig.5.4).

Figure 5.4.

Hence

2 —
d=nt (m—n)e = a+ b+3(a b)s,

where € = cos60° 4 7 sin 60°. Likewise,

b+ 2c+ (b—c)e
and

2 —
f:s+(r—s)5*c+ a+3(c a)s'
Since
f—d c+a—2b+(b+c—2a)e
e—d 2c—a—b+(2b—a—c)e
_elb+c—2a+ (c+a—2b)(—e?))
B 2c—a—b+(2b—a—c)e
5(1)4—0—2&)4—(c+a—2b)(5—1))7E
N 2c—a—b+ (2b—a—c)e 7
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we have FDE = 60° and FD = FE, so triangle DEF is equilateral.

Problem 9. Let ABCD be a square of side length a and consider a point P
on the incircle of the square. Find the value of

PA? + PB? + PC? + PD?.

Solution. Consider the complex plane such that points A, B, C, D have
coordinates

a2 av'2 . av/2 av'2.

AT Ty BT Ty b T Ty A E Ty
Let zp = g(cosx + isinz) be the coordinate of point P (Fig. 5.5).
B
C o A
P
D
Figure 5.5.
Then

PA?+PB*+PC?*+PD?=|za—2p|*+|2p—2p*+|2. — 2p|* + |2D — 2zp|?

2 2
:Z(ZA —2p)(Za —Zp) :4a_+2M . g (QCosa:—l—ZCos (az+g)—|—
cyc

2 2

3T a? 9 9 9
+2cos(x + ) + 2 cos <x+7)> +4Z =2a"+0+a” = 3a”.
Problem 10. On the sides AB and AD of the triangle ABD draw externally
squares ABEF and ADGH with centers O and Q, respectively. If M is the
midpoint of the side BD, prove that OMQ is an isosceles triangle with a right

angle at M.

Solution. Let a, b, d be the coordinates of the points A, B, D, respectively
(Fig.5.6).
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Figure 5.6.

The rotation formula gives

a—z0 d—zg .
_ —

3

b—zo0 a-—2zq

SO

b —b)
SO el Ul

a+d+ (d—a)i
5 :

2

: hence

)

b
The coordinate of the midpoint M of segment [BD] is Zp = ——

zo—zym a—d+(a—0b)i
= .:7/.
zg—zm a—b+(d—a)i

Therefore, QM | OM and OM = QM , as desired.

Problem 11. On the sides of a convexr quadrilateral ABCD, equilat-
eral triangles ABM and CDP are drawn external to the figure, and equi-
lateral triangles BCN and ADQ are drawn internal to the figure. Describe
the shape of the quadrilateral M N PQ.

(23rd IMO—Shortlist)

Solution. Denote by the corresponding lowercase letter the coordinate of a
point denoted by an uppercase letter (Fig.5.7).
Using the rotation formula, we obtain

m=a+ (b—a)e, n=c+ (b—c)e,
p=c+(d—ce, g=a+ (d—a)e,
where

€ = cos60° + 7sin 60°.
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P
Figure 5.7.

It is easy to see that
mt+p=a+c+(b+d—a—ce=n+gq,
whence MNPQ is a parallelogram or points M, N, P, Q are collinear.

Problem 12. On the sides of a triangle ABC draw externally the squares
ABMM',ACNN’, and BCPP'. Let A’, B', C' be the midpoints of the
segments M'N', P'M, PN, respectively.

Prove that triangles ABC and A'B'C’ have the same centroid.

Solution. Denote by the corresponding lowercase letter the coordinate of a
point denoted by an uppercase letter (Fig.5.8).
Using the rotation formula, we obtain

n'=a+ (c—a)iand m' = a+ (b—a)(—i);
hence

, m'+n" 2a+(c—0b)i
a = = :

Likewise,
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Nl
Al
MI
N
A n oE
n 2
2
D® 1) B,
M
B A c s
F
B’ .
P’ P
Figure 5.8.

Triangles A’B’C’ and ABC have the same centroid if and only if

a+b+c  a+b+c
3 - 3

Since

_20+2b+2c+ (c—b+a—c+b—a)i

li b/ /
a +0 +c B

=a+b+c,

the conclusion follows.

Problem 13. Let ABC be an acute triangle. On the same side of line AC
as point B, draw isosceles triangles DAB, BCE, AFC with right angles at
A, C, F, respectively.

Prove that the points D, E, F are collinear.

Solution. Denote by the corresponding lowercase letters the coordinates of
the points denoted by uppercase letters. The rotation formula gives

d=a+ (b—a)(—i), e=c+ (b—c)i, a=f+ (c— [)i.

Then

fia—ciia—l—c—i—(a—c)iid—i—e
S 1-4 2 2

so points F, D, E are collinear.

Problem 14. On sides AB and CD of the parallelogram ABCD, draw
external equilateral triangles ABE and CDF. On the sides AD and BC,
draw external squares of centers G and H.

Prove that EHFG is a parallelogram.
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Solution. Denote by the corresponding lowercase letter the coordinate of a
point denoted by an uppercase letter.

Since ABCD is a parallelogram, we have a + ¢ = b+ d (Fig.5.9).

The rotations with 90° and centers G and H map the points A and C' into
D and B, respectively. Then d — g = (a — g)i and b — h = (¢ — h)i, whence

d—ai b—a

g= T, and h = —

The rotations with angle 60° and centers ¥ and F' map the points B and
D into A and C, respectively. Then a —e = (b—e)e and ¢ — f = (d — f)e,
—be c—de

d f= .
—e and f 1—¢

where € = cos60° + 7sin 60°. Hence e = a4
Observe that

_d+b—(a+c)i  (a+c)—(a+c)i
B 1—i 1—i

g+h

and
at+c—(b+de a+c—(ac)e

etf= 1—e¢ - 1—e¢ =etq

hence FHFG is a parallelogram.

Problem 15. Let ABC' be a right triangle with C' = 90° and let D be the foot
of the altitude from C. If M and N are the midpoints of the segments [DC)|
and [BD], prove that lines AM and CN are perpendicular.

Solution 1. Consider the complex plane with origin at point C, and let
a, b, d, m, n be the coordinates of points A, B, D, M, N, respectively
(Fig.5.10).

Triangles ABC and CDB are similar with the same orientation; hence

a—d 0—d ab
Pl e L
Then
ngz ab andn:b+d:2ab+b2.
2 2(a+b) 2 2(a+10)
Thus
ab
arg —a_ rg2(a+b) :arg(——):E
-0 2ab + b* b 2’
2(a+0b)

so AM 1 CN.
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E

Figure 5.9.
B
N
D
M
C A
Figure 5.10.

Solution 2. Using the properties of the real product in Proposition 1,
Sect. 4.1, and taking into account that CA | C'B, we have

- <a22(212)) ' <b22(212)> - ‘22(212)

(a-b) =0.
The conclusion follows from Proposition 2 in Sect. 4.1.

Problem 16. Let ABC be an equilateral triangle with circumradius equal to
1. Prove that for every point P on the circumcircle, we have

PA? + PB? + PC? =6.
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Solution. Consider the complex plane such that the coordinates of points
A, B, C are the cube roots of unity 1,¢,e2, respectively, and let z be the
coordinate of point P. Then |z| =1, and we have

PA> 4+ PB2 4+ PC? = |z — 12 + |z —e|* + |z — %2
=z-1D)F-D+(z-e)FZ-3)+(z-)F-2%)
=3P -(1+e+e?)z—(1+e+)z+1+ >+
=3-0-Z—-0-z+1+1+1=6,

as desired.

Problem 17. Point B lies inside the segment [AC|. Equilateral triangles
ABE and BCF are constructed on the same side of line AC. If M and
N are the midpoints of segments AF and CE, prove that triangle BM N is
equilateral.

Solution. Denote by the corresponding lowercase letter the coordinate of a
point denoted by an uppercase letter. The point F is obtained from point B
by a rotation with center A and angle 60°; hence

e =a+ (b— a)e, where £ = cos60° + i sin 60°.

Likewise, f = b+ (¢ — b)e.
The coordinates of points M and N are

_— a+b+ (c—b)e and n — c+a+(b—a)5'

2 2

m
It suffices to prove that 2
n —

= ¢. Indeed, we have

m—>b=(n—"b)e
if and only if
a—b+(c—be=(c+a—2b)e+ (b—a)’

That is,
a—b=(a—ble+(b—a)ie—1),

as needed.

Problem 18. Let ABCD be a square with center O and let M, N be the
madpoints of segments BO, CD respectively.
Prove that triangle AM N is an isosceles right triangle.

Solution. Consider the complex plane with center at O such that 1i, —1, —¢
are the coordinates of points A, B, C, D, respectively (Fig.5.11).
' 11

2

The points M and N have coordinates m = % and n = , SO



220 5 Olympiad-Caliber Problems

B
M
c /0 A
N
D
Figure 5.11.
)
a—m 1_5 2—1 .
= £ = - = 1.
n—m —l—1 1 12
2 2

Then AM 1. MN and AM = NM, as needed.

Problem 19. In the plane of the nonequilateral triangle A1 AgAs consider
points By, Bo, Bs such that triangles A1 AsBs, AsA3By and AsA; By are
stmalar with the same orientation.

Prove that triangle B1 B2 B3 is equilateral if and only if triangles A1 A Bs,
AsA3By, A3A1Bs are isosceles with bases Ay1As, AsAsz, AzAi and base
angles equal to 30°.

Solution. Triangles A; AsB3, AsA3Bi, A3A; By are similar with the same

. . b3—az bi—az  ba—a
orientation; hence = = = z. Then
a1 — az az — ag asz — ay

bs = as + z(a1 — az2), b1 = asz + z(az — as), ba = a1 + z(az — a1).
Triangle By By Bj3 is equilateral if and only if
b1 + Ebz + E2b3 =0or b1 + Ebg + E2b2 =0.

Assume that the first is valid.
Then we have

by + eby 4 £2bs = 0 if and only if
as + z(ay — a3) +cay + ez(ag — ay) + e2as + %z(a; — az) = 0, ie.,

as +eca; + 52a2 + z(ag — a3 +easz —eay + £2a1 - 82(12) =0.
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The last relation is equivalent to

zlag(1 — &)1+ ¢€) —a1e(1 —€) —az(1 — )] = —(az + cay + £2ay),
i.e.,

2 1 1
J— as + gal + € a22 _ — —(COS?)OO + 7;8111300)7
(1—-¢)(ag+ear+¢c%a2) 1—¢ /3

which shows that triangles A, As B3, A3A3B1, and A3A; By are isosceles with
angles of 30°.
Notice that az + ca; + £2ay # 0, since triangle A; A, A3 is not equilateral.

Problem 20. The diagonals AC and CFE of a regular hexagon ABCDEF are
divided by interior points M and N, respectively, such that

AM CN
AC  CE
Determine r knowing that points B, M, and N are collinear.

(23rd IMO)

Solution. Consider the complex plane with origin at the center of the regular

hexagon such that 1, e, €2, &3, €%, £° are the coordinates of the vertices

B, C, D, E, F, A, where
T 7T_1+i\/§

5=cos§—|—zsm§— 5

Since
MC NE 1-r

MA ~_ NC

the coordinates of points M and N are
m=er+e°(1—r)

and
n=ce*r+e(l—r),

respectively (Fig.5.12).

-1
The points B, M, N are collinear if and only 1f 7 € R*. We have

m—l:5T+55(1—r)—1=£r—52(1—7°)—1

_ 1+2i\/§7"— _IJ;“/—Q_T) 5+ 1*2[( 2 — 1)
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D C
M
E o°* B
F A
Figure 5.12.
and
1+4iv3
n—l=er+e(l—r)—1=—r+ +2Z\/_(1—7“)—1
1 3r iv3
RSN
2 2 2
hence
m—1_ —1+4i/32r—1) .

n—1  —(1+3r)+iv3(1-r)

if and only if
V31 —7) — (143r)-V3(2r —1) =0.
1 1
This is equivalent to 1 —r = 612 —r — 1, i.e., r? = 3 It follows that r = —.

V3

Problem 21. Let G be the centroid of quadrilateral ABCD. Prove that if
lines GA and GD are perpendicular, then AD is congruent to the line segment
joining the midpoints of sides AD and BC.

Solution. Consider a, b, ¢, d, g the coordinates of points A, B, C, D, G,
respectively. Using properties of the real product of complex numbers,
we have

GA L GD if and only if (a —g) - (d—g) =0, i.e,

a+b+c+d at+b+c+d
o-— )\ )"

That is,
Ba—b—c—d)-(3d—a—-b—c¢) =0,

and we obtain

[a—b—c+d+2a—d)]-[a—b—c+d—2(a—d)]=0.
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The last relation is equivalent to

(a+d—b—c)-(a+d—b—c)=4(a—d) (a—d), ie.,

a+d b+cl?
SR = |a —d|?. (1)

Let M and N be the midpoints of the sides AD and BC. The coordinates

d b
of points M and N are ot and ;C; hence relation (1) shows that

MN = AD, and we are done.

Problem 22. Consider a conver quadrilateral ABCD with mnonparallel
opposite sides AD and BC. Let G1, G2, Gz, G4 be the centroids of the
triangles BCD, ACD, ABD, ABC, respectively. Prove that if AG; = BGo
and CGs = DGy, then ABCD is an isosceles trapezoid.

Solution. Denote by the corresponding lowercase letter the coordinate of a
point denoted by an uppercase letter. Setting s = a + b+ ¢ + d yields

_b—l—c—l—d_s—a _s—b _s—c _s—d
g1 = 3 —3792—3793—3,94—3-

The relation AG7; = BG9 can be written as

la — g1] = |b — g2|, that is, |4a — s| = |4b — s|.

Using the real product of complex numbers, we see that the last relation is
equivalent to

(4a —s) - (4a — s) = (4b — s) - (4b — s), i.e.,
16]al® — 8a - s = 16/b|> — 8b - s.

We obtain
2(la* = [b]*) = (a = b) - 5. (1)

Likewise, we have
CG3 = DGy if and only if 2(|c|* — |d|*) = (¢ — d) - 5. (2)
Subtracting the relations (1) and (2) gives
2(Jal® = |b]* = |¢|* + |d*) = (a —b—c+d) - (a+b+c+d).

That is,
2(|a|* = b)* = |¢|* + |d|*) = a4+ d]* = |b+c|?, ie.,
2(a@ — bb — ¢t + dd) = a¢ + ad + @d + dd — bb — bc — bc — cc.
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We obtain
aa@ — ad — ad + dd = bb — bc — be + ¢z, i.e.,
la —d|* = |b—c|%.
Hence
AD = BC. (3)
Adding relations (1) and (2) gives

2(lal* = b)> = |d* +|c|*) =(a—b—d+c)-(a+b+c+d),

and similarly, we obtain
AC = BD. (4)

From relations (3) and (4), we deduce that AB ||CD, and consequently, ABCD
is an isosceles trapezoid.

Problem 23. Prove that in every quadrilateral ABCD,
AC?.BD? = AB*.CD?* + AD*- BC* —2AB - BC -CD - DA - cos(A + O).
(Bretschneider relation, or a first generalization of Ptolemy’s theorem)

Solution. Let z4, zp, z¢, zp be the coordinates of the points A, B, C, D
in the complex plane with origin at A and point B on the positive real axis
(see Fig.5.13).

Using the identities

(24 — 2zc)(zB — 2p) = —(24 — 2B)(2D — 2¢) — (24 — 2D)(2c — 2B)
and
(za — zc)(zB — 2p) = —(24 — 2B)(2D — 2c) — (24 — 2D)(2c — 2B),
D
C
A B

Figure 5.13.
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by multiplication we obtain
AC?.BD? = AB? . DC?+ AD - BC? + 2z + %,

where

z=(za—2B)(2p —20)(za — 2D)(zc — 2B).

It suffices to prove that

z+Z=—-2AB-BC-CD-DA-cos(A+C).

We have
24— zp = AB(cosm +isinm),
zp — zc = DC[cos(2r — B — C) 4+ isin(2r — B — C)],
za — zp = DA[cos(m — A) + isin(m — A)],
and
zc — zp = BClcos(m + B) + isin(m + B)].
Then

z4+Z=2Rez=2AB-BC-CD-DAcos(bnr — A—C)
=—2AB-BC-CD-DA-cos(A+ C),

and we are done.

Remark. Since cos(A + C) > —1, this relation gives Ptolemy’s inequality
AC-BD < AB-DC+ AD - BC,

with equality only for cyclic quadrilaterals.

Problem 24. Let ABCD be a quadrilateral and AB = a, BC = b, CD =
¢, DA=d, AC =d;, and BD = ds.
Prove that

d3[a*d® + b*c* — 2abed cos(B — D)] = d3[a?b? + c¢*d* — 2abed cos(A — C)].
(A second generalization of Ptolemy’s theorem)

Solution. Let z4, zp, z¢, zp be the coordinates of the points A, B, C, D
in the complex plane with origin at D and point C on the positive real axis
(see Figure 5.13 but with different notation).

Multiplying the identities

(28 — 2p)[(24 — 2B)(24 — 2D) — (2¢ — 2B)(2¢ — 2D)]

= (2c — 24) - [(zB — 24) (2B — 2¢) — (2D — 24)(2D — 20)]
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and

(28 — 2p)[(24 — 2B)(24 — 2D) — (2¢ — zB)(2¢ — 2D)]

= (2¢ — z4) - (28 — 24) (2B — 2¢) — (2D — 24) (2D — 2C)]

yields

dala* - d* +b*-c* — (24 — 2B)(24 — 2p)(2c — 2B)(2¢ — 2D)
—(2c — zB)(2c — 2p)(2a — 2B)(24 — zD)]
= df[az P4 d— (zB —24)(zB — 20)(2D — 24)(2D — 2¢)

—(2p — 2a)(2p — 2¢)(2B — 2a) (2B — zC)]-

It suffices to prove that

2Re(za — 2B)(24 — zp)(z¢ — zB)(2c — zp) = 2abcd cos(B — D)

and
2Re(zp — z4)(2zB — 20)(zB — 24) (2D — 2c) = 2abed cos(A — O).
We have
zp — z4 = alcos(m + A+ D) +isin(r + A+ D)),
zp — z¢ = blcos(m — C) + isin(m — C)],
zp — 24 = d[cos(m — D) + isin(r — D)],
zp — z¢ = c[cos T + isin ],
za — zp = a[cos(A + D) + isin(A + D),
24 — zp = d(cos D + isin D),
zc — zp = b(cos B + isin B),
zo — zp = ¢(cos 0+ isin0);
hence

2Re(za — 2B)(24 — 2p)(zc — 2B)(zc — 2D)
= 2abed cos(A + D + D + C) = 2abed cos(2m — B + D) = 2abed cos(B — D)

and

2Re(zp — z4)(z5 — 2z¢)(zp — 24) (2D — 20)
=2abcdcos(mr+ A+ D+7n—C+n—D+m)
= 2abed cos(4dm + A — C) = 2abed cos(A — C),

as desired.
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Remark. If ABCD is a cyclic quadrilateral, then B+ D = A+ C = 7.
It follows that

cos(B — A) = cos(2B — 1) = —cos 2B
and
cos(A — C) = cos(2A — ) = — cos 24.

The relation becomes
ds[(ad + be)? — 2abed(1 — cos 2B)] = di[(ab + cd)* — 2abed(1 — cos 2A)].
This is equivalent to
d3(ad + bc)? — 4abedd sin® B = d?(ab + cd)? — 2abedd? sin? A. (1)

The law of sines applied to the triangles ABC and ABD with circumradii
R gives di = 2Rsin B and do = 2Rsin A, hence dj sin A = dysin B. The
relation (1) is equivalent to

d3(ad + be)* = d3 (ab + cd)?,

and consequently,
@ _ab+cd @)
di  ad+bc

Relation (2) is known as Ptolemy’s second theorem.

Problem 25. In a plane, three equilateral triangles OAB, OCD, and OEF
are given. Prove that the midpoints of the segments BC, DE, and F A are the
vertices of an equilateral triangle.

Solution. Consider the complex plane with origin at O and assume that
triangles OAB, OCD, OFEF are positively oriented. Denote by the corre-
sponding lowercase letter the coordinate of a point denoted by an uppercase
letter.

Let € = cos60° + isin 60°. Then

b=uae, d=ce, f=ec

and

_b+c ac+c  d+te cet+e  f+a e+a

M= =7y " "T Ty T Ty PT Ty T

Triangle M N P is equilateral if and only if

m+wn +w?p =0,
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where
w = cos120° + isin120° = £2.

Because

—_

m+entelp=mtein—ep=-(ac+c—c+ec? —e? —ca) =0,

2

we are done.

We invite the reader to solve the following problems using complex
numbers.

Problem 26. Let ABC be a triangle such that AC? + AB? = 5BC?. Prove

that the medians from the vertices B and C' are perpendicular.

Problem 27. On the sides BC, CA, AB of triangle ABC, the points
A’, B', C' are chosen such that

AB BC CA
AC T BA OB

Consider the points A", B, C" on the segments B'C’, C'A’, A'B’ such that

k.

A'C! C" B’ B" A’
A'"B’ = Cc" A = B'"C! = k.

Prove that triangles ABC and A" B"C" are similar.

Problem 28. Prove that the following inequality is true in every triangle:

R M,
— >
2r = hg

Equality holds only for equilateral triangles.

Problem 29. Let ABCD be a quadrilateral inscribed in the circle C(O; R).
Prove that

AB? + BC? + CD? + DA? = 8R?
if and only if AC L BD or one of the diagonals is a diameter of C(O; R).
Problem 30. On the sides of the convex quadrilateral ABCD, equilateral

triangles ABM, BCN, CDP and DAQ are drawn external to the figure.
Prove that quadrilaterals ABCD and M N PQ have the same centroid.

Problem 31. Let ABCD be a quadrilateral and consider the rotations
Ri, Ro, R3, R4 with centers A, B, C, D through angle o in the same
direction.
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Points M, N, P, Q are the images of points A, B, C, D under the
rotations Ro, Rs, R4, R1, respectively.

Prove that the midpoints of the diagonals of the quadrilaterals ABCD and
MNPQ are the vertices of a parallelogram.

Problem 32. Prove that in every cyclic quadrilateral ABCD, the following
hold:

(a) AD + BC cos(A + B) = ABcos A+ CDcosD.
(b) BC'sin(A + B) = ABsin A-CD sin D.

Problem 33. Let Og, I, G be the nine-point center, the incenter, and the
centroid, respectively, of a triangle ABC. Prove that lines OgG and Al are

perpendicular if and only zf/Al = g

Problem 34. Two circles wy and we are given in the plane, with centers Oy
and Os, respectively. Let M| and M} be two points on wy and we, respectively,
such that the lines Oy M| and O2 MY} intersect. Let My and My be points on wy
and wa, respectively, such that when measured clockwise, the angles M{01M;

and Mmg are equal.

(a) Determine the locus of the midpoint of [MyMa].

(b) Let P be the point of intersection of lines O1 My and OsMs The circum-
circle of triangle My P My intersects the circumcircle of triangle O1 PO at
P and another point Q). Prove that Q is fized, independent of the locations
of My and Ms.

(2000 Vietnamese Mathematical Olympiad)

Problem 35. Isosceles triangles A3A102 and A1AsOs are constructed
externally along the sides of a triangle A1AsAs with OxAs = O2A; and
O3A1 = O3A5. Let O1 be a point on the opposite side of line AsAs from A,
with 01/143\/12 = %Al/Og\Ag and Ol/Ag\Ag = %Al/O;%, and let T be the foot of
the perpendicular from Oy to AsAs. Prove that A1O1 1 O203 and that

4,0, _OT
0,05 " A, A3

(2000 Iranian Mathematical Olympiad)

Problem 36. A triangle A1 AsAs and a point Py are given in the plane.
We define As = Ags_3 for all s > 4. We construct a sequence of points
Py, P, P,, ... such that Py4q is the image of Py under the rotation with
center Apq1 through the angle 120° clockwise (k =0, 1, 2, ...). Prove that
if Proge = Py, then the triangle A1 As As is equilateral.

(27th IMO)
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Problem 37. Two circles in a plane intersect. Let A be one of the points of
intersection. Starting simultaneously from A, two points move with constant
speed, each point traveling along its own circle in the same direction. After
one revolution, the two points return simultaneously to A. Prove that there
exists a fived point P in the plane such that at every time, the distances from
P to the moving points are equal.

(21st IMO)

Problem 38. Inside the square ABCD, the equilateral triangles ABK,
BCL, CDM, DAN are inscribed. Prove that the midpoints of the segments
KL, LM, MN, NK and the midpoints of the segments AK, BK, BL, CL,
CM, DM, DN, AN are the vertices of a reqular dodecagon.

(19th IMO)

Problem 39. Let ABC be an equilateral triangle and let M be a point in

the interior of angle BAC. Points D and E are the images of points B and
C under the rotations with center M and angle 120°, counterclockwise and
clockwise, respectively. Prove that the fourth vertex of the parallelogram with
sides MD and ME is the reflection of point A across point M.

Problem 40. Prove that the following inequality holds for every point M
inside parallelogram ABCD:

MA-MC+ MB-MD > AB - BC.

Problem 41. Let ABC be a triangle, H its orthocenter, O its circumcenter,
and R its circumradius. Let D be the reflection of A across BC, let E be that
of B across CA, and F that of C across AB. Prove that D, E, and F are
collinear if and only if OH = 2R.

(39th IMO—Shortlist)

Problem 42. Let ABC be a triangle such that ACB = 2ABC. Let D be the
point on the side BC' such that CD = 2BD. The segment AD is extended to
E so that AD = DE. Prove that

ECB + 180° = 2EBC.
(39th IMO—Shortlist)

Problem 43. Let P be point situated in the interior of a circle. Two variable
perpendicular lines through P intersect the circle at A and B. Find the locus
of the midpoint of the segment AB.

(Mathematical Reflections, 2010)
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Problem 44. Let ABC' be a triangle and consider the points M € (BC),
N € (CA), P € (AB) such that

AP BM CN
PB  MC NA
Prove that if MNP is an equilateral triangle, then ABC is an equilateral

triangle as well.

(Romanian Mathematical Olympiad—District Round, 2006)

Problem 45. Consider the triangle ABC and the points D € (BC), E €
(CA), F € (AB), such that

BD CE AF

DC FEA FB’
Prove that if the circumcenter of triangles DEF and ABC coincide, then the
triangle ABC' is equilateral.

(Romanian Mathematical Olympiad—Final Round, 2008)

Problem 46. Ezterior to a nonequilateral triangle ABC, consider the similar
triangles (in this order) ABM, BCN, and C AP such that the triangle M N P
is equilateral. Find the angles of the triangles ABM, BCN, and CAP.

(Romanian Mathematical Olympiad—Final Round, 2010)

5.5 Solving Trigonometric Problems

Problem 1. Prove that

T n 37T+ 57T+ 77T+ o
€0S — + €0S — + €0S — + COS — + Ccos — = —.

11 11 11 11 1 2

. . ™ LT, .
Solution. Setting z = cos 11 + i sin I implies that
11

3 5 7 g 27—z —1l—2z 1

A +Z_22—1_22—1_1—z'

Taking the real parts of both sides of the equality gives the desired result.
Problem 2. Compute the product P = cos20° - cos 40° - cos 80°.

Solution 1. Setting z = cos20° + isin20° implies z° = —1, Z = cos20° —
2241 2441 241
Then

1sin 20°, and cos 20° = , c0s40° = ——— cos80° =
2z 222

24
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po EHDEHDE+D P -DEHDEAHDE+D)
N 827 B 827(22 - 1)
216 1 —27—1 1

T8(x9—27)  8(-1-27) &

Solution 2. This is a classical problem with a classical solution. Let S =
cos 20° cos 40° cos 80°. Then

S sin 20° = sin 20° cos 20° cos 40° cos 80°

= % sin 40° cos 40° cos 80°
1 : o o
= 1 sin 80° cos 80
1 1
=3 cos 160° = 3 sin 20°.
1
So S =—.
°7 T3

Note that this classical solution is contrived, with no motivation. The
solution using complex numbers, however, is a straightforward computation.

Problem 3. Let x, y, z be real numbers such that
sinz +siny +sinz = 0 and cosx + cosy + cosz = 0.
Prove that
sin 2x 4 sin 2y + sin2z = 0 and cos 2z + cos 2y + cos 2z = 0.
Solution. Setting z; = cosx+isinx, zo = cosy+isiny, z3 = cosz+isinz,

we have z1 + 22 + 23 = 0 and |z1] = |22| = |z3] = 1.
We have

zf + zg + z§ =(z1+ 22+ 23)2 —2(z129 + 2223 + 2321)
1 1 1 _ _ _

= _2Z1222‘3 —+ — 4+ — | = —22’12223(2‘1 + 2o + 23)
Z1 z9 z3

= —2212’22’3(2’1 + 29 + 23) =0.

Thus (cos2z + cos2y + cos2z) + i(sin2z + sin2y + sin2z) = 0, and the
conclusion is obvious.

Problem 4. Prove that

3
cos? 10° + cos? 50° + cos? 70° = 7
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Solution. Setting z = cos 10° + isin 10°, we have z° = i and
| o 210+1 |
cos 10° = , cosd0° = o cos70° = o

The identity is equivalent to

241 2+ 21041 2+ M1\ 3
2z 225 227 2

That is,

210 ol 12 L 22 o 14y 4y 28 01 = 6214, i.e.,

2By 6 12 4 1=0.

18 — _1, we obtain

Using relation z
L6 12 10 6 4 g
or equivalently,
4+ 1) =25 +1)=0.

That is,
t+ 1)1+ 1)
26 4+1

= 0,
which is obvious.
Problem 5. Solve the equation

cosx + cos2x — cos3x = 1.
Solution. Setting z = cosx + isinx yields

22 +1 5 A+ 5 25 +1
COSX = COS LY = ————, COSO¥ = ————
2z 222 223

The equation may be rewritten as

22+1+z4—|—1 zﬁ—l—li
2z 222 223

This is equivalent to
(== )+ (P =22 -2+ 1) =0,

or
(B +1)(22 =22 —z+1)=0.

Finally, we obtain
(Z4+1)(z-1)*z+1)=0.

233

1, ie, 2P+ 224254225 -1-22=0.
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Thus, z = 1 or 2 = —1 or z*> = —1, and consequently, z € {2kr|k € Z} or

2k
re{m+2knlkeZ}orxe {%“ﬂ € Z}. Therefore,

2% + 1
:z:e{kﬂkeZ}U{ ;ﬂkez}.

Problem 6. Compute the sums
S = qu -coskx and T = qu - sin kx.
=1 k=1

Solution. We have

1+ 8 +4iT = qu(coskx +isinkz) = qu(cosx +isinz)®
k=0 k=0

n+1( )nJrl

_1—q cosx +isinx
- 1 —qcosz —igsinx
11— g cos(n + 1)z + isin(n + 1)x]

1 —qcosz —igsinx

[1—q" " cos(n+ 1)z — ig" L sin(n + 1)z][1 — gcosz + igsin x]

q? —2qcosx + 1 ’

hence
1+8= q"*? cosnz — "' cos(n + 1)z — gcosx +1
B g% —2qgcosz +1
and
T — ¢""?sinnz — ¢"sin(n + 1)z + gsinz

q? —2qcosx + 1

Remark. If ¢ = 1, then we obtain the well-known formulas

(n+ 1)z (n+1)x
n sin — cos sin — sin
Zcos kx = 2 = 2 and Zsmkx = = 2
1 sin 5 1 sin o



5.5 Solving Trigonometric Problems 235

Indeed, we have

i cos kg = SO5NE — cos(n+ 1)z — (1 — cosx)
k=1

2(1 — cosx)
2 1
_ 2sin§sinw — 2sin2§
4sin? 2
(2n+ 1)z x . n (n+ 1)z
sin —sin=  sin — cos
_ 2 2 _ 2
2sin — sin z
2
and
. sinnz — sin(n + 1)z + sinz
Z sinkz =
pt 2(1 — cosz)
2 1
B 2singcos§ — 2sin§cos%
= T
4sin® =
sin” 5
x (2n+1)x . nx . (n+1)x
€oS — — COs ———  sin — sin ———
2 2 _ 2 2
- 2sin z a sin z
2
Problem 7. The points A1, As, ..., Aig are equally distributed on a circle

of radius R (in that order). Prove that AyAy — A1 Ay = R.

Solution. Let z = COSlTr—O + ¢sin % Without loss of generality, we may
3

assume that R = 1. We need to show that 2sin 1—7(; — 2sin 110 =1.
22—1

In general, if z = cosa + isina, then sina = and we have to prove

201 22 -1

25 iz
25 = i, the previous relation is equivalent to 28 — 264+ 24 — 2241 = 0. But this
is true, because (28 — 264+ 24 — 224+ 1)(22+1) =20+ 1 =0and 22+ 1 # 0.

Problem 8. Show that

2iz

= 1. This reduces to 26 — 2% 4+ 22 — 1 = i23. Because

us 2w n 3m 1
COS — —COS — + CcoS — = —.
7 7 7 2
(5th IMO)
Solution. Let z = cos T + i sin T Then 27 + 1 = 0. Because z # —1 and

2T+ 1= (24+1)(28 -2+ 24— 23+ 22— 2+1) =0, it follows that the second
factor in the above product is zero. The condition is equivalent to
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1
Poz41) = .
z2(z%—z+1) =
The given sum is
2 3
cosg — cos Tﬁ + cos 77? =Re(z® — 2% + 2).
1 1 .
Therefore, we have to prove that Re 1T-5)= 5 This follows from the
—z

following well-known lemma.

1 1
Lemma. If z =cost+isint and z # 1, then Rel =3
—z
Proof.
- 1 B 1
1—2z 1—(cost+isint) (1—cost)—isint
1 B 1
ot Lt t t t t
2sm2§—2zsm§cos§ 231115 <sin§—icos§>
Lt t
B 51n§+zcos§ _1+ . COS§
= 7 = t ¢
. 2 .
2sin — 2sin —

Problem 9. Prove that the average of the numbers ksink® (k = 2,4,
6,...,180) is cot 1°.

(1996 USA Mathematical Olympiad)

Solution. Set z = cost + isint. From the identity

Z_|_222_|_..._|_n2":(Z_|_..._|_Z")+(Z2_|_..._|_Z")_|_..._|_Z"

1
= olET = F ETT =) e T 2]
nzttl o pntl_ o

T -1 (z—1)2°

we derive the formulas

. (2n+ 1)t
n (n+1)sin—5— 7 _ Dt
Z kcoskt = 7 2 - cos(n:— ) , (1)
k=1 2sin = 4 sin? 3
cos 2n+1)t
Z ksinkt = sin(n + t) - 2 . (2)

t
k=1 4in? = 2sin 5
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Using relation (2), one obtains

2sin2°+4sin4°+ - - - +178sin 178022(8111 2°42sin2 - 2° 4 --- 4+ 89sin 89 - 20)
5 <sin90-2° 90C0$1790> B _90c0s179°

_ — 90 cot 1°.
AsinZ 1° 2sin 1° 0

sin 1°

Finally,

1
%(2 sin2° +4sin4° + --- + 178sin 178° + 180 sin 180°) = cot 1°.
Problem 10. Let n be a positive integer. Find real numbers ag and ag, k,l =
1,n, k>, such that

sin? nx
5 = ag + Z Qag] COS 2(k — l)$

S 1<l<k<n

for all real numbers x # mm, m € Z.
(Romanian Mathematical Regional Contest “Grigore Moisil,” 1995)

Solution. Using the identities

n . 1
S, = Zcos 2z — sin nz cos(n + 1)x

sinx
=1
and
n . .
L sinnzsin(n + 1)z
Sy = E sin 2jx = _ ,
‘ sinx
j=1
we obtain

. 2
§24 52— (smnx)

sinz
On the other hand,
S? 4+ 83 = (cos 2z + cos4x + - - - + cos 2nzx)?
+(sin 22 4 sin4x + - - - + sin 2nzx)?

=n+2 Z (cos 2kx cos 21z + sin 2kx sin 2lx)
1<i<k<n

=n+2 Z cos2(k — l)x;

1<I<k<n

hence

: 2
sin na
= 2 2(k = ).
( P ) n+ E cos 2( )

1<i<k<n
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Set ag =n and ay; =2, 1 <[ < k <n, and the problem is solved.

Here are some more problems.
Problem 11. Sum the following two n-term series for 6 = 30°:

cosf  cos(20)  cos(36) cos((n —1)0)
cosf  cos?f cos3 6 cos"~10

(i) 1+ , and
(ii) cos @ cos  + cos? 0 cos(20) + cos® 6 cos(36) + - - - + cos™ O cos(nb).
(Crux Mathematicorum, 2003)

Problem 12. Prove that
2 -1
1 + cos™ (E) + cos®™ (l) + -+ + cos®” <—(n )W>
n n n
g (2+ (2”) )
n

Problem 13. For every integer p > 0, there are real numbers ag, a1,..., ap
with ap # 0 such that

for all integers n > 2.

cos2pa = ag + ap sin® a + - -+ + a, - (sin® @), for all a € R.

Problem 14. Let

What is the greatest integer that does not exceed 100x?
(1997, AIME Problem 11)

Problem 15. Prove that

n

Z (Z) cos[(n — k)x + ky| = <2cos z ; y) cosnx;y

k=0

for all positive integers n and all real numbers x and y.

(Mathematical Reflections, 2009)
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Problem 16. Let k be a fixed positive integer and let

Gy — (" " " i =0,1,....k—1
9= (N () () e =0t

Prove that

2
(S,(lo) + 5 cos 2% + .o+ 8% cos M)

2 4 2k — D\ ” 2n
+ <S7(11) sin % + 5@ sin % + ... 4 S¥FVgin (T)W) = (2 cos %) .

(Mathematical Reflections, 2010)

Problem 17.

(a) Let 21,22, 23,24 be distinct complex numbers of zero sum, having equal
absolute values. Prove that the points of complex coordinates z1, z2, 23, 24
are the vertices of a rectangle.

(b) Let z,y, z,t be real numbers such that sinx + siny + sinz + sint = 0 and
cosx + cosy + cos z + cost = 0. Prove that for every integer n,

sin(2n 4+ 1)x + sin(2n 4+ 1)y + sin(2n + 1)z + sin(2n + 1)t = 0.

(Romanian Mathematical Olympiad—District Round, 2011)

5.6 More on the nth Roots of Unity

Problem 1. Let n > 3 and k > 2 be positive integers and consider the
complex numbers

2 . . 27
Z = CO0S — -+ 181N —
n n

and
0=1—z2+22—23 4. 4 (=1 1AL
(a) If k is even, prove that 0™ = 1 if and only if n is even andg divides k —1
ork+1.
(b) If k is odd, prove that 0™ =1 if and only if n divides k — 1 or k + 1.

Solution. Since z # —1, we have

1 + (_1)k+12k

9:
1+z2
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(a) If k is even, then

2k 2%k L kn (. kxn . krm
B 1k B 1—c0sTﬂ—isinT7T B SIHW <Sln7—zcos7
1+2 1+cos2—7r+isin2—7r COSE(COSZ—Fisinz)
n n n n n
. km
sin —
k—1 k—1
=—i—12 (cos( )W—l—isin( M),
Ccos — n n
n
and
. km
sin —
0] = {C
cos —
‘We have
k
|9|=1ifandonlyif|sin—7r|:|cosz|.
n n
That is,
km T 2km 2

sin? == = cos® = or cos — + cos — = 0.
n n n n

The last relation is equivalent to

k+1 k—1
cos (k+ Dm cos ( ) =0, ie.,
n n

2(k+1)

€27 +1,

2(k—1
or g € 27Z + 1. This is equivalent to the statement that n is even
n

and g divides k 4+ 1 or k — 1. Hence, it suffices to prove that " =1 is
equivalent to 0] = 1.

The direct implication is obvious. Conversely, if |6] = 1, then n = 2¢,
t € Zy, and t divides k + 1 or k — 1. Since k is even, the numbers
k+1, k—1areodd; hencet=2l+1andn=41+2, | € Z.

Then

+ ¢sin

(k—D)m

and
0" = —cos(k — 1)m =1,

as desired.
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(b) If k is odd, then

2%kr . 2k BT (o ¥ 4 iain BT
1—|—COST—|—ZSIH— cos - (cos " + 2sin -

k
T T T
L4z 1+COS2—7T+iSiH2—7T cos—(cos—+z'sin—)
n n n n n
km
‘3037( k-1 k-1 )
= T coSs T+ 181n T .
coS — n n
n
‘We have
k
|#] =1 if and only if cos—ﬂ-‘ = ‘cosz‘.
n n
That is,
5 km 9 T 2km 2
COS” — = C0S” — SO COS —— = COS —.
n n n n

It follows that
(k+D)m . (k—Dr

sin sin =0,
n n

i.e., n divides K+ 1 or k — 1.

It suffices to prove that 6™ = 1 is equivalent to |#| = 1. Since the direct
implication is obvious, let us prove the converse. If |§] = 1, then k +1 =
nt, t € Z. Then k =nt +1 and

It follows that
0" = (—1)*(cos(k — 1) 4 isin(k — 1)7) = (=1)*H(=1)* 1 =1,
as desired.

Problem 2. Consider the cube root of unity

27 s 27
€ =08 — + isin —.
3 3
Compute
(T+e)(1+e%) - (1487,

Solution. Notice that e =1, 2 +e+41 =0 and 1987 = 662 -3 4 1. Then
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(1+e)(1+e2) - (141987

661
_ H[(l +53k+1)(1 +53k+2)(1 +€3k+3)](1 —|—61987)

k=0

661
= [JI0+)A+)A+1)](1 +&) = (1 +)[2(1 + & + &> + )]
k=0
= (1+¢)[2(0 +1)]%02 = 2062(1 +¢)
— 9002(_c2) = goe LH VS +2i\/§ = 2%M(1 +iv/3).

Problem 3. Let ¢ # 1 be a cube root of unity. Compute
(1—e+e)A—-e*+e) (1 —e"+&2m).

Solution. Notice that 1 + e +¢2 =0and €3 = 1. Hence 1 — e + €2 = —2¢
and 1 +¢e — g2 = —2¢2,
Then

1, if n = 0(mod3),
1—e"+e?" ={ —2¢, if n=1(mod3),
—2¢2if n = 2(mod3),

and the product of any three consecutive factors of the given product equals
1-(—2¢)-(—2¢?) = 22
Therefore,
(1—e4+eHA—e?+eh)---(1—e" 4 &™)
2% if n = 0(mod3)

5 ( ,
= —23[%}“5, if n = 1(mod3),
2215142 if n = 2(mod3).

Problem 4. Prove that the complex number

241
2—1

z =

has modulus equal to 1, but z is not an nth root of unity for any positive
mteger n.

Solution. Obviously, |z| = 1. Assume for the sake of a contradiction that
there is an integer n > 1 such that 2" = 1.
Then (2 + )" = (2 — )", and writing 2+ = (2 — i) + 2¢, it follows that
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2-9)"=02+)"
S\ n An—1o n . An—1 AT
=(2—1) +<1)(2—2) 2z+---+(n_1)(2—2)(2z) + (20)™.

This is equivalent to

(20)" = (=2+1) { (’f) (20 —1)" 22 + - + (nﬁl) (22.)”_1}
= (=2+i)(a + bi),

with a, b € Z.
Taking the modulus of both sides of the equality gives 2" = 5(a” + b?), a
contradiction.

Problem 5. Let U, be the set of nth roots of unity. Prove that the following
statements are equivalent:

(a) there is a € Uy, such that 1 + « € Up;
(b) there is B € U, such that 1 — B € U,.

(Romanian Mathematical Olympiad—Second Round, 1990)
Solution. Assume that there exists o € U, such that 1 + « € U,. Setting

1 1 " 1
6 — H—a’ we have ﬂn = <1_|-_a> = m = 1, and hence ﬂ S Un
al

On the other hand, 1 — 8 = @ and (1 — )" = ———— = 1; hence
a+1

(14 a)m
1 -3 € U,, as desired.
: _1-8 . n o (a=8"
Conversely, if 3, 1 =8 € Uy, set a = T Since a™ = [3—" =1 and
1
(1+a)" = 7 1, we have o € U,, and 1 + « € U, as desired.
Remark. The statements (a) and (b) are equivalent to 6|n. Indeed, if o, 14
a € Uy, then |a| = [1+a| = 1. It follows that 1 = [1+a|?> = (1+a)(1+@) =

1
1+a+a+|a|2=1+a+6+1:2+a+—,i.e.,az—%:l:i‘/?g;hence
o
1, V3 21

2
1+oz:§:|:iTzcos%:|:isin€.

Since (1 + a)™ =1, it follows that 6 divides n.

1 3
Conversely, if n is a multiple of 6, then both o = —3 + z\/T_ and 1 +a =

1
3 + z\/?g belong to U,.

Problem 6. Let n > 3 be a positive integer and let € # 1 be an nth root of
unaty.
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2
(1) Show that |1 — €| > —7"
n—
(2) If k is a positive integer such that n does not divide k, then

. km
sin —
n

1

n—1

>

(Romanian Mathematical Olympiad—Final Round, 1988)
Solution.

(1) We have e” — 1 = (¢ — 1)(e""! + - + & + 1); hence taking into account
that € # 1, we obtain e ! 4-.-4+e+1 = 0. The last relation is equivalent
to(e" t—1)+--+(e—1)=-n,ie, (e—1)[e"2+2" 3+ .-+ (n—
2)e + (n — 1)] = —n. Passing to the absolute value, we find that

n = |e—1[]e" 242" 34+ (n—1)| < |e—1|(|e" 2| +2le|" P+ - -+ (n—1)).

Therefore,

nn—1
: : : . 2 _
i.e., we obtain the inequality |1 — ¢| > 1 Moreover, equality is not
" —

n—1

possible, since the geometric images of 1,¢,...,¢e are not collinear.

2k 2k
(2) Consider e = cos 2T 4 isin =" and obtain
n n

2km

km .
l—e=1—-cos— —isin —.
n n
Hence

2k7\ > 2k 2k k
|1—5|2—(1—c0s—7T> sin? 20 =9~ 2cos 8 = 4sin? L.
n n n n

Applying the inequality in (1), we see that the desired inequality follows.
Problem 7. Let U, be the set of nth roots of unity. Prove that

0 if n =0 (mod4),

2, ifn=1 (mod2),
IT(#+2) =120 it =2 tmoas
U, € —4, if n =2 (mod4),

2, if n =3 (mod4)

Solution. Consider the polynomial

f@y=x"-1= ] (X -e).

ecUy,
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Denoting by P, the product in our problem, we have

I (e+i)(e—1d)
1 e2+1  ceu,
PHZH<E+E>:H e II ¢

ecU, ecU, cclU,

IT G+e) [ (—i+e)

F=1) - £6) _ [=0)" =16 = 1)

(=1)"f(0) - (-

If n = 0(mod 4), then i =1 and P, = 0.
If n = 1(mod 2), then (—1)"~! =1 and

245

Po=(—i"=-1GE"-1)= (" =1)=—((-1)"=1) = —(-1-1) = 2.

If n = 2(mod 4), then (=1)""t = -1, (=i)" =i" =i = —1, i

p_ 1o 12(1_1 -n_ .,

If n = 3(mod 4), then (—1)""! =1 and

= —1; hence

Pp=(="=1)(" - 1) = (- 1)(=" 1) =~ ~ 1) = ~((-1)° = 1) = 2,

and we are done.

Problem 8. Let

27 s 27 >0
= COS —— 7SI —. N
v o+ 1 my1 T

and let
1 2 n
z—_+(7+(7+...+(7_

Prove the following:

(a) Im(2%F) = Re(22**1) = 0 for all k € N.
(b) (22 +1)*" T 4 (22 — 1)?"+ = 0.

Solution. We have w?*t! =1 and
4w+ w? 4+ 4w =0.

Then

1 1
5+w+w2+-~-+w"+w”(w+w2+~-~+w”)+5

or
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whence
1 w™—-1
g==
2 wr+1
1L — J— -
(a) We have z = — <~ = —z. Thus 22¥ = 22k and 22F+1 = —»2k+1 The

2L 41
conclusion follows from these two equalities.

(b) From the relation
1 1
z4+w" <z——) +2 =0,

2 2
we obtain 2z + 1 = —w"(2z — 1). Taking into account that w?"*! = 1, we
obtain (2z 4+ 1)?"*! = —(22 — 1)?"*! and we are done.
Problem 9. Let n be an odd positive integer and g, €1, .. .,En—1 the complex

roots of unity of order n. Prove that

n—1

H(a—l—bsi) =a"+b"
k=0

for all complex numbers a and b.
(Romanian Mathematical Olympiad—Second Round, 2000)

Solution. If ab = 0, then the claim is obvious, so consider the case that
a# 0 and b#0.

We start with a useful lemma.

Lemma. Ifeg,e1,...,6,-1 are the complex roots of unity of order n, where
n s an odd integer, then

n—1

[[A+Bey) = A+ B"
k=0

for all complex numbers A and B.

Proof. Using the identity

and the conclusion follows. O
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Because n is odd, the function f : U, — U, is bijective. To prove this,
it suffices to show that it is injective. Indeed, assume that f(x) = f(y).
It follows that (z —y)(z+y) = 0. If z+y = 0, then 2" = (—y)", i.e., 1 = —1,
a contradiction. Hence = = y.

From the lemma we have

n—1 n—1
H(a—i—bsz) = H(a—i—bsj) =a" +b".
k=0 §=0

Problem 10. Let n be an even positive integer such that 5 is odd and let

€0, €1, ---, En—1 be the complex roots of unity of order n. Prove that
n—1
[T(a+0beh) = (@ +b%)?
k=0

for arbitrary complex numbers a and b.
(Romanian Mathematical Olympiad—Second Round, 2000)

Solution. If b = 0, the claim is obvious. If not, let n = 2(2s + 1). Consider
a .
a complex number « such that o? = 3 and the polynomial

f:Xn—l:(X—Eo)(X—El)-"(X—En_l).

We have
(ONOREEREE
and
1) (2) o
hence
F(5)1(-5) =@ +ed) @+ ).
Therefore,

n—1 n—1 n—1

H (a—l—bsi):b”H(%—i—ai):b" (@ 4 €3)

k=0 k=0 k=0
=0 (2)£(-2) = vl v = |
.

S S 2
_ p2(2s+1) <a2 T p? +1> —
= b2t 1 =

w3
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The following problems also involve nth roots of unity.

Problem 11. For all positive integers k, define
U, ={z € Clz" =1}.
Prove that for integers m and n with 0 < m < n, we have

U1UU2U"'UUmCUnferlUUnferQU"'UUn.

(Romanian Mathematical Regional Contest “Grigore Moisil,” 1997)

Problem 12. Let a, b, ¢, d, a be complex numbers such that |a| = |b| # 0
and |c| = |d| # 0. Prove that all roots of the equation

c(bz 4+ a)” — d(ax + ba)" =0, n > 1,
are real numbers.

Problem 13. Suppose that z # 1 is a complex number such that z™ =1, n >
1. Prove that

[nz = (n+2)| <

(n+1)(2n+1)
T'Z_ 1)2.

(Crux Mathematicorum, 2003)

Problem 14. Let M be a set of complex numbers such that if x, y € M,
then £ € M. Prove that if the set M has n elements, then M 1is the set of

Y
the nth roots of 1.

Problem 15. A finite set A of complex numbers has the property that z € A
implies z™ € A for every positive integer n.
(a) Prove that > z is an integer.

z€EA
(b) Prove that for every integer k, one can choose a set A that satisfies the
above condition and Y z = k.
z€EA

(Romanian Mathematical Olympiad—Final Round, 2003)
n—1

5 ok
Problem 16. Let n > 3 be an odd integer. Fvaluate Z sec —F.
n

k=1
(Mathematical Reflections)

Problem 17. Letn be an odd positive integer and let z be a complex number
such that 22"~ — 1 = 0. Evaluate

n—1
o1

(Mathematical Reflections)
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Problem 18. The ezpression sin2°sin4°sin6°...sin90° is equal to
p\/5/250, where p is an integer. Find p.

Problem 19. The polynomial P(z) = (1+z+ 2%+ ...+ 2'7)2 — 2'7 has 34
complex roots of the form

2, = r[cos(2may) + isin(2mag)], k=1,2,3,...,34,

with 0 < a1 < as <az < ...<az <1 andrr > 0. Given that a1 + as +
as + a4 + a5 = m/n, where m and n are relatively prime positive integers,
find m +n.

(2004 AIME I, Problem 13)

Problem 20. The sets A = {z : 2'® = 1} and B = {w : w*® = 1} are both
sets of complex roots of unity. The set C = {zw : a € A and w € B} is also
a set of complex roots of unity. How many distinct elements are in C?

(1990 AIME, Problem 10)
) 2r .. 2w .
Problem 21. Let n > 3 be an integer and z = cos — + isin —. Consider
n n

the sets
A={1,2,2% ... 2"}

and
B={1,1421+z2z+2% .., 14+2z+... 42"}
Determine AN B.

(Romanian Mathematical Olympiad—District Round, 2008)

5.7 Problems Involving Polygons

Problem 1. Let z1, 22, ..., z, be distinct complex numbers such that |z1| =
|z2| = - -+ = |zn|. Prove that

>

1<i<j<n

zi + 24 22 (n—l)(n—2)'

2

Zi—Zj

Solution. Consider the points A1, Ao, ..., A, with coordinates z1, 2o, . . ., Zn.
The polygon A;As--- A, is inscribed in the circle with center at the origin
and radius R = |z1].

The coordinate of the midpoint A;; of the segment [A;A;] is equal to
Zi + Zj

,for 1 <i < j <n.Hence

|2i + 2;1* = 40A7; and |z; — 2|* = A; A
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Moreover, 40A7; = 4R* — A; A%
The sum

Z Zi+zj2

1<i<j<n

Zi — Zj
equals

40A?, 4R? — A; A2 1
S amm X amow X oaw(3)

A A
1<i<j<n =7 1<i<j<n J 1<i<j<n
The AM-HM (arithmetic mean—harmonic mean) inequality gives

)]

1<i<j<n

1<i<j<n

Since Y, A;A3 <n?- R? it follows that

1<i<j<n
2
2
2
Py £ N A A

> A4 (;>

1<i<j<n

Z 2 + 2j

1<i<j<n

Zi—Zj

as claimed.

Problem 2. Let A1 As--- A, be a polygon and let a1, az, ..., a, be the
coordinates of the vertices Ay, Aa, ..., Ayn. If la1] = |ag] = -+ = |an| = R,
prove that

Z la; +a;j|* > n(n —2)R%

1<i<j<n
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Solution. We have

Yoo la+alP= Y (ai+a)(@+a)

1<i<j<n 1<i<j<n
= > (aif + lag]* + ag@; + Tay)
1<i<j<n
n n n n
_op? (2) Y = DRSS e - Y
i#j i=1 j=1 i=1
n
n(n — 1)R? + <Z a1> (Zaﬁ) — nR?
i=1
n 12
=n(n —2)R* + Z ai| >n(n—2)R?
i=1
as desired.
Problem 3. Let z1, z2, ..., zpn be the coordinates of the vertices of a reqular
polygon with circumcenter at the origin of the complex plane. Prove that there
are i, j, k € {1,2, ..., n} such that z; + z; = z, if and only if 6 divides n.
Solution. Let & = cos 2X + isin 2Z. Then z, =z, - e’ !, forallp=T,n
We have z; + z; = z;, if and only if 1 +&77% = gh—i i,
o o . 2 — i 2k — g
2cos L cos U = m + i sin U = m = cos ( Z)ﬁ+i sin ( Z)ﬂ.
n n n n n

The last relation is equivalent to

G- _

2(k —1
- gz% ie., n=6(k—1i)=3(j —i);
hence 6 divides n.

Conversely, if 6 divides n, let

z‘:1,j:§+1, k:%+1,

and we have Z; + z; = zp, as desired.

Problem 4. Let z1, zo, ..., z, be the coordinates of the vertices of a reqular
polygon. Prove that

2 2 2
Z1+ 25+ -+ 2z, = 2120+ 2023+ - + 2p21.

Solution. Without loss of generality, we may assume that the center of the
polygon is the origin of the complex plane.
Let 2z = 216"~ 1, where

2T 2T
s—cos——i—zsm— k=1,
n
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The right-hand side is equal to

n

2122 + 2223 + -+ 2p21 = E ZiZk+1
k=1

~ 1—¢g2n
c2k—1 _
R —
S

On the other hand,

and we are done.

Problem 5. Let n > 4 and let a1, az, ..., an, be the coordinates of the
vertices of a regular polygon. Prove that

aias + asasz + -+ + anay = a1a3 + asaq + - - - + anao.

Solution. Assume that the center of the polygon is the origin of the complex
plane and aj, = a;e*~', k=1, ..., n, where

20 .. 2w
€ =08 — 4+ 18SIn —.
n n

The left-hand side of the equality is

n
aias + asas + - - + ana; = a% Zs%_l = a%e% =0
k=1
The right-hand side of the equality is
n 2n
A3 =t =0,
and we are done.
Problem 6. Let z1, 22, ..., 2z, be distinct complex numbers such that
21| = |22 = -+ =|zn| = 1.
Consider the following statements:
(a) z1, 22, ..., zn are the coordinates of the vertices of a regular polygon.

(b) 20 4+ 25 + -+ 20 =n(=1)"Tz125. .. 2.
Decide with proof whether the implications (a) = (b) and (b) = (a) are
true.



5.7 Problems Involving Polygons 253

Solution. We condider first the implication (a) = (b).

2w T
Let ¢ = cos — +isin —. Since z1, 29, . . ., 25, are coordinates of the vertices

of a regular pol?lgon, witﬁout loss of generality we may assume that
2k = 21" for k=1, n.
Then relation (b) becomes
214"+ 4. 4 M) = (1) F R 2 (D)

This is equivalent to

n= n(—l)"“anm{l), ie.

)

- — +1sin

1= (-1)"*! _
(=1) (COS 2 n 2 n

‘We obtain

R RCINPRICELIR )

1= (=1)""(cos(n — )7 +isin(n — 1)7), ie., 1= (=1)""(=1)""1

which is valid. Therefore, the implication (a) = (b) holds.
We prove now that the implication (b) = (a) is also valid.
Observe that

|n - (—1)"+12122 cozn|l =0z 22| |z = 1

hence
o+ 242l =

Using the triangle inequality, we obtain

n=la by et S g 4 e = L L L=
~—_———

n times
hence the numbers 27, 2%, ..., 2 have the same argument. Since |2]| =
|28] = -+ = |2 = 1, it follows that 2] = 2 = --- = 2! = a, where a is
a complex number with |a| = 1. The numbers 21, 22, ..., z, are distinct.

Therefore, they are the nth roots of a, and consequently the coordinates of
the vertices of a regular polygon.

Problem 7. Let A, B, C be three consecutive vertices of a reqular n-gon and
consider the point M on the circumcircle such that points B and M lie on
opposite sides of the line AC.

Prove that MA+ MC = 2MBCOSE.
n

(A generalization of the Van Schouten theorem; see the first remark below)
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Solution. Consider the complex plane with origin at the center of the
polygon and let 1 be the coordinate of A;.
2 —
If e = cos il + ¢ sin —W, then €1 is the coordinate of Ay, then k =1, n.
n n
Without loss of generality, assume that A = A;, B = As, and C = As.
Let zp = cost + isint, ¢t € [0,27) be the coordinate of the point M. Since
4
points B and M are separated by the line AC, it follows that Tt
n
Then

t
MA=|zy — 1| = \/(Cost— 1)2 4 sin?t = /2 — 2cost = 281115,

t
MB:|2M—£|=2sin<§—z),

n

and

t 2
MC = |zp — €% = 2sin (———W>.
2 n

The equality
MA + MC = 2MB cos =
n

is equivalent to

.t . t 2m . t w s
251n§ + 2sin (5 - 7) = 4sin (5 - E) cos;,

which follows from the sum-to-product formula on the left-hand side.

Remarks.

(1) If n = 3, then we obtain Van Schouten’s theorem: For every point M on
the circumcircle of the equilateral triangle ABC' such that M belongs to

the arc AC, we have
MA+MC=MB.

Note that this result also follows from Ptolemy’s theorem.

(2) If n = 4, then for every point M on the circumcircle of the square ABCD
such that B and M lie on opposite sides of the line AC, we have the
relation

MA+ MC =+vV2MB.

Problem 8. Let P be a point on the circumcircle of square ABCD. Find all
integers n. > 0 such that the sum

Sp(P)=PA"™ + PB" + PC" + PD"

s constant with respect to the point P.
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Solution. Consider the complex plane with origin at the center of the square
such that A, B, C, D have coordinates 1,4, —1, —i, respectively.
Let z = a+bi be the coordinate of point P, where a, b € R with a24+b% = 1.
The sum S, (P) is equal to

S, (P)=[(a—1)24b%% +[a>+(b—1)4% + [(a + 1)2 + % + [a®> + (b+ 1)%]2
=25 [(14+a)? +(1—a)2 +(1+b)2 +(1-b)2].

Set P = A(1,0). Then Sn(A) = 23 + 2" For P = E (ﬁ ﬁ) we get

Sn(B) =2(2-v2)% +2(2+V2)5.

Since S,,(P) is constant with respect to P, it follows that S, (A) = S, (E), or
275 4 2n =2(2— V2)% +2(2+V2)5.

It is obvious that 2%22(2 —V/2)% for all n > 1. We also have 2" >
2(2++/2)% for all n > 9. The last inequality is equivalent to

1 (2+v2)"
—>< +\/_> for n > 9.

4 4

The left-hand side of the inequality decreases with n, so it suffices to observe
that
9
1 (24 V2
4 4 '

Therefore the inequality S, (A) = S, (E) can hold only for n < 8. Now it is
not difficult to verify that S, (P) is constant only for n € {2,4, 6}.

Problem 9. A function f : R? — R is called Olympic if it has the following
property: given n > 3 distinct points Ay, As, ..., A, € R% if f(A) =
f(As) =--- = f(Ay), then the points Ay, As, ..., A, are the vertices of a
convex polygon. Let P € C[X] be a nonconstant polynomial. Prove that the
function f : R? = R defined by f(z, y) = |P(z + iy)| is Olympic if and only
if all the roots of P are equal.

(Romanian Mathematical Olympiad—Final Round, 2000)

Solution. First suppose that all the roots of P are equal, and write P(z) =
a(z — zg)™ for some a, zg € C and n € N. If Ay, As, ..., A, are distinct
points in R? such that f(A;) = f(A2) = --- = f(Ay), then Ay, ..., A,
are situated on a circle with center (Re(zo), Im(zo)) and radius {/|f(A1)/al,
implying that the points are the vertices of a convex polygon.

Conversely, suppose that not all the roots of P are equal, and write P(z) =
(z — z1)(z — 22)Q(2), where z; and zy are distinct roots of P(x) such that
|21 — 22| is minimal. Let ! be the line containing Z; = (Re(z1), Im(z1)) and
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Z2 = (RG(ZQ), IIIl(ZQ)), and let zZ3 = %(21 +22), so that Zg = (RG(Z:;), Im(23))
is the midpoint of [Z1Z5]. Also, let s1, s3 denote the rays Z3Z; and Z3Zs,
and let d = f(Z3) > 0. We must have r > 0, because otherwise, z3 would

be a root of P such that |z — 23| < |21 — 22|, which is impossible. Because
f(Z3) =0,
lim f(Z) = +oo,
Z3—>OO
Z€Es1

and f is continuous, there exists a point Z4 € s1 on the side of Z; opposite Z3
such that f(Z4) = r. Similarly, there exists Z5 € s2 on the side of Z5 opposite
Z3 such that f(Z5) = r. Thus, f(Z3) = f(Z4) = f(Z5) and Z3, Z4, Zs are
not vertices of a convex polygon. Hence f is not Olympic.

Problem 10. In a convex hexagon ABCDEF, A+C+ E =360° and
AB-CD-EF =BC-DE-FA.
Prove that AB - FC - EC = BF - DE - CA.
(1999 Polish Mathematical Olympiad)
Solution. Position the hexagon in the complex plane and let ¢ = zp — 24,
b=zc—2z28,..., f = za —zp. The product identity implies that |ace| = |bdf|,

—b _
and the angle equality implies that — - — - — is real and positive. Hence,

a ¢ e
ace = =bdf. Also, a+b+c+d+e+ f = 0. Multiplying this by ad and adding
ace + bdf = 0 gives a®d + abd + acd + ad? + ade + adf + ace + bdf = 0, which
factors as a(d 4 e)(c + d) + d(a + b)(f + a) = 0. Thus

la(d + €)(c+ d)| = |d(a +b)(f + a)|,
which is what we wanted.

Problem 11. Let n > 2 be an integer and f : R? — R a function such that
for every reqular n-gon A1 As--- Ay,

F(AD) + f(A2) + -+ f(An) = 0.
Prove that f is identically zero.

(Romanian Mathematical Olympiad—Final Round, 1996)

2
Solution. We identify R? with the complex plane and let ( = cos — +
n
2
isin =, Then the condition is that for every z € C and positive real number ¢,
n
n

> fz+t¢) =0.

Jj=1
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In particular, for each of k =1, ..., n, we have

n

d = +d) =0

j=1
Summing over k yields

n

oS r - -¢mh=o.

m=1k=1

For m = n, the inner sum is nf(z); for other m, the inner sum again runs
over a regular polygon, hence is 0. Thus f(z) =0 for all z € C.

Here are some proposed problems.

Problem 12. Prove that there exists a conver 1990-gon with the following
two properties:

(a) all angles are equal;
(b) the lengths of the sides are the numbers 12,2232 ..., 19892 1990% in
some order.

(31st IMO)

Problem 13. Let A and E be opposite vertices of a reqular octagon. Let a,
be the number of paths of length n of the form (Py, P1, ..., P,), where P; are
vertices of the octagon and the paths are constructed using the following rule:
Py =A, P, = E, P;, and P;41 are adjacent vertices fori =0, ..., n—1,
and P # FE fori=0, ..., n—1.

Prove that as,—1 = 0 and as, = (z" ' —y" ) foralln=1,2,3, ...,

1
V2
Wherex=2+\/§andy:2—\/§.
(21st IMO)

Problem 14. Let A, B, C be three consecutive vertices of a reqular polygon
and let us consider a point M on the major arc AC of the circumcircle.
Prove that
MA-MC = MB? - AB>.

Problem 15. Let A1 As -+ A, be a regular polygon inscribed in a circle C of
radius 1. Find the maximum value of H?:1 PA;, where P is an arbitrary
point on circle C.

(Romanian Mathematical Regional Contest “Grigore Moisil,” 1992)
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Aap be a regular polygon with circumradius equal

Problem 16. Let Aj Ay - --
to 1 and consider a point P on the circumcircle. Prove that

n—1

Z PAR 1 PAY o =20
k=0

Problem 17. Let A1 As ... A, be a regular n-gon inscribed in a circle with
center O and radius R. Prove that for each point M in the plane of the n-gon,
the following inequality holds:

H < (OM?*+ R?)?

(Mathematical Reflections, 2009)

5.8 Complex Numbers and Combinatorics

Problem 1. Compute the sum

3n—1 6n

k k
> (1 <2k+ 1> 3
k=0

2k+1
k=0
3n—1 6n 3n—1
— 2k+1
- (2k+1) (V3)* Z\/- Z (2k+1> (V3)
k=0
1 m 6n
= —Im(1+iV3)%" = —Im |2 - i
2\/§m( +iV3) Z\/gm[ (cos3+zsm3”
1
= ——Im[2%"(cos 27n + i sin 27n)] = 0.

Problem 2. Calculate the sum S, = > (Z) cos ka, where o € [0, 7).
k=0

Solution. Consider the complex number z = cosa + isina and the sum

T,= > ") sin ka.. We have
=0 \k
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n

Sp + T, :Z <Z> (coska+isinka):z <Z> (cos v + i sin a)*

k=0 k=0
_ ; <Z) = (142 (1)

The polar form of the complex number 1 + z is

1+ cosa+isina = 2COS2%+2iSiD%COS%

_9 a( a+,,o¢)
= 0052 cos2 ZSlIl2 ,

since a € [0, 7]. From (1), it follows that

Sy + 1T, = (2cos %) (cos% +isin%) ,

i.e.,
Sp = (2 cos %) COS% and T, = (2 cos %) sin %.
Problem 3. Prove the identity

<<3)‘<3)+ <Z) —-~->2+(<’f)—<g)+ (g) _...>2_2n,

Solution. Set

= (5) () () mane= (1) (3) + (5) -

(149" = zp + yni. (1)
Passing to the absolute value, it follows that
|Zn 4 yni| = |(1+0)" = |1 + 4" = 2%.
This is equivalent to z2 + y2 = 2".

Remark. We can write the explicit formulas for z,, and y, as follows.
Observe that

(1+4)" = (\/5 (cos%—i—isin%))n =2

wf3

( n7r+, . mr)
cos — +isin — | .
4 4

From relation (1), we get

n nm n . NT
Ty, =272 COSI and y, = 22 smI.
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Problem 4. If m and p are positive integers and m > p, then

)+ 6) () ()

2m Er\™ k
= — 1+2Z(cos—ﬂ> cosmw
p p

k=1 p

Solution. We begin with the following simple but useful remark: If f € R[X]
2 2
is a polynomial, f =ap +a1 X + -4+ @, X™, and € = cos il + isin—ﬂ is a

p p
primitive pth root of unity, then for all real numbers n, the following relation
holds:

ag + apr? + agya®? + - = %(f(@ + flem)+ -+ f(e2 ). (1)

To prove (1), we use the relation

Lgeh 4 o2k o gDk _ [P if p|k, .
0, otherwise,

on the right-hand side.
Consider the case that p is odd. Using relation (1) for the polynomial

f=(1+X)m= (6”) + (T)X+-~-+<2>Xm, we obtain

<81>+<m) xp+<g;) e %((1+x)m+(1+ax)m+~ ot (14eP )™

p
(2)
Substituting = 1 in relation (2) we obtain

S, = <g”‘>+ (g>+ (g;>+ = %(2m+(1+a)m+-~-+(1+5P*1)m). (3)

2k 2k
From ¥ = cos—ﬂ- —I—isin—ﬂ, it follows that for all k =0,1, ..., p—1,
p D

kr\™ k k
(1 +ekym =2om (cos —F> (cos BT 4 sin ﬁ) .
p p p

Using the relation eP~* = a_k, we obtain

(1 + E;D—k)m — (1 +<€_k)m _ m

m ( kw)m < mkmr . mkw)
=2 cos — CcoS — 7 8in .
p p p
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Substituting into (3), we obtain

p—1
2

p—1
Sp:12(1+gk)m:1 Zl—i—s Zl—i—spk
.= p

k=0 k=1

p=1
1 2 Er\™ k k
= - 2m+2m2(cos—w> (cosm 71-—|—isinm 7T>
p P p p p
p—1
2 Er\™ k k
+2™ Z (cos —W) (cos mer _ ¢ sin ﬁ)
Pt p p p

p=1
2m 2 Er\™ k
= — 1—|—2Z<cos—ﬂ-) cosmﬂ-
p 1 p p
Consider now the case that p is an even positive integer. Because e = —1,
we have
R, -1 p—1
S, = - (1+sk)m:— 2m+21+e + > (1H)m
Pi=o P k=%+1
%71 k m
== 2m+22m<cos—7T> < s + isin )+
p 1 p p p
%71 m
m < k ) ( mkm mkﬂ')
+ 2™ | cos — S — ¢sin
k=1 p
gm Ei k
=— (142 Z <cos —) c mer
1 p p
Problem 5. The following identity holds:
p—1 n
n n n 2n km (n—2m)km
+ + +-=— cos— ) cos———
m m-+p m+2p P = P P
Solution. Let €g, €1, ..., €p—1 be the pth roots of unity. Then

p—1

St = Zn: (Z) (eh™™ 4+ ek, (1)

k=0 k=0



262 5 Olympiad-Caliber Problems

Using the result in Proposition 3, Sect. 2.2.2, it follows that

k—m k—m __ D, 1f p|(k_m)7
S0 trotE = {0, otherwise. (2)

Taking into account that
e, (L 4+ep)™
( 2mkmr . . 2mkﬂ') ( kﬂ') " ( nkr . nkﬂ')
= | cos —isin 2 cos — cos — +isin —
p p p p p

=2" (cos k_w) (cos —(n — 2m)km + isin —(n — 2m)k7r)
p p p

and using (1) and (2), we obtain the desired identity.

Remark. The following interesting trigonometric relation holds:

p—1 n
(cos k—ﬂ> sinw = 0. (1)
p

Problem 6. Consider the integers ay, by, cyn, where
R I W L R
=10 3 6 ’
n n n
(1) + (3) (7).
(Y () o
2 5 8
Show the following:

(1) ad 4+ b3 + ¢ — 3anybye, =27,
(2) a2 + b2 + c2 — apby — bucn — cpay = 1.
(8) Two of the integers an, by, ¢, are equal, and the third differs by one.

Cn

Solution.

(1) Let € be a cube root of unity different from 1. We have
(I4+1)" = ap+bp+ten, (1+e)" = An+bne+cne?, (1+52)" = ap+bne+cne.
Therefore,

a%—i—bi—i—cf’l—?)anbncn:(an—i—bn—i—cn)(an—i—bna + cn£2)(an +b,e% + CnE)
=2"(14&)"(1 4 eH)™ = 2"(—eH)"(—e)" = 2™
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(2) Using the identity
4P 422 —Bryz = (x+y+2) (2 +y? 4+ 2% —xy —yz — 2x)
and the above relation, it follows that
afl + bi + 0721 — apb, — by, — cna, = 1.
(3) Multiplying the above relation by 2 we obtain

(an —bp)? + (by — ) + (cn — an)* = 2. (1)

From (1), it follows that two of a,, b, ¢, are equal and the third differs
by one.

Remark. From Problem 5, it follows that

n = % [2n+cosn_; + (_1)nCOS2nT7T} = % (2"+2COS%) ,
b =3 [2" teos P2 (o 20 4>”]
= % (2” + 2cos _(n—32)7r> 7
Cn = % [2n + cos @ + (=1)" cos (2n ; 8>7T]
= % <2"+2cos(n_T4)7T> .

It is not difficult to see that

an = by, if and only if n =1 (mod 3),
an = ¢, if and only if n = 2(mod 3),
by, = ¢, if and only if n = 0(mod 3).
Problem 7. How many positive integers of n digits chosen from the set
{2,3,7,9} are divisible by 37
(Romanian Mathematical Regional Contest “Traian Lalescu,” 2003)

Solution. Let x,, yn, zn be the numbers of all positive n-digit integers
whose digits are taken from the set {2,3,7,9} that are congruent to 0, 1, and
2 modulo 3, repsectively. We have to find x,,.

2 2
Consider € = cos ?W + ¢sin ?W It is clear that x,, + y, + 2, = 4™ and

T, + EYn + 22y = S 201+ TIHO0 — (o2 4 B 4 T Oy,
Jitj2+iz+ja=n
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It follows that x,, —14¢cy, +£22, = 0. Applying Proposition 4 in Sect. 2.2.2,
we obtain x,, — 1=y, =2, =k. Then 3k =2, +yp + 2, —1=4" — 1, and

1 1
we obtain k = 5(4" —1). Finally, z,, = k+ 1 = 5(4” +2).

Problem 8. Let n be a prime number and let ay, ag, ..., a,, be positive

integers. Consider f(k), the number of all m-tuples (¢1, ..., ¢m) satisfying

1<¢ <a; and Y ¢; = k(mod n). Show that f(0) = f(1)=---= f(n—1)
i=1

if and only if n|a; for some j € {1, ..., m}.

(Rookie Contest, 1999)

2 2
Solution. Let ¢ = cos —~ + 7 sin T Note that the following relations hold:
n n

m

H(X + X2 4+ 4 Xai) _ Z Xcl+"'+0m
=1 1<ci<a;
and
FO + (et 4 f—1)en = 3 ortrten — [[(e+e2+--4e).
1<ci<a; i=1

Applying the result in Proposition 4, Sect.2.2.2, we have f(0) = f(1) =

... = f(n—1) if and only if f(0) + f(1)e + -+ f(n — 1)e"~! = 0. This is

equivalent to [[(e + &2+ -+ +¢e%) =0, ie.,e+e?+ - +e% =0 for some
i=1

jeA{1, ..., m}. It follows that ¢ — 1 =0, i.e., n|a;.

Problem 9. For a finite set A of real numbers denote by |A| the cardinal
number of A and by m(A) the sum of the elements of A.

Let p be a prime and A = {1,2, ..., 2p}. Find the number of all subsets
B C A such that |B| = p and p|m(B).

(36th IMO)

2
Solution. The case p = 2 is trivial. Consider p > 3 and € = cos il 4+ sin —7T.
p

p
Denote by z; the number of all subsets B C A with the properties |B| = p
and m(B) = j (mod p).
Then

p—1
E zjel = E emB = E gertten,
7=0 BCA,|B|=p 1<c1 << cp<2p

The last sum is the coefficient of X? in (X +¢)(X +¢?)--- (X +¢&??). Taking
into account the relation X? —1 = (X —1)(X —¢)--- (X — P~ 1), we obtain
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(X +e)(X +¢&%)-- (X +e%) = (XP + 1)?; hence the coefficient of XP? is 2.
Therefore,

p—1
E IjEJ = 2,
Jj=0

ie., xo—2+z16+-- -+xp,15p_1 = 0. From Proposition 4, Sect. 2.2.2, it follows
that o —2 =21 =--- =x,-1 = k. Weobtain pk =g +---+2,1 —2 =

<22?p> — 2, and hence k = 1 (<22?p> — 2). Therefore, the desired number is
p

170:2—|-l<::2—i-1 (<]2?p> —2).
p

Problem 10. Prove that the number 2n+1 23k is not divisible by 5
o\ 2k+1
for any integer n > 0.
(16th IMO)
Solution. Since 2> = —2 (mod 5), an equivalent problem is to prove that

& (2n+1
5= (50

then separating the even and odd terms, we get

) (—2)* is not divisible by 5. Expanding (1+iv/2)?"*+! and

(1+4iv2)>"* = R, + V285, (1)

where R, = 3° <2”+ 1) (—2)*,
o\ 2k
Passing to the absolute value from (1), it follows that

32t = R2 4 262 (2)
Since 3% = —1(mod 5), the relation (2) leads to
R2 4+ 252 = +3(mod 5). (3)

Assume for the sake of a contradiction that S,, = 0(mod 5) for some positive
integer n. Then from (3), we obtain R2 = +3(mod 5), a contradiction, since
every square is congruent to 0, 1, or 4 modulo 5.

Here are some other problems concerning complex numbers and
combinatorics.
Problem 11. Calculate the sum s, = (k> cos kt, where t € [0, 7].
k=0

Problem 12. Prove the following identities:
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(2)+(2)+ (1) +om b e ),

(Romanian Mathematical Olympiad—Second Round, 1981)

2 (5)-2)+ (o)~

L, (V54D nm (V51" %_w]

~5 D R

Problem 13. Consider the integers A,,, By, C, defined by
n n n
= (5)-(5) + (6) -
n n n
(1) () ()
n n n
o (3)-(5)+ () -
The following identities hold:
(1) A2 +B2+C?— A,B, — B,C,, — C,,A,, = 3™
(2) A2 + A, B, +B2=3""1
Problem 14. Let p > 3 be a prime and let m, n be positive integers divisible
by p such that n is odd. For each m-tuple (c1, ..., ¢m), ¢ € {1,2, ..., n},

m
with the property that p| > c;, let us consider the product ¢y -+ cp,. Prove
i=1

that the sum of all these products is divisible by <2> .
p

Problem 15. Let k be a positive integer and a = 4k —1. Prove that for every
positive integer n, the integer

=(")-() Y2 (™) a3 4.t is divisi n—1
S"_<0) (2)“"’(4)“ <6)a + is divisible by 2"~ ".

(Romanian Mathematical Olympiad—Second Round, 1984)

Problem 16. Let m and n be integers greater than 1. Prove that

1 2w
k1+kao+...+kp=m
k1,k2,...;kn >0

(Mathematical Reflections, 2009)
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Problem 17. Given an integer n > 2, let an, by, ¢, be integers such that

(\3/5— n"=a, + b, V2 + ¢, V4.
Show that ¢, =1 (mod 3) if and only if n =2 (mod 3).

(Romanian IMO Team Selection Test, 2013)

5.9 Miscellaneous Problems

Problem 1. Two unit squares K1, Ko with centers M, N are situated in the
plane so that MN = 4. Two sides of K1 are parallel to the line M N, and one
of the diagonals of Ky lies on M N. Find the locus of the midpoint of XY as
X, Y wvary over the interior of K1, Ka, respectively.

(1997 Bulgarian Mathematical Olympiad)

Solution. Introduce complex numbers with M = —2, N = 2. Then the
locus is the set of points of the form —(w + xi) + (y + zi), where |w|, |z| <
1/2 and |z + y|, |* —y| < v/2/2. The result is an octagon with vertices
(1++2)/2+1i/2,1/2+ (1 ++/2)i/2, and so on.

Problem 2. Curves A, B, C, and D are defined in the plane as follows:
_ L2 2 _ o
A_{(:Eu y)at—y —W},
. Yy _ _
C = {(:v, y):x3—3:vy2+3y:1},
D = {(=, y):3:v2y—3x—y320}.
Prove that ANB=CnND.
(1987 Putnam Mathematical Competition)

Solution. Let z = x + yi. The equations defining A and B are the real and
imaginary parts of the equation z? = z~! + 34, and similarly the equations
defining C and D are the real and imaginary parts of 2> — 3iz = 1. Hence for
all real x and y, we have (z, y) € AN B if and only if 22 = 271 + 3i. This is
equivalent to 2% — 3iz = 1, i.e., (z, y) € C N D.

Thus ANB=CnND.

Problem 3. Determine with proof whether it is possible to consider 1975
points on the unit circle such that the distance between every pair of points
is a rational number (the distances being taken along the chord).

(17th IMO)
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Solution. There are infinitely many points with rational coordinates on the
unit circle. This is a well-known result arising from Pythagorean triangles
and the corresponding equation

m? + n? = p2.
Each such point A(za, ya) can be represented by a complex number

ZA=xA+1Yys =cosSay +isinay,

where a4 is the argument of the complex number z4 and cosay, sinay are
rational numbers.
Taking on the unit circle complex numbers of the form

zi = cos2a4 + 18in2a4,

we have for two such points

|23 — 23| = v/(cos2a4 — cos2ap)? + (sin 24 — sin2a )2

= /2[1 —cos2(ap —as)] = \/2 -2sin?(ap — aq) = 2| sin(ap — a4)

=2|sinapgcosag —sinag cosap| € Q.
Answer: Yes, it is possible.

Problem 4. A tourist takes a trip through a city in stages. Each stage
consists of three segments of length 100 m separated by right turns of 60°.
Between the last segment of one stage and the first segment of the next stage,
the tourist makes a left turn of 60°. At what distance will the tourist be from
his initial position after 1997 stages?

(1997 Rio Plata Mathematical Olympiad)
Solution. In one stage, the tourist traverses the complex number

2 = 100 + 1008 + 10082 = 100 — 100v/3,

T™ .. m
where € = cos — + ¢sin —.
Thus in 1997 stages, the tourist traverses the complex number

1 _ 1997
z=x+zetae? 4+ +ae 0 =pg——— = g2
1—¢
Hence, the tourist ends up |z| = |ze?| =
position.

|z| = 200 m away from his initial

Problem 5. Let A, B, C, be fized points in the plane. A man starts from a
certain point Py and walks directly to A. At A, he turns by 60° to the left and
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walks to Py such that PhA = APy. After he performs the same action 1986
times successively around points A, B, C, A, B, C, ..., he returns to the
starting point. Prove that ABC' is an equilateral triangle and that the vertices
A, B, C, are arranged counterclockwise.

(27th IMO)

Solution. For convenience, let Ay, Ay, Az, Ay, As,...be A,B,C, A, B, ...,
respectively, and let Py be the origin. After the kth step, the position Py will
4 4
be P, = Ag + (Py—1 — Ag)e for k =1,2, ..., where ¢ = cosg —l—ising. We
easily obtain
P, = (1 — E)(Ak +eAp_1+ 52Ak72 + -+ EkilAl).

The condition P = Pjggg is equivalent to Aiggs + €A19gs + -+ - + 19844y +
e!985 A, = 0, which as we see from keeping in mind that A; = Ay = A; =
cooy, Ag=Ag =Ag=---, A3 = Ag = Ag = - -, reduces to

662(As +edo +e%A1) = (1 +&® + - +e"9) (A5 +e4s +241) = 0,
and the assertion follows from Proposition 2 in Sect. 3.4.

Problem 6. Let a, n be integers and let p be prime such that p > |a| + 1.
Prove that the polynomial f(x) = a™ + ax + p cannot be represented as a
product of two nonconstant polynomials with integer coefficients.

(1999 Romanian Mathematical Olympiad)

Solution. Let z be a complex root of the polynomial. We shall prove that
|z| > 1. Suppose |z| < 1. Then 2" + az = —p, and we deduce that

p= " +az| =|zllz" 7 +al <[+ |al <1+ al,

which contradicts the hypothesis.

Now, suppose f = gh is a decomposition of f into nonconstant polynomials
with integer coefficients. Then p = f(0) = g(0)h(0), and either |g(0)| =1 or
|[h(0)] = 1. Assume without loss generality that |g(0)| = 1. If 21, 22, ..., 2x
are the roots of g, then they are also roots of f. Therefore,

1= |g(0)] = |z122... 2k| = |21|]22] - - - |2k| > 1,

a contradiction.

Problem 7. Prove that if a, b, ¢ are complex numbers such that

(a+0b)(a+c)=b,

(b+c)(b+a)=c,

(c+a)(c+b) =a,
then a, b, ¢ are real numbers.

(2001 Romanian IMO Team Selection Test)
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Solution 1. Let P(x) = 23 — s2? + gz — p be the polynomial with roots
a, b, c. We have s = a+b+c, ¢ =ab+bc+ca, p = abc. The given equalities
are equivalent to

sa + bc = b,
sb+ ca = ¢, (1)
sc+ab = a.

Adding these equalities, we obtain ¢ = s—s?. Multiplying the equalities in (1)
by a, b, ¢, respectively, and adding them, we obtain s(a? + b+ c?) + 3p = ¢,
or after a short computation,

3p=—35>+ 5% +s. (2)
If we write the given equations in the form
(s—c)(s=b)=b, (s—a)(s—c)=¢, (s—b)(s—a)=aq,

we obtain ((s —a)(s —b)(s — ¢))? = abc, and by performing standard compu-
tations and using (2), we finally get

s(4s —3)(s + 1) =0.

If s =0, then P(z) =23, s0a=b=c=0.If s = —1, then P(z) = 23 + 2% —

2 4 6
2x — 1, which has the roots 2 cos 77T, 2 cos 77T, 2 cos bl (this is not obvious,

but we can see that P changes sign on the intervals (-2, —1), (=1, 0),
(1, 2) of the real line; hence its roots are real). Finally, if s = 3/4, then
3, 3 1

Pla)=a%— 2224 g —
() =" = 327+ 57~ 51

which has roots a =b=c=1/4.

Solution 2. Subtract the second equation from the first. We obtain (a +
b)(a—b) = b—c. Analogously, (b+c¢)(b—c¢) =c—a and (c+a)(c—a) =a—b.
We can see that if two of the numbers are equal, then all three are equal, and
the conclusion is obvious. Suppose that the numbers are distinct. Then after
multiplying the equalities above, we obtain (a+b)(b+c¢)(c+a) = 1, and next,
b(b+c) = ¢(c+a) = a(a+b) = 1. Now, if one of the numbers is real, it follows
immediately that all three are real. Suppose none of the numbers are real.
Then arga, argd, arge € (0, 27). Two of the numbers arga, argh, argc
are contained in either (0, 7) or [m, 27). Suppose these are arga, argb, and
that arga < argd. Then arga < arg(a+b) < argb and arga < arga(a+0b) <
arg(a +b) < argbd. This is a contradiction, since a(a 4+ b) = 1.

Problem 8. Find the smallest integer n such that an n X n square can be
partitioned into 40 X 40 and 49 x 49 squares, with both types of squares present
in the partition.

(2000 Russian Mathematical Olympiad)
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Solution. We can partition a 2000 x 2000 square into 40 x 40 and 49 x 49
squares: partition one 1960 x 1960 comer of the square into 49 x 49 squares
and then partition the remaining portion into 40 x 40 squares.

We now show that n must be at least 2000. Suppose that an n X n square
has been partitioned into 40 x40 and 49 x49 squares, using at least one of

2 2 2 2
each type. Let ( = co's %—I—i sin % and & = cos é—l—i sin é Orient the nxn
square so that two sides are horizontal, and number the rows and columns
of unit squares from the top left: 0, 1,2, ..., n—1. For 0 < j, kK <n—1,

write (7¢¥ in square (j, k). If an m x m square has its top left-hand comer
at (x, y), then the sum of the numbers written in it is

z+m—1y+m—1
Jek _ ogy C’”—1>(€’”—1>
> k;:cs <§(<_1 1)

j=z

The first fraction in parentheses is 0 if m = 40, and the second fraction is 0
if m = 49. Thus, the sum of the numbers written inside each square in the
partition is 0, so the sum of all the numbers must be 0. However, applying
the above formula with (m, z, y) = (n, 0, 0), we find that the sum of all
the numbers equals 0 only if either ("™ — 1 or £ — 1 equals 0. Thus, n must
be either a multiple of 40 or a multiple of 49.

Let a and b be the number of 40 x 40 and 49 x49 squares, respectively.
The area of the square equals 40% - a + 49% - b = n?. If 40|n, then 402,
and hence b > 402. Thus, n? > 492 - 402 = 19602; because n is a multiple
of 40, n > 50 - 40 = 2000. If instead 49|n, then 49%|a, a > 492, and again
n? > 19602. Because n is a multiple of 49, n > 41-49 = 2009 > 2000. In either
case, n > 2000, and 2000 is the minimum possible value of n.

Problem 9. The pair (z1, z2) of nonzero complex numbers has the following
property: there is a real number a € [—2,2] such that 23 — az129 + 25 = 0.
Prove that all pairs (2}, 23), n=2,3, ..., have the same property.

(Romanian Mathematical Olympiad—Second Round, 2001)

Solution 1. Sett = i, t € C*. The relation 27 —az129+235 = 0 is equivalent
22
+iv4 —a?
tot?—at+1=0. We have A = a?—4 < 0, whence t = % and |t| =
a’> 4-—a®
— +
4 4
and we can write 23" — a, 2725 + 23" = 0, where a,, = 2 cosna € [-2,2].

n
= 1. If £t = cosa + isin«, then —il = t" = cosna + isinna,
z
2

Solution 2. Because a € [—2,2], we can write a = 2cosa. The relation

22 — az129 + 23 = 0 is equivalent to

i—1—2:2cos04, (1)
z9 Z1
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and by a simple inductive argument, it follows from (1) that

% Z—i =2cosna, n=1,2, ....
22 21
Problem 10. Find
Imz°

min =
2€C\R Im°z

and the values of z for which the minimum is reached.

Solution. Let a, b be real numbers such that z = a + bi, b # 0. Then
Im(2)° = 5a*b — 10a%b3 + b° and

Imz® 4 2
s (3) () e
Im°z

an 2
Setting x = (3) yields

I 5
M) _ 502 10241 = 5(0 — 1) — 4.
Im°z

The minimum value is —4, and it is obtained for z = 1, i.e., for z = a(1 £

i), a #0.

Problem 11. Let z1, 22, z3 be complex numbers, not all real, such that |z1| =
|z2] = |z3| =1 and 2(z1 + 22 + 23) — 3212223 € R.
Prove that

max(arg z1, arg zs, arg z3) >

SE

Solution. Let z;, = costy +isinty, k € {1,2, 3}.
The condition 2 (21 + 22 + 23) — 32122 € R implies

(sinty + sinte + sints) = 3sin(ty + t2 + t3). (1)

Assume by way of contradiction that max(tq, t2,t3) < %; hence tq,t2,t3 < g

t t t
Let t = hittetis € (O, %) The sine function is concave on [O, %), SO
1 t t t
g(sintl +sinty + sints) < sin % (2)
From the relations (1) and (2), we obtain
in(t t t t t t
sin(ty + to2 + t3) < sin 1+ t2 + 3

2 - 3
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Then
sin 3t < 2sint.
It follows that
4sint —sint > 0,

1 1
ie., sin®t > T Hence sint > 3 and then ¢ > g, which contradicts that

te(O,%).

Therefore, max(ty,to, t3) > %, as desired.

Here are some more problems.

Problem 12. Solve in complex numbers the system of equations
alyl +yla| = 222,
ylz| + zly| = 222,
z|z| + x|z| = 232,

Problem 13. Solve in complex numbers the following:

w(z—y)(z—z) =3,
yly —=)(y —2) = 3,
2(z—2)(z—y)=3

(Romanian Mathematical Olympiad—Second Round, 2002)

Problem 14. Let X, Y, Z, T be four points in the plane. The segments [XY]
and [ZT) are said to be connected if there is some point O in the plane such
that the triangles OXY and OZT are right isosceles triangles in O.

Let ABCDEF be a convex hexagon such that the pairs of segments [AB],
[CE], and [BD], [EF] are connected. Show that the points A, C, D and F
are the vertices of a parallelogram and that the segments [BC| and [EA] are
connected.

(Romanian Mathematical Olympiad—Final Round, 2002)

Problem 15. Let ABCDE be a cyclic pentagon inscribed in a circle with

center O that has angles B= 120°,C = 120°, D = 130°, E = 100°. Show that
the diagonals BD and CE meet at a point belonging to the diameter AO.

(Romanian IMO, Team Selection Test, 2002)
Problem 16. A function f is defined on the complex numbers by

f(z) = (a + bi)z,

where a and b are positive numbers. This function has the property that the
image of each point in the complex plane is equidistant from that point and
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the origin. Given that |a + bi| = 8 and that b> = m/n, where m and n are
relatively prime positive integers, find m + n.

(1999 AIME, Problem 9)

Problem 17. Let F(z) = z +Z, for all complex numbers z # i, and let
z—1
zn = F(2n-1)
L . 1 . .
for all positive integers n. Given that zo = —= + ¢ and 29902 = a + ¢, where

137

a and b are real numbers, find a + b.
(2002 AIME I, Problem 12)

Problem 18. Given a positive integer n, it can be shown that every complex
number of the form r+si, wherer and s are integers, can be uniquely expressed
in the base —m+i using the integers 1,2, ..., n? as digits. That is, the equation

748 = am(—n+ )" Fam_1(—n+i)" . 4 a(—n+i) +ao

1s valid for a unique choice of nonnegative integer m and digits ag, a1, . . ., Gm
chosen from the set {0,1,2,...,n%}, with a,, # 0. We write

T+ 8t = (AmGm—1 - - -A100) —nti

to denote the base-(—n + 1) expansion of r + si. There are only finitely many
integers k + 0t that have four-digit expansions

k = (aszasaia0)—3+i, as # 0.
Find the sum of all such k.
(1989 AIME, Problem 14)

Problem 19. There is a complex number z with imaginary part 164 and a
positive integer n such that

Find n.
(2009 AIME, Problem 2)

Problem 20. Let u,v,w be compler numbers of modulus 1. Prove that one
can choose signs + and — such that

|tutv+w| <1.

(Romanian Mathematical Olympiad—District Round, 2007)
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Problem 21. Consider a complex number z, z # 0, and the real sequence

1
anp = 12"+ —|, n>1.
Z’n
(a) Show that if a1 > 2, then
pt1 < Gn T Gnt2 +2a"+2, for all n € N*.

(b) Prove that if there exists k € N* such that a < 2, then ay < 2.
(Romanian Mathematical Olympiad—District Round, 2010)

Problem 22. Consider the set M = {z € C| |z] =1, Rez € Q}. Prove that

the complex plane contains an infinity of equilateral triangles with vertices
in M.

(Romanian Mathematical Olympiad—Final Round, 2012)

Problem 23. Let (an)n>1 be a sequence of nonnegative integers such that
n—1

an < m, for allm > 1, and Zcosﬂ—ak =0, for all n > 2. Find a closed
n

k=1
formula for the general term of the sequence.

(Romanian Mathematical Olympiad—District Round, 2012)

Problem 24. Let a and b be two rational numbers such that the absolute
value of the complex number z = a + bi is equal to 1. Prove that the absolute

value of the complex number z, = 1+ 2422 +...4+ 2" is a rational number
for all odd integers n.

(Romanian Mathematical Olympiad—District Round, 2012)



Chapter 6

Answers, Hints, and Solutions
to Proposed Problems

In what follows, answers and solutions are presented to problems posed in
previous chapters. We have preserved the title of the subsection containing the
problem and the number of the proposed problem. Taking into account the
complexity of some problems in the chapter on Olympiad-caliber problems,
we have included the statements of these problems before the solutions.

6.1 Answers, Hints, and Solutions to Routine Problems

6.1.1 Problems (p. 19) from Section 1.1: Algebraic
Representation of Complex Numbers

1.(a) z1 + 22+ 23 = (0,4); (b)z122 + 2223 + 2321 = (—4,5);

(c) 212223 = (=9,7); ()27 + 23 + 22 = (-8, —10);
() ﬂ 2} 2’3 311 65 (f)zf—i-z% B @ _7_2
2 130783 z3+22  \221" 221)°
2.(a) z = (7, —8); (b = (=7,-4);
23 2
(C) z= (Ea _1_3 ;o (d)z= (_97 7)

T. Andreescu and D. Andrica, Complex Numbers from A to ... Z, 277
DOI 10.1007/978-0-8176-8415-0_6, © Springer Science+Business Media New York 2014
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(1,0) for n = 4k;
N (1,1) for n =4k + 1;
4. 3 2k ={(0,1) for n = 4k + 2;
k=0 (0,0) for n = 4k + 3.

5.(&) z = (15 1)7 (b)zl = (25 1)722 = (_27 _1)
—b%2ab); 2% = (a®— 3ab2 3a%b — b?);

. (a?
z* = (a* - 6a 2b2 + 0%, 4a%b — 4ab®).
. a+\/a2—|—b2 —a+Va®+b*
. s e—
< a+\/a2+b2 —a+\/a2+b2>
5 .

8. For all nonnegative integers k, we have

A= (=480 2 = ()5 = (=) 2= (0, -2(-4)");
243 — (_9(—4)F, —2(=4)F); for k> 0.

9.(a) xzia ?J:Z; (b)x=-2,y=8; (c)x=0, y=0.
. _ 11 5V7. 61 4 .
10.(a) 8 +51i; (b)4 —43i; (c)2; (d)Z - (e )13 + 13t

11.(&) —1; (b)E4k:1 Eypp1=141, Eypyo=1, Bypy3 = 0; (C)l; (d)—3’L

12.(a) 2z = \/754_,'?, 2y = —\/75—2'\/75;
(©) Z1,2=i<\/1—2h/§— “\f‘%).

13. z € Ror z =z + iy with 22 +7% = 1.
14.(a) E, = Ey;
(b) Fg = Ez.
15. Use substitute the formula that defines the modulus.
16. From the identity

1\° 1 1
<z+—) _z3+—3+3<z+—>,
z z z

or a3—3a—2§0,

we obtain

1 1
z4+—-| <2432+ -],
z
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where

Since
a*—3a—2=(a—2)(a®*+2a+1)=(a—2)(a+1)?
we have a < 2, as desired.
17. The equation |22 + Z2| = 1 is equivalent to |22 + 22| = 1. That is,

1

(22 +7%)(z% + 2%) = 1. We obtain (22 +2z%)2 =1, or (22 + —2)2 = 1. The
z

last equation is equivalent to (2441)? = 24, or (22 —224+1)(2*+22+1) = 0.

V3 V3,1

The solutions are :l:%i + — and £+— + —1i.

2 2 2
2 .
18. z € {:I:\/;, :I:zﬁ}.
19. z €{0,1,-1,4,—i}.

1 1 1
20. Observe that ‘— - 5‘ <3 is equivalent to |2—z| < |z|, and consequently,
z

(2—-2)(2—-7%) < z-Z. It follows that 4 < 2(z + Z) = 4Re(z), as needed.
21. a2 +b% + 2 — ab — be — ca.

—64++/21 7
22.(a) z:%‘/_m; (b) z=—gH4i;  (c) 2=2+i;
-2+ 1
(d) 212 = —\/§ + 51'; (e) 22 = —1, 22 = =5 —6i; (f) 2* =
139
2~ 32
23. m € {1,5}

24. z= -2y+2+1iy,y € R

25. z = x + iy with 22 + y? = 1.

26. From |z + 25| = v/3 it follows that |21 + 22| = 3, i.e., (21 +22) (21 T 22) =
3. We obtain |Zl|2—|—(2132 —|—2122)—|—|22|2 = 3. That iS, 2122+ Z129 = 1. On
the other hand, we have |21 —22|? = |21]?> — (2122 +Z122) +]22]? = 2—-1 =1,
and hence |21 — 22| = 1.

27. Letting e = —%—I—i? and noticing that 2 = 1, we obtain n = 3k, k € Z.
28. Note that z = 0 is a solution. For z # 0, passing to the absolute value, we
obtain |z|"~! = |z|, i.e., |z| = 1. The equation is equivalent to 2" = iz - z,
which reduces to 2™ = i. The total number of solutions is n + 1.
29. Let
a=l|z—2z), B=lzm—2], 7=z —2)|
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Since the inequality
aff + By +ra<a® 4 52 447
holds and
a® + 82+ = 3(|z1]? + |22]? + [22/%) — |21 + 22 + 23]

< 3(|21)? + |z2)® + |22]* = 9R?,
it follows that
af + By +ya < 9R2.
30. Observe that
lu—z|  |u—z|

<1

ol =Pl &3 = e = S

if and only if
lu—z| < |az —1].
This is equivalent to

lu—z|? < [uz — 12

We obtain
(u—2)T—2) < (uz —1)(uz — 1),
ie.,
Jul* + |2 = Jul|2]* — 1 < 0.
Finally,

(lu®l = 1)(]=|* = 1) > 0.
Since |u| < 1, it follows that |w| < 1 if and only if |z| < 1, as desired.
31. 22+ 23 + 25 = (21 + 22+ 23)% — 2(2122 + 2223 + 2321)

1 1 1
= _2212223 <Z_1 + 2_2 + 2_3) = —2212’22’3(2’_1 +Z_2+Z_3) =0.

2
32. The relation |zx| = r implies z; = " forke {1,2,...,n}. Then

2k
P2 g2 P2 2 P2 2
= Z1 zZ2 22 z3 Zn zZ1
E= 2 2 2
r r

r

Z1 22 Zn
on Al T 22 22+ 23 zn + 21
7‘ . . PR
Z1%2 2223 ZnZ1

T2n .
2122 PR Zn

hence F € R.
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33. Observe that

2 T =29 23 =123 23 =7°

and
z122 + z3 € R if and only if 2129 + 23 = Z7 - Z3 + Z3.
Then
r? AT + 23 2123 + 29 %223 + 21
212923 2179 + 71223 2123+ 1220 2923 + 7122
(2’1—1)(22—23) 21—1 2’2—1 23—1 zZ1 — %2

(z2—2z3)(21—712) z1—712 z3—1%2 z3—12  z1— 2

Hence 212923 = 12, and consequently, 7> = 72. Therefore, r = 1 and
212923 = 1, as desired.
34. Note that 23 = 23 = —1.

(a) —1; (b)1; (c) Consider n € {6k, 6k + 1,6k £ 2,6k £ 3}.
35.(a) 2% +16 = 2 + 2% = (22 + 4i) (2% — 4i)
= [2 + (V2(1 +9))*][+* — (vV2(1 + 1))?]
= (2 +V2(=1+0)(z+ vV2(1 — i) (@ — V2(1 + i) (x + V2(1 + 7).
1 V3

w

(b) 23 —27=12%—3% = (v — 3)(z — 3¢)(x — 3¢2), where ¢ = —3 + 72
(c) 23 4+8=03422 = (z+2)(x+1+iV3)(x +1—iV3).
(d) e+ 22+ 1= (22 —¢e)(2? —&?) = (2? —e72) (22 — £?)
=(x—¢)(z+¢e)(xr—2)(x+E),where e = —% + ? .
2 _ 0 »_ 18 26 2 _
36.(a) z* — 142 +50=0; (b)=x 5;v—|— e 0; (c)z®+4x+8=0.

37. We have

2|21+ 22| |22+ 23| = 2|22(21+22+23) +2123] < 2|22]-|21 +22+ 23| + 2|21 || 23],

and likewise,

2|22 + 2’3| . |2’3 + Zl| S 2|23||Zl + z9 + 2’3| + 2|22||2’1|,
2|2’3 + 21| . |21 + 2’2| < 2|2’1||2’1 + 20 + Z3| + 2|2’2||Z3|.

Summing up these inequalities with
|21 4 22| + |22 + 23] + |23 + 211 = |21 + |22 + [23]? + |21 + 20 + 23]

yields
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(Iz1 + 22| + |22 + 23] + |23 + 21])* < (J21] + 22| + |2s| + |21 + 22 + 23])°.

The conclusion is now obvious.

38. Note that |z;| = [(x — 2;)(y — yi) — zy| < |z — zi|ly — vi| + |z||y|. Hence
by the Cauchy—Schwarz inequality,

Dzl <l — ailly — il + nlally]
<V le -3ty - wil? + eyl

Now we have
Do le—ail? =) (el + |2l + 2Re(aT))
=n|z|®> +n = 2Re (:CZE)

= n|z[* + n — 2nRe(2T)

= (1~ [P),

the last equality following from Re(2T) = 2T = |z|?. Thus

S =i\ ly—uil® + nlally] = n(v/T-TaPV/I- TP + |zlly)) < n.

where the last inequality is also proven by Cauchy—Schwarz, and we
are done.

6.1.2 Problems (p. 29) from Section 1.2: Geometric
Interpretation of the Algebraic Operations

The disk of center (0, —1) and radius 1.
The exterior of the circle of center (1,—2) and radius 3.

1 1
= {(:z:,y) € R?|z > —§}U{(x,y) e R?|z < —5,3172 —y?-3< O}.
(z,y) ER* -1 <y <0}

M

M=

M= {(z,y) e R} -1 <y<1}.

M ={(z,y) € R*|2® + y*> — 3z + 2 = 0}4.

2. M ={(z,y) € R?ly =10 — 2%,y > 4}.

3. 23 =3(1 —4) and 2§ = V/3(1 +1).

4 z,y) ER?22 + 2+ =0, # 0,2 # —1}
€ Ry # 0} U{(~1,y) € R?|ly # 0}.

C
—_
=
o |l
@
~— T
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5. The union of the circles with equations

2?4 9y* —2y—1=0and 2 +¢y* +2y — 1 =0.

6.1.3 Polar Representation of Complex Numbers

1.(a)r:3\/§,t*:?%; (b) r =8, t*—zr, (¢)r=>5, t'=m

(d) r =5, t* = arctan% +m; () r =2V5,t* = arctan <—%> + 2.
2.(a)z=1, y =3 (b)$:?,y:—15—2; (©z=-2y=0
(d)z=-3y=0 (e)r=0,y=1 (fHlr=0,y=—4.

s, )= {21t 220

.\ _ [m+arg z, if argz € [0,m),
arg( Z) = {_71-—|-arg z, if argz € [71',27‘().

4. (a) The circle of radius 2 with center at the origin.
(b) The circle with center (0, —1) and radius 2 and its exterior.
(c) The disk with center (0, 1) and radius 3.
(d) The interior of the angle determined by the rays y = 0,2 < 0 and

y=xz,2 <0.

(e) The fourth quadrant and the ray (OY”.

(f) The first quadrant and the ray (OX.

(g) The interior of the angle determined by the rays y = fx z <0 and
Yy = \/_ 3x,x < 0.

(h) The intersection of the disk with center (—1,—1) and radius 3 with
the interior of the angle determined by the rays y = 0,z > 0 and

y—fxx>0
5.(a) z1 = 12 (cos3 +isinZ); (b)z2 = $(cos 3 + isin 3F);
(c) z3 =cos AT +isin4F;  (d)z4 = 18 (cos 5L + isin 3T );
(e) 5:\/1—3[cos(2ﬂ'—arctan 2) 4 isin (27 — arctan 2);
(f) z6 = 4 (cos 2F + isin 2T).
6.(a) z1 = cos(2m — a) + isin(2w — a),a € [0, 27);
(b) 22 =2[cos 4| [cos (3 — &) +isin (5 — )] if a € [0,7);
23 =2|cos &| - [cos (3F — &) +isin (3F — )] if a € (7, 27);
(c) z3 =2 [cos (a+ &) +isin (a + )] if a € [0, %];
23 = \/i[cos (a—%) —i—zsm(a—%)} ifa € (%,27‘1’),
(d) 24 =2sin % [cos (5 — &) +isin (§ — %)] ifa € [0,7)
74 =2sin% [cos (2 — &) +isin (F — ¢)] if a € [r,27)
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7.(a) 122 (cos Tt +isin Z) 5 (b)4(cosO + i sin 0);
48v/2 (cos 32 +isin3%);  (d)30 (cos§ +i sing).

)
)
8.(a) |z| = 12,argz = 0, Arg z = 2km,argz = 0, arg(—z) = m;
b) |z| = 14v2,arg z = BT Argz = LT 4 2k argZ = 13T arg(—2) = &.
9.(a) |z] =28 + 2%,aurgz = %’T; (b)|z| = %,argz =m;
(c) |2| = 2"+ cos 22%| arg 2 € {0, }.
10. If z = r(cost + isint) and n = —m, where m is a positive integer, then
" m 1 1 1 cos0 +4sin0
VA = Z = — = =

zm ™ (cosmt +isinmt)  r™  cosmt+ isinmt

= Tim[cos(o —m)t+isin(0 —m)t] = r~ " (cos(—mt) + isin(—mt))

= r"(cosnt + isinnt).
2 [cos@ —l—isin@} if a € [0,7);
a
2

[cos @ + isin W} if a € [, 27];
n 1 _ nm
(b) 2" + - = 2cos .

12. Applying the quadratic formula to 22 — (2cos3°)z + 1 = 0, we have

2c0s3° £ v4cos?23° —4
z =

5 = cos 3° £ i sin 3°.

Using de Moivre theorem, we have
220 = ¢0s 6000° + 4 5in 6000°,

6000 = 16(360) + 240,

SO
22000 — (65240° + 4 sin 240°.

We want 22000 4

2000 — 2 cos240° = —1.

Finally, the least integer greater than —1 is 0.
13. We know by de Moivre’s theorem that

(cost +isint)"™ = cosnt + isinnt

for all real numbers ¢ and all integers n. We would like, therefore, somehow
to convert our given expression into a form from which we can apply de
Moivre’s theorem.

Recall the trigonometric identities

T . .
COSE —u = sinu and s1n§ — U = COS U,
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which hold for all real u. If our original equation holds for all ¢, it must
certainly hold for ¢t = T _ Thus, the question is equivalent to asking

for how many positive integers n < 1000 we have such that

(sin (F —) icos (3 =) =sinn (5~ w) +icosn (5~ )
sin 5 u 1.COS 5 U =sinn 5 u 1COST 5 u

holds for all real u. From the de Moivre’s theorem we have

. T . s n L. ..

(sm (5 - u) + icos (5 - u)) = (cosu + isinu)” = cosnu + i sin nu.

We know that two complex numbers are equal if and only if both their
real parts and imaginary parts are equal. Thus, we need to find all n such

that

. m . s
cosnu = sinn 5—’& and sinnu = cosn 5—’[1,

hold for all real u. Now, sinx = cosy if and only if either z+y = g +2km

orx —y = T + 2k for some integer k. So from the equality of the real
parts, we need either
m ™
——u)=—-4+2k
nu—+mn ( 5 u) 5 + 2k,

in which case n = 1 + 4k, or
—nu—l—n(g—u) = g—FQkﬂ',

in which case n will depend on wu, and so the equation will not hold for all

real values of u. Checking n = 1 + 4k in the equation for the imaginary

parts, we see that it works there as well, so exactly those values of n

congruent to 1 modulo 4 work. There are 250 of them in the given range.
14. Let R(z) = cosx + isinx. We have

- i = an(-5)) =R ()

and thus by de Moivre’s theorem, we get

Ty = 2" cos (—%) = 2" cosnb,

Yn = 2" sin (—%) = —2"sinnd,

where § = =

Substituting these into the given expressions, we obtain
(a) TpYn-1 — Tn_1yn = 22" Lsin(nh — (n — 1)0) = 22" Lsinh = /3 - 471
(b) TpTn—1 + YnYn—1 = 22" Lcos(nf — (n — 1)0) = 22" cos§ = 4771,
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6.1.4 The nth Roots of Unaity

1.(a) zk:ﬁ(cos 4+ LNy s'n4+k ),kE{O,l};

(b) zx = cos 7+ M 1 isin 2+2]W ke {0,1};

(¢) zr = cos 4+2 + isin 4+2lm k€ {0,1};

(d) Zk—Q(COSw-FZSIHﬂ) ke {0,1};
(€) z0=4—3i,21 = —4+ 3i.

2.(a) 2 = cos ?J; +isin 2 +2kﬂ ke {0,1,2};

(b) z = 3 (cos THZET +ismm) k€{0,1,2};

(c) zp = \/_(cos 4+ T +isin 4t kﬂ) ke {0,1,2};

(d) zx = cos 53ﬂ+ T 4+ isin Tg kﬂ,ke{O,l,Q};

(e) 20 = 3+z,z1 = (3+1i)e, 22 = (3+1i)e?, where 1, €, 2 are the cube roots
of 1.

3.(a) zk:ﬁ( 05 tT | i 4“’”) ke {0,1,2,3);
(b) 2z = {‘/i(cosﬁ%+zsmﬂ) k€{0,1,2,3};
(c) 21 = cos 22T 4 jsin 2824 ke {0,1,2,3);

(d) 2z, = {‘/i(cos 2 H2kT | G sin 7 Z%W) Jk €{0,1,2,3};

(e) z0=2+1, 21*—2—1 29 =—142i,23 =1— 2i.
4. z, = cos 2T +isin 22T k€ {0,1,...,n—1},n € {5,6,7,8,12}.

5.(a) Consider ¢; = &7, e, = €*, where ¢ = cos 2Z + isin 2Z. Then ¢; - &, =
eItk Let r be the remainder modulo n of 7+ k. We have j + k =
pn+r,r€{0,1,...,n— 1}and5 g =PMIT= (e")P.g" =" =g, € Up,.

1 1 n—
(b) We can write € a—j—g—a =" € U,.
6.(a) z; =5 (cos &% + isin 257) k€ {0,1,2};
(b) z, = 2 (cos ZE2ET 4 jsin ”+2k”) ke {O7 1,2,3};
(c) zk_4(cosL+ i sin 212 kﬁ) ke {0,1,2};
(d) zk:3(cos#+isi Jilm) ke {0,1,2}.
7.(a) The equation is equivalent to (2* —7)(2% — 2i) = 0.
(b) We can write the equation as (23 +1)(2% +i—1) = 0.
(c) The equation is equivalent to 26 = —1 + .

(d) We can write the equation equivalently as (2° — 2)(2° + i) = 0.

8. It is clear that every solution is different from zero. Multiplying by z, we
see that the equation is equivalent to 2° — 5z* 4+ 1023 — 1022 + 52 — 1 =
—1,z # 0. We obtain the binomial equation (z — 1)> = —1,z # 0. The
solutions are zx = 1 + cos @ + isin @, k=0,1,3,4.
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9. It suffices to prove that

n+1
z—1"

nz" 4 ... +2242=

Clearly, 2"+t — 1 = 0, with z # 1. We have

nmely 2(z"—=1) 2"l—z 1-2
2"+ z st z= = =
z—1 z—1 z—1’

n n—1 _ _
SRR B z—1 z—1 z—1 "
. 2M(z—1) g 1 pn
z = = =
z—1 z—1 z—1
Hence
2t — 2
_ 2 n n——
nz"+...+222+z=n (z+2 +'“+2): z—1
z—1 z—1
1—=z
"TLT1 n+l
z2—1  z—-1

10. The given condition is equivalent to

1 1
Z+z+l+-45=0,
z oz
2> —1
that is, m =0, because z # 1.
For n =0 (mod 5), our product is equal to (14+1)(14+1+41) =6.
Otherwise,
1 1 1 1 nys
M — ("= +1 —1:z2"+z”+1+—+—:L
on on n 22n 22"(,2” _ 1)
5\n __ 1
_ -1 0,
227 (zm — 1)

so the answer to the problem is

6,if n =0 (mod 5),
1, otherwise.

287

1
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11. Solution 1. We have 2997 = 1 = 1(cos 0 + i sin0).
By de Moivre’s theorem, we find that (k € {0,1,...,1996})

e 2km tisi 2km
= 1997 ) T 1097 )

2
Now let v be the root corresponding to 6 = %, and let w be the root

2n
corresponding to 6 = K‘;? The magnitude of v + w is therefore

. 2mm n 2nm 2+ . 2mm L 2nm 2
\ 1097 ) T\ 1997 S 1997 ) T\ 1997
9 492 cos 2mm 2nm 4 9sin 2mm . 2nm
1097 1997 1097 1097 )

‘We need
o 2mm o 2nm L 2mm\ . 2nm > \/§
*\ 1097 ) “°\ 1997 ) """\ 1997 ) *" 1997 ) = 2

The cosine difference identity simplifies the above to

T R

1997 1997 2

Thus

m 1997 1997
m-nj g 222 = | 220
12

= 166.
6 27 J

Therefore, m and n cannot be more than 166 away from each other. This
means that for a given value of m, there are 332 values for n that satisfy
the inequality; 166 of them greater than m, and 166 of them less than m.

Since m and n must be distinct, n has 1996 possible values. Therefore,

332 83
1996 — 199" The answer is then 499 + 83 = 582.

the probability is

Solution 2. The solutions of the equation z'?97 = 1 are the 1997th roots
of unity and are equal to

2km . 2km
0s (W) + isin (FQ?) for k=0,1,...,1996.

They are also located at the vertices of a regular 1997-gon that is centered
at the origin in the complex plane.
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Without loss of generality, let v = 1. Then

2km s 2km 1
€5\ 1997 ) T 1997

2km w1l 4 2%\ |
€5\ 1997 YSI T997
= cos? 2k + 2 cos 2km + 1+ sin? %—W
- 1997 1997 1997

2km
=24 2cos (1997)

We want |[v + w|? > 2 + V3. From what we just obtained, this is

equivalent to
2km V3
os| ——= | =2 —.
1997 2

v+ w|* =

2km
This occurs when — > —— > _E which is satisfied by

1997
k = 166,165, ..., —165, —166

o>l

(we do not include 0, because that corresponds to v). So out of the 1996
possible &, 332 work. Thus, m/n = 332/1996 = 83/499. So our answer is
83 4499 = 582.

12. Solution 1. We have the following equations:

z
1-— =1
2z — 14 ’
A
2z —1
1- = =,
2z —1
z
22 —i
Let us work each equation separately. The first one gives =0, or
z = 0. The second one gives 2 = %, ordz—2i=zor z= —Z. The
. 1
third one gives i Z_ =jdorz—1=2zi+1,0r z= L, which is
51 z—1 —2i+1
L . The fourth one gives (1+14)(2z—i)=z,0or 2+ 2iz—i+1=0,

3i+1
which gives the solution s .
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Thus our answers are

4 8 6 8  6i 5\ /13 13
D(—=+1) (= =+1)[——=+=+1)= (=) (=] ==.
(O+)( 9+>( 25 25+)( 25+25+> (9)(25) 45

4
z
Solution 2. ———— =1 has roots z1 + 4, 29 + 1, 23 + 4, 24 + 1.

(2z +1)4
From z* = 162* 4 ... + 1, we get the product of roots 1—15
(z — 2i)*
(22 — 3i)4
From z*+...416 = 162* 4+ ...+ 81, we get the product of roots % = —.

=1 has roots zy — i, 29 — 1, 23 — @, 24 — 1.

Hence

4 4

= 1Y\ /13 13
Tl;ll(zf +1)= H(ZT + i)Tl;[l(Zr —i) = (1—5) (3) =
Solution 3. The roots of the given equation are the same as the roots of
the polynomial

P(z) = (z —i)* — (22 —i)~.
If a is the leading coefficient of P(z), in this case a = 1 — 2% = —15, then
the desired expression is simply 26 M Since P(i) = —i* = —1 and
P(—i) = (=2i)* — (=3i)* = 16 — 8a1 = —6(157 we get

I P(i)P(—i) 65 13
o a? 9225 45

13. Let t = 1/x. After multiplying the equation by #1°, we have
1+ (18-t)2=0= (13-1)!° = —1.

2k+1
%), where
k is an integer between 0 and 9, and cisf = cos € + i sinf. We have

_ . ((2k+ )7 _ ) (2k+ )7
t=13 c1s< 0 =t=13 —cis 0 .

Using de Moivre’s theorem, we obtain 13 — ¢ = cis <

Since cisf + cis(—#) = 2 cosf, we have

{7 = 170 — 26 cos <M)

10

after expanding. Here k ranges from 0 to 4, because two angles that sum
to 27 are involved in the product.
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14.

6.

The expression to find is

4
_ 2k + 1)m
tt = 850 — 26 —_—.
E kgzo cos ——o

But
7T ™

7r+ 97T_ 37T+ _ _0
cos10 00510—00510 00510—0082—,

so the sum is 850.

Since the coefficients of the polynomial are real, it follows that the nonreal
roots must come in complex-conjugate pairs. Let the first two roots be
m,n. Since m + n is not real, m,n are not conjugate, so the other pair
of roots must be the conjugates of m,n. Let m’ be the conjugate of m,
and n’ be the conjugate of n. Then

mn=134+¢ m' +n =3+4i=mn' =13 -4, m+n=3—4i.
By Viete’s formulas, we have that

b =mm’+nn'+mn'+nm’+mn+m'n’ = (m+n)(m’+n")+mn+m'n’ = 51.

1.5 Some Geometric Transformations
of the Complex Plane

. Suppose that f,g are isometries. Then for all complex numbers a, b, we

have |f(g(a))— f(g(b))| = |g(a)—g(b)| = |a—b], so fog is also an isometry.

. Suppose that f is an isometry and let C' be any point on the line AB.

Let f(C) =M. Then MA = f(C)f(A) = AC, and similarly, M B = BC.
Thus |[M A — MB| = AB. Hence A, M, B are collinear. Now, from M A =
AC and M B = BC, we conclude that M = C. Hence f(M) = M, and
the conclusion follows.

. This follows immediately from the fact that every isometry f is of the

form f(z) =az+bor f(z) =az+ b, with |a| = 1.

. The function f is the product of the rotation z — iz, the translation

z = z+ 4 — i, and a reflection in the real axis. It is clear that f is an
isometry.

. The function f is the product of the rotation z — —iz with the translation

z—z+ 14+ 2i.
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6.2 Solutions to the Olympiad-Caliber Problems

6.2.1 Problems Involving Moduli and Conjugates

Problem 21. Consider the set
A={zeC:|z| <1},
a real number a with |a| > 1, and the function

1+az
fA=A f(2)= Tta

Prove that f is bijective.

Solution. First, we prove that the function f is well defined, i.e., that
|f(z)] <1 for all z with |z| < 1.

Indeed, we have |f(z)| < 1 if and only if |1;jr—aaz| <1,ie., [1+az]? < |z+al?
The last relation is equivalent to (1 + az)(1+az) < (z + a)(Z +@). That is,
1+ |al?|z]? < |a]® + |z|%, or equivalently, (|a]?> — 1)(]z|* — 1) < 0. The last
inequality is obvious, since |z| < 1 and |a| > 1.

To prove that f is bijective, it suffices to observe that for every y € A,
there is a unique z € A such that

1+ az
f(z) = poarapalal
‘We obtain
7ay—17_ B
i f(=y),

and hence |z| = |f(—y)| < 1, as desired.

Problem 22. Let z be a complex number such that |z| = 1 and both Re(z)
and Im(z) are rational numbers. Prove that |2?" —1| is rational for all integers
n>1.

Solution. Let z = cosp + isin ¢ with cos¢,sinp € Q. Then
22" — 1 =cos2np +isin2ng — 1 = 1 — 2sin® ny + 2isinnp cosng — 1

= —2sinne(sinny — i cosny)
and
|22" — 1] = 2| sinny|.

It suffices to prove that sinng € Q. We prove by induction on n that both
sinng and cosny are rational numbers. The claim is obvious for n = 1.
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Assume that sinny, cosne € Q. Then
sin(n + 1)p = sinny cos p 4+ cosnp cosp € Q
and
cos(n + 1) = cosnp cosp — sinnpsinp € Q,
as desired.

Problem 23. Consider the function

1+t
1=t

Prove that f is injective and determine its range.

f:R—=C, f(t)

Solution. To prove that the function f is injective, let f(a) = f(b). Then
14+ai 140bi

l—ai 1—bi
This is equivalent to 1+ab+ (a—b)i = 1+ab+ (b—a)i, i.e., a = b, as needed.

The image of the function f is the set of numbers z € C such that there is
t € R with

1+t
= f(t) = .
=10 =1
From z = %fﬁ, we obtain t = i(zl:le) if 2% 1. Then t € R if and only if t = .
The last relation is equivalent to
z—1 z—1

i(l+2) —i(l+7%

i.e.
—(z-1)Zz+1)=(=+1)(z-1).

It follows that 2zZ = 2, i.e., |z| = 1; hence the image of the function f is

the set {z € R||z| = 1 and z # —1}, the unit circle without the point with
coordinate z = —1.

Problem 24. Let z1, 2o € C* such that |21 + 22| = |z1| = |22]. Compute z—;
Solution 1. Let z—f =t € C. Then

|21 4+ z1t] = |z1] = |21t or |1 +¢| = [t] = 1.
It follows that t£ = 1 and
Il=|1+tP=0+)A+)=1+t+F+1,

whence t? +t+1 = 0.
Therefore, t is a nonreal cube root of unity.
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Solution 2. Let A, B,C be the geometric images of the complex numbers
21, 22, 21 + 22, respectively. In the parallelogram OACB we have OA = OB =
OC; hence AOB = 120°. Then

22 _ 08120° 4 4sin 120° or -* = cos 120° + i sin 120°,
Z1 zZ2

and therefore,

2 2
2 cos—w j:isin—ﬂ.
z1 3
Problem 25. Prove that for all complex numbers z1, z2, ..., zn, the fol-

lowing inequality holds:

(lza] + 22 + - + |zn| + |21 + 22 4 - + 20))?
>2(lz)P 4+ |zl e+ 22+ F z0l?).

Solution. We prove first the inequality
lze] < |za| + |22 + -+ |zo—1] 4 [2zrga |+ |znl H 21 F 22+ + 20
for all k € {1,2,...,n}. Indeed,
lzi| = (21 + 22 + -+ + 2zk—1 + 26 + 2k41 + 0+ 20)

—(z1 422+ 21t ze o+ 20
Slatza+-Fznl+ a4+ + el + e + -0+ 2l

as claimed.
Set Sk = |z1| + -+ + |zk—1| + |2k+1| + - - - + |2n| for all k. Then

|2k] < Sk + |21+ 22+ -+ 4 2, for all k. (1)

Moreover,
|21+ 224 -+ + 2zn| < |21] + |22 + -+ + |2l (2)

Multiplying the inequalities (1) by |zx| and the inequalities (2) by |z1 + 22 +
-+ 4 zp|, we obtain by summation

|21+l - [zl + o 22 2

<2nt ozt t 2l Dzl + D 2] Sk
k=1 k=1

Adding the expression

|21 [z - ol [+ 2 4 2l
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to both sides of the inequality yields

2z + |22+ 4 |z + 21+ 22+ + 20)?)
<(laal+ -+ lznl 21 + 22+ + 2al)?,

as desired.

Problem 26. Let z1, 22, ..., zan be complex numbers such that |z1] = |z2| =
<o = |zon| and arg 21 < argzo < -+ - < arg 2o, < w. Prove that

|21 + 2zon| < |22 + zon—1] < - <|zp + 2Zny1]-

Solution 1. Let M, Ms,..., M5, be the points with coordinates
21,29,-..,22n, and let Aj, Ao, ..., A, be the midpoints of the segments
My May, MaMan—1, ..., MpMpyq.

The points M;,7 = 1,2n, lie on the upper semicircle centered at
the origin with radius 1. Moreover, the lengths of the chords MjMs,,
MosMsy 1, ..., MM, are in decreasing order; hence OA;,0As, ..., OA,
are increasing. Thus

21 + Z2n Z2 + Z2n—1 < |Znt i
2 - 2 -~ 2 ’
and the conclusion follows (Fig.6.1).
A
M,
Mn +1

An

M

M2n— 1 2
A,

Mzn . Ml

Figure 6.1.
Solution 2. Consider z; = r(costy + isintg),k = 1,2,...,2n and observe
that for every j =1,2,...,n, we have

|Zj + Z2n7j+1|2 = |T[(COStj + COSth,ijl) + i(SiIltj + sint2n7j+1)]|2

= r?[(costj + costa,_ji1)* + (sint; + sinta,_jy1)?]
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= T2 [2 + 2(COS tj COS tgn,jJrl + sin tj sin t2n7j+1)]

2 ton—j+1 —
5 :

, and the inequalities

= 2r%[1 + cos(tan_j41 — t;)] = 4r? cos
Therefore, |2; + 22— j+1| = 2r cos %

|21 + 22| < |22 + zon—1] < -+ <|2zp + 2n41]

are equivalent to to, —t; > topn_1 —t2 > -+ > ty41 — t,. Because 0 < ¢ <
ty < -+ < ta, <, the last inequalities are obviously satisfied.

Problem 27. Find all positive real numbers x and y satisfying the system of
equations

(1996 Vietnamese Mathematical Olympiad)

Solution. It is natural to make the substitution /z = u,\/y = v. The
system becomes

v(l— ! ):M.

u? + v2 VT

But u? + v? is the square of the absolute value of the complex number z =
u + 4v. This suggests that we add the second equation multiplied by ¢ to the
first one. We obtain

u+w+u—iv _ 2 +i4\/§
w et V3 VT )

The quotient (u — iv)/(u? + v?) is equal to z/|z|? = Z/(2Z) = 1/z, so the
above equation becomes

1 2 42
Z+;: <%+ZW>

Hence z satisfies the quadratic equation
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(2 )
z—<%+zﬁ>z+l—0

with solutions

1 2 2V/2
— | +i| == £V2,
<\/§ \/21) < V7 )
where the signs + and — correspond.
This shows that the initial system has the solutions

2
1 2 \? 22
r=(—=+—], y=2=+£Vv2)|,
<\/§ \/21) ! < V7 )
where the signs + and — correspond.

Problem 28. Let z1, 22, z3 be complex numbers. Prove that z1 4+ 22+ 23 =0
if and only if |z1] = |22 + 23|, |22| = |25 + 21|, and |z3] = |21 + 23]

Solution. The direct implication is obvious.
Conversely, let |z1| = |22 + 23|, |22| = |21 + 23, |23] = |21 + 22| It follows
that
|2’1|2 + |22|2 + |Z3|2 =22+ Z3|2 + |25 + 21|2 +lz1 + 22|2.

This is equivalent to

2121 + 22%Z9 + 2323 = 29Z9 + 29Z3 + 2223 + 2323
+ 232_1 + 2’12’_3 + 212_1 + 2’12’_1 + 2’12_2 + 222_1 + ZQZ_Q, i.e.,

2121 + 29%Z2 + 2323 + 2122 + 2021 + 2123 + Z123 + 2223 + 2322 = 0.
We write the last relation as
(21 + 22 + 23)(Z1 + 22 + 73) = 0,
and we obtain
|21 + 20 + 2312 =0, ie., 21 + 20+ 23 =0,
as desired.

Problem 29. Let z1, 22, ..., z, be distinct complexr numbers with the same
modulus such that

2324 .. Zp—1%n t+ 2124 . Zp_12n + -+ 2122...2p—2 = 0.

Prove that
2129 + 2923+ -+ + Zn_12n = 0.

Solution. Let a = |z1| = |22] = -+ = |z,|. Then
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a2

_k: =, k= 17”7
Zk
and
n—1 n—1
at
2122 + 2223+ -+ Zn—12n = E ZkRk+1 = E
%
k=1 =1 “k~k+1
4
a
— —(Z3Z4"'Zn+Z1Z4"'Zn+"'+Z1Z2"'Zn72):0;
hence
2122 + 2223+ -+ 2p—12n = 0,
as desired.

Problem 30. Let a and z be complex numbers such that |z + a| = 1. Prove
that
2 2 11— 2[a]?|
2 +a’| > ———.
| | 7
Solution. Let

z =ri(cost; +isinty)

and
a = ra(costy + isinty).
We have
1=|z+a| =+/(r1costy + 15 costy)? + (r1sint; + rosinty)?
= \/r% + 72 + 2r1re cos(ty — ta),
SO
1-— 7‘% — 7‘%
t—ty) = —— L 2
cos(t; — t2) 2rirs

Then

|22 + a?| = |r?(cos 2t; + isin 2t1) 4 r2(cos 2ty + isin 2t)|

= \/(r% o8 2t 4 13 cos 2t2)? + (r? sin 2t1 + 73 sin 2t5)?

= \[r +rd 2080 cos 2ty — )

— Jri 2R (2eos? (b — ta) - 1)

1—r2 —72\?
= |ri+7rs+2rrd. 2(—21"17@ 2) -1
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= \/27“‘11—#27“‘21—#1—27“%—27“%.

The inequality
11— 2]al?|
V2

|22 +a®| >
is equivalent to

1_222
o p ot el -2 gy > UZ20)

Art 4 dry —4r? —4r2 42> 1 — 43 + 43,
We
(2rf —1)* >0,
and we are done.
Problem 31. Find the geometric images of the complex numbers z for which
2" -Re(z) =z" - Im(z2),
where n is an integer.

Solution. It is easy to see that z = 0 is a root of the equation. Consider
z=a+1ib#0,a,b€R.

Observe that if a = 0, then b = 0, and if b = 0, then a = 0. Therefore, we
may assume that a, b # 0.

Taking the modulus of both members of the equation

az" = bz" (1)
yields |a| = |b], or a = +b.
Case 1. Ifa=1b, (1) becomes

(a+ia)" = (a —ia)".

1 . n
(ii) —1ie,i" =1,

which has solutions only for n = 4k, k € Z. In that case, the solutions are

This is equivalent to

z=a(l+1i), a#0.
Case 2. If a = —b, (1) may be rewritten as

(a—ia)" = —(a+ ia)".
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1_ . n
< Z> = —1,ie., (=" = —1,

That is,

1414
which has solutions only for n = 4k + 2, k € Z. We obtain

z=a(l—1), a#0.

To conclude,

(a) if n is odd, then z = 0;

(b) if n =4k, k € Z, then z = {a(1+1)|a € R}, i.e., a line through the origin;

c) ifn=4k+2,k € Z, then z = {a(1 —i)|a € R}, i.e., a line through the
origin.

—~

Problem 32. Let a, b be real numbers with a + b = 1 and let z1, z9 be
complex numbers with |z1] = |z2| = 1.

Prove that
|21 + 22|

|CL2’1 —|—b2’2| Z 2

Solution. Let z; = cost; +¢sint; and zo = costs + isinte. The inequality

|21 + 22|

laz1 + bza| > 5

is equivalent to

V/(acosty +bcosts)? + (asinty + bsinty)?

> \/(costl + costa)? + (sinty + sinty)?.

| —

That is,

2¢/a2 + b2 + 2abcos(t; — ta) > /2 + 2cos(t; — ta),i.e.,
4a® 4+ 4(1 — a)® + 8a(1 — a) cos(t; — t2) > 2+ 2cos(ty — ta).
We obtain
8a? — 8a + 2 > (8a® — 8a + 2) cos(ty — t2),i.e., 1 > cos(t; — ta),

which is obvious.
Equality holds if and only if t; = t9, i.e., 21 =20 0ra=b= %

Problem 33. Let k, n be positive integers and let z1, z2, ..., zn be nonzero
complex numbers with the same modulus such that

zf—i—zg—i—---—i—zizo.



6.2 Solutions to the Olympiad-Caliber Problems

Prove that
1 1
rt gttt =0
z7 %3 2k
Solution. Let r = |z1| = |22| = -+ = |2, > 0. Then
¥+%+"'+Z—Z—m+m+"'+m
_ 1 k k k) —
—m(21+22+---+zn)—07
as desired.

Problem 34. Find all pairs (a,b) of real numbers such that
(a+ bi)® = b+ ai.
Solution. Let
a+ bi =r(cosf + isinb).
Then by taking the magnitude of both sides of the equation, we obtain

that is, r =0or r =1.
If r =0, then a = b= 0, and so

(a,b) = (0,0).
Now if r = 1, then by de Moivre’s law,
(a4 bi)® = (cosf +isinf)® = cos(50) + i sin(56).
By trigonometric identities we also have
b+ ai = cos(90° — ) + sin(90° — 0).

It follows that
50 =90° — 6 (mod 360).

In other words,
50 = 90° — 6 4 360°k,

where k is an integer.
Hence

6 = 15° + 70k°,
where k € Z. So k = 15,75, 135, 195, 255, 315.

301
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Now

(a,b) = <i§¢§> , (i%tﬁ,iﬁjﬁ)

Combining the r = 0 and r = 1 cases, we get seven solutions:

(a,b) = (0,0), (i?;?) , <j:\/gt\/§,i\/gj\/§> ,

where the signs + and — correspond.

2

Problem 35. For every value of a € R, find min|z* — az + al|, where z € C

and |z| < 1.

Solution. This was Problem 2, grade 10, at the 2009 Romanian National
Olympiad, asked for just a € [2 4+ v/2,4].
2

9 a a’ —4a

The equation 2 — az + a = 0 has roots 212 = - £ ————, and it is

natural to consider various cases with respect to the values taken by a, since
2% —az +al = [(z — 21)(2 - 22)],

and if we denote by M, A1, A the points of coordinates z, z1, z2, the expres-
sion becomes M A7 - M A,.

(1) @ < 1. Then at least one of the roots z1, 22 is of magnitude at most 1;
therefore,

min |22 — az +a| = 0,

which is realized for the root.
(2) a > 4. Then the roots are real and greater than 1. Setting 7'(1,0) and
B(0,1) ={z € C| |z] < 1}, we have

MA; > d(A;, B(0,1)) = TAj,
and thus

|z2—az+a|:MAl-MAQZTAl-TAgzl,

a minimum realized for z = 1.
(3) 1 <a<4. Then a?® — 4a < 0, thus the roots are complex conjugates.

The following result will be useful. Consider the points A;(«, 8), Aa(a, =),
and M (z,y). Then

(MA; - MA3)? = ((z— )+ (y— B)H)((z — )® + (y + B)?)
= ((z —a)® +y* + B%)* — 487,

having least value when x is closest to a.
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Let us now compute |22 — az + a| for |z| = 1. Thus z = cosf + isin6.
We have

|22 — az +al? = |(cos? @ — sin? § — acos + a) + i(2 cos O sin — asin §)|>

= (cosf(2cosf —a) +a—1)* + (sinf(2cos b — a))?
= (2cosf —a)? +2(a—1)cosf(2cos — a) + (a — 1)?

1\? 1\
— (2"~ 20+ 1) —da () yda(coso— 2T
1 1

For a € [3,4], the minimum of the expression above is obtained for cos§ = 1,
thus again for z = 1 and is

min |2? —az +a| = 1.

For a € [1, 3], the minimum of the expression above is obtained for cosf =

1
at and is

a+1 2_1_a(a—3)2
4 B 4

min|zz—az+a|=(2a2—2a+1)—4a<

The value a = 2 + /2 € [3,4] is of interest. The circle v of center (a/2,0)
and radius v4a — a?/2, of diameter Ay As, is tangent at 7'(1,0) to the disk
B(0,1). For a > 2 4 /2, this allows for a special argumentation for the
minimum of the expression |22 — az+ a| being 1, obtained for z = 1, and that
was the approach of the official solution.

Problem 36. Let a,b, c be three complex numbers such that
albe| + b|cal| + clab| = 0.

Prove that
[(a —b)(b— ¢)(c — a)| > 3V3|abe].

(Romanian Mathematical Olympiad—Final Round, 2008)

Solution. If one of the numbers is 0, then the conclusion is obvious. Other-

a b c
wise, on dividing by |abc| and setting o = —, 8 = o v = L the hypothesis
a c

becomes a + 8+ =0 and |a| = ||8] = |y| = 1. It is a well-known fact that

in this case, the differences between the arguments of the numbers «, 5,y are
2
i%.
The law of cosines now gives |a — b|? = |a|? +|b|? + |a||b] > 3]|a||b] and two
additional similar relations. Multiplication of the three inequalities yields the
desired result.
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Problem 37. Let a and b be two complex numbers. Prove the inequality

|14 ab| + |a +b| > /]a? — 1]|b% — 1.

(Romanian Mathematical Olympiad—District Round, 2008)

Solution 1. By the triangle inequality,
|1+ ab| + |a+b] > [1 +ab+a+ b

and
|1+ abl+]a+bl >|14+ab—a—1|

Multiply these two inequalities to get
(11 + abl + |a+b])* > (|1 + ab)® — (a + b)?|,
which is equivalent to |1 4 ab| + |a + b| > +/|a® — 1| - |62 — 1.
Solution 2. We have
|1+ 2ab + a®b?| + |a® + 2ab + b?| > a6 + 1 — a® — b?| = |a* — 1] - |b? — 1],
which is equivalent to
(|11 + abl + |a+b])* > |(1 + ab)® — (a + b)?|.

Problem 38. Consider complex numbers a, b, and ¢ such that a+b+c=0
and |a| = |b] = |¢| = 1. Prove that for every complex number z, |z| < 1, we
have

3<|z—al+|z=b+]z— <4

(Romanian Mathematical Olympiad—Final Round, 2012)

Solution. Consider points A, B,C, and M having complex coordinates
a,b,c, and z, respectively. The triangle ABC is equilateral and inscribed
in the unit circle centered at the origin of the complex plane O.

To prove the left-hand inequality, we have successively

S Jz—al = fallz—al =Y [a:—7a| > ‘Z(az - 1)‘ - ‘z (Za) - 3‘ —3.

For the right-hand inequality, consider a chord containing M and denote by
P, Q its points of intersection with the unit circle. Let p and ¢ be the complex
coordinates of P and Q. Let « € [0, 1] be such that m = ap+ (1 —a)gq. We get

dlz—al=>lap+(1—a)g—al<a) |p—al+(1—0a)> lg—adl,
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SO

Z|z—a| < maX{Z|p—a|,Z|q—a|}.
We can suppose without loss of generality that
maX{le—GI,ZIq—al} => Ip—a

and that P is on the arc from A to C. By Ptolemy’s relation, PA+ PC = PB,
that is,

lp—al+|p—cl=|p—0|

dle—al <> Ip—al=2[p—b <4,

which concludes the proof.

Then

Remark. Equality holds in the left-hand inequality when z = 0, and in the
right-hand one when z € {—a, —b, —c}.
6.2.2 Algebraic Equations and Polynomials

Problem 11. Let a, b, ¢ be complex numbers with a # 0. Prove that if the
roots of the equation az® + bz + ¢ = 0 have equal moduli, then ab|c| = |a|be.

Solution. Let r = |21] = |za].
The relation ablc| = |albe is equivalent to
ablc|  |albe
aala|  @alal’

This relation can be written as

b
a

()

—(x1 + 22) - |z122| = —(TT + T2) - X122, 1€,

c
a

That is,

(x1 + IQ)TQ = |x1|2x2 + x1|x2|2.

It follows that

(x1 + :vg)r2 = (1 + xg)r2,

which is certainly true.
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Problem 12. Let z;, 2 be the roots of the equation 2> + z+1 =0, and let
23, 24 be the roots of the equation 2> — z + 1 = 0. Find all integers n such
that 21" + 2y = 25 + 2.

Solution. Observe that 25 = 23 =1 and 235 = 23 = —1. If n = 6k + r, with
keZandre{0,1,2,3,4,5}, then 2] + 28 = 2] + 25 and 2§ + 2§ = 25 + 2.

The equality 27" + 25 = 25 + 2} is equivalent to 2] + z5 = 23 + z; and
holds only for r € {0,2,4}. Indeed,

(i) if 7 =0, then 29 + 29 = 2 = 29 + 2{;
(ii) if r = 2, then 22 + 22 = (21 + 22)? — 22120 = (—=1)2 = 2-1 = —1 and

42t =(z3+21)? —22324=12-2-1=—1;
(iii) if r = 4, then 2§ + 25 = 21 + 20 = —1 and 23 + 2] = —(23 + 24) =
—(+1) = —1.

The other cases are as follows:

(iv) r=1:then 21 + 20 = =1 # 235 + 24 = 1;

(v) r=3:then 23 + 25 =1+1=2#23+2}=-1-1=-2;

(vi) r="5:then 20 + 25 =22 + 25 = 1420+ 2 = — (22 +27) = L.
Therefore, the desired numbers are the even numbers.

Problem 13. Consider the equation with real coefficients
2 +ar® + bt +exd + b2t +ar+1=0,

and denote by x1, xa,..., xg the roots of the equation.
Prove that

H(:vi +1) = (2a — ¢)*.

k=1
Solution. Let
f(z) = a5 + az® + ba* + ca® + b2 + ax + 1

6
(x — ) = H(xk —z), for all z € C.
1 k=1

6
k=
‘We have

6 6 6
[Tt +1 =TT+ [[@—0=r=i- 16
k=1 k=1 k=1
= (1% + ai® + bi* + ¢i® + bi® 4+ ai + 1) - (1% — ai® + bi* — ¢i® + bi® — ai + 1)
= (2ai — ¢i)(—2ai + ci) = (2a — ¢)?,
as desired.

Problem 14. Let a and b be complex numbers and let P(z) = az® + bz + 1.
Prove that there exists zo € C with |zo| = 1 such that |P(z0)] > 1+ |al.
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Solution. For a complex number z with |z| = 1, observe that
P(2) + P(—2) = az’ + bz + i+ az® — bz + i = 2(az”® +1).
It suffices to choose zg such that azZ = |ai. Let
a = |al(cost + isint), ¢ € [0,2m).

The equation az? = |a|i is equivalent to

9 s LT
zO:cos(E—t)+zs1n(§—t).

_ 7T t L ™ t
Zg = COS 173 7 sin 1 3)
and we are done.

Therefore, we have

Set

P(z) + P(—20) = 2(|z|i + 1) = 2i(1 + |a]).
Passing to absolute values, it follows that
|P(z0)| + |P(—=20)| > 2(1 + |a]).

That is, |P(z0)| > 1+ |a| or |P(—20)| > 1 + |a].
Note that |z9| = | — 20| = 1, as needed.

Problem 15. Find all polynomials f with real coefficients satisfying, for ev-
ery real number x, the relation f(x)f(2x?) = f(223 + z).

(21st IMO—Shortlist)

Solution. Let z be a complex root of the polynomial f. From the given
relation, it follows that 223 + 2z is also a root of f. Observe that if |z > 1,
then

22 + 2] = [2l|22 + 1] 2 |22l - 1) > |2,

Hence, if f has a root z; with |21| > 1, then f has a root 2y = 227 + z; with
|z2] > |#1|. We can continue this procedure and obtain an infinite number of
roots of f, namely 21, 29, ... with |21] < |22| < - -+, a contradiction. Therefore,
all roots of f satisfy |z| < 1.

We will show that f is not divisible by x. Assume, for the sake of a con-
tradiction, the contrary and choose the greatest £ > 1 with the property that
x¥ divides f. It follows that f(z) = 2¥(a + zg(z)) with a # 0; hence

f(22%) = 2 (a1 + 2" a?g(227)) = 2 (a1 + 29, (@)
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and
F(22° + 1) = 2* (227 + 1) (a + (20 + Dag(w)) = 2¥(a + 294(x)),

where g, g1, g2 are polynomials and a; # 0 is a real number. The relation
f(z)f(222%) = f(22® + z) is equivalent to z¥(a + xg(z))2?* (a1 + zg1(z)) =
7% (a + zga()), which is not possible for @ # 0 and k > 0. Let m be the
degree of polynomial f. The polynomials f(2x2) and f (223 4 x) have degrees
2m and 3m, respectively.

If f(x) = bypa™+- - +bg, then f(222) = 2™b,z*™ +- -+ and f(22° +2) =
2™b,, 3™ 4 ---. From the given relation, we obtain b, - 2™ - b,, = 2™b,,,
hence b,, = 1. Again using the given relation, it follows that f2(0 ) £(0),
i.e., b2 = bo; hence by = 1.

The product of the roots of the polynomial f is +1. Taking into account
that for every root z of f we have |z| < 1, it follows that the roots of f have
modulus 1.

Consider z a root of f. Then |z| =1 and 1 = |223 + 2| = |2]|222 + 1| =
222 + 1| > [22%] — 1 = 2|2|? — 1 = 1. Equality is possible if and only if the
complex numbers 222 and —1 have the same argument; that is, z = +i.

Because f has real coefficients and its roots are +i, it follows that f is of
the form (22 + 1)" for some positive integer n. Using the identity

(% +1)(da* + 1) = (22% + 2)? + 1,

we obtain that the desired polynomials are f(z) = (2% + 1)", where n is an
arbitrary positive integer.

Problem 16. Find all complex numbers z such that

1
(z=29)1 424222 = =

(Mathematical Reflections, 2013)
Solution. From the well-known identity
(z+y)" =2 +y" + Toy(z +y)(2® + 2y +y*)?,
we deduce
(1—2)"=1-2"=72(1-2)(1 — 2+ 2?)%

Hence our equation is equivalent to (1 — z)7 = —27, that is,
7
1
(—— + 1) = 1.
z
1

2% 2%
et l=cos X 4 isin 2tk =0,1,...,6.
Zk 7 7

It follows that
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This reduces to

1 2k 2k k k k
— =1—cos—7r —isin—7T =2sin2—ﬂ—2isin—wcos—ﬂ,

2k 7 7 7 7 7

which is equivalent to

k71'+,  km
COS — 781N —
1 7 7

- —2¢sin km cos b — 4 sin il - —2¢sin k—ﬂ
7 7 7 7

1 k
_§<—1—|—Zcot7ﬂ>, k:();l?"'56'

Problem 17. Determine all pairs (z,n) such that
2422+ 4+ 2" =nz,
where z € C and |z| € Z+.
(Mathematical Reflections, 2008)

Solution. For n = 1, we obtain z = |z|, and (z,1) is a solution iff z € Z*.
For |z| = 1, we obtain

n=lz+22+. .+ <|z|+ |22 +... +|2]" =n,

with equality iff all z¥ are collinear, i.e., iff z € R, and (1,n) is the only
possible solution with |z| = 1, but it is valid for every positive integer n.
These solutions may be considered “trivial.”

Let us now look for nontrivial solutions. For n = 2, the equation becomes
2+ 22 = 2|z|, which after expressing

z = |z|(cos @ + isinf)
and separating into real and imaginary parts yields
cosf + |z| cos(26) = 2 and sinf + |z|sin(26) = 0.
The latter results in either

1

sinf = 0 or cosf = —m,

the second option yielding

1—2|z|?

cos(20) = 2cos? — 1 = e
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Insertion into the former yields |z|] = —2, which is obviously absurd.
So sinf = 0, resulting in |2] =2+ 1 =3 when cos§ = —1,and |z| =2—-1=1
when cosf = 1, for the trivial solution (1,2) and the additional solution
(—3,2).

If |z| > 1, consider n|z|(z — 1) = 2"t — 2, which after expressing

z = |z|(cosf + isinf)
and separating real and imaginary parts yields
|| cos((n 4+ 1)0) = (n|z| + 1) cos O — n,

|z|" sin((n + 1)8) = (n|z| + 1) sin 6.

Squaring both equations and adding them, we obtain

|2|" = v/(n]z| + 1)2 +n2 — 2n(n|z] + 1) cos O < n|z| +n + 1,

with equality iff cos® = —1. The derivatives of |z|" and n|z| + n + 1 with

|2

respect to n are respectively |z|"In|z| > = > |z|""! and |z| + 1, where

1
we have used that |z| > 2 and In2 > 2 since 4 > e. Note that for n > 3

and |z| > 2, [2|"71 > 2|z] > |2| + 1, and since for n = 3, |z| = 3, we
obtain |z|* = 27 > 13 = n|z| + n + 1, and for n = 4, |z] = 2, we obtain
|z|* = 16 > 13 = n|z| + n + 1, we cannot have solutions for n > 4 when
|z| = 2, nor for n > 3 when |z| > 3. Since the cases n = 1,2 for every |z|, and
|z| = 1 for every n, have already been discussed, we need to find only whether
solutions exist for |z] = 2 and n = 3. In this case, the equations become

8 cos(46) = Tcosf — 3 and 8sin(40) = 7sinb,

1
for 64 = 49+9—42cosb, or cosf = —= But this is absurd, since substitution

1
in the previous equations yields cos(46) = bt but direct calculation yields

4
cos(20) = 2cos? 0 — 1 = _4_;,

and similarly,

2 2
2 474 - 49 - _%7
and the potential solution found was actually artificially introduced in the
squaring-and-adding process. Hence no solution exists for n = 3 and |z| = 3,
and the only possible solutions are (—3,2), and the trivial solutions (1,n) for

all positive integers n and (z, 1) for all positive integers z.

cos(40) =
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Problem 18. Let a,b, ¢, d be nonzero complex numbers such that ad —be # 0
and let n be a positive integer. Consider the equation

(ax +b)" + (cx +d)™ = 0.

(a) Prove that for |a| = |c|, the roots of the equation are situated on a line.
(b) Prove that for |a| # |c|, the roots of the equation are situated on a circle.
(¢) Find the radius of the circle when |a| # |c|.

(Mathematical Reflections, 2010)

Solution. If there is a root x such that cx +d = 0, then we have ax +b = 0.
It follows that ad — bc = 0, a relation that is contrary to the hypothesis.
Therefore, we can assume that cx + d # 0. We can write the equation in the
equivalent form

ar+b\"
(C,T + d) (1)
L . . . ar +b
This is, in fact, the binomial equation z™ = —1, where z = npt The roots
cx
of this equation are
2k +1 2k +1
Zk :cosu—i—isinu, where Kk =0,1,...,n— 1.
n n

It is clear that the roots of our equation and the roots of the binomial equation

b
2" = —1 are related by z, = 0Tk ,k=0,1,...,n — 1. Because |z;| = 1,

crp +d
it follows that

arr +b
cry +d

‘_1fork—0,1,...,n—1.

The last relation is equivalent to

L b
Tk -
a)_ld 8
o]l
c
If |a| = |¢|, then
b d
T+ —| =Tk + |,
a c
i.e., the roots xj are situated on the perpendicular bisector of the segment
d
determined by the points of complex coordinates —— and ——.
a c
If |a| # |¢|, then from (2), it follows that xj, belongs to the circle of Apol-
lc|

lonius corresponding to the constant ﬂ
a
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In order to find the radius of this circle, we will use the following result,
which can be obtained from Stewart’s theorem: Let o, 8, and K > 0 be fixed
real numbers, and let A and B be fixed points in the plane. If

af

K >
a+p

- AB?,

then the locus of points M in the plane with the property
a-MA* +3-MB? = K, (3)

is a circle of radius

B K B af . 9
R_\/OH—B CEE AB*.

In our case, we have just to take K = 0, a = |a|, and 8 = —|c| and the fixed
b d
points A <—5) and B <_E> We get
_ Jbl-Jad b
el - [lal = ol

Problem 19. Let n be a positive integer. Prove that a compler number of
absolute value 1 is a solution to z" + z+1 =0 if and only if n = 3m + 2 for
some positive integer m.

(Romanian Mathematical Olympiad—Final Round, 2007)

Solution 1. If n = 3m + 2 for some positive integer m, then the complex
number cos(27/3) + i sin(27/3) is clearly a solution of absolute value 1. Con-
versely, if z is a solution of absolute value 1, then so is Z = 1/z. Hence
24241 =0 = 2"+2"" 141, which yields successively 2”72 = 1, 2242+1 =0,
23 =1 with z # 1, so n = 3m + 2 for some positive integer m.

Solution 2. Let P(z) =2"+ 2+ 1=0. If P(w) =0, |w| = 1, then
w = cosf + isinb,
and so using de Moivre’s formula, we obtain w™ = cosnf + isinnf. Then
0 = (cosnb 4 cosh + 1) + i(sinnd + sin §),

1
whence sin? nf = sin? § and cos2nf = cos? 6 + 2cosf + 1, so cosf = —5 It

follows that w® = 1 and w? +w + 1 = 0, and therefore w" = w?, son = 2
(mod 3).
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Conversely, if n = 2 (mod 3), then for w a cube root of unity, w # 1, we
have P(w) = 0. In fact, then P(z) = 2" + 2z + 1 = (22 + 2 + 1)Q(z) for some
Q@ (with integer coefficients).

Problem 20. Let a and b be two complex numbers. Prove that the following
statements are equivalent:

(1) The absolute values of the roots of the equation x>

to the absolute values of the roots of the equation

—ax+b=0 are equal

22 —br+a=0.
(2) a® =b3 orb=na.
(Romanian Mathematical Olympiad—District Round, 2011)

Solution. Let

21| = [23], [wa] = |2l (1)
and observe that |a| = |z3z4| = |z122| = |b| to derive
|1 + o] = |3 + 24l (2)

Relations (1) and (2) show that there exists a number k € C such that
To = kx1, x4 = kx3 or x5 = kx1, 4 = k3.
In the first case, we have a = k2% = (1+k)x1 and b = ka? = (1+ k)23, so

a® = k(1 +k)?zizi = V7.

In the latter case, we have a = kx3 = (1 + k)x; and b = ka? = (1 + k)z3.
It follows that 23T, = 23Ta, so 11 = T3 or a = b = 0, and furthermore,
T9 = T4, and hence a = b.

Conversely, if b = @, then x1 + o = T3 + T4, 122 = T3T4, implying
{1,202} = {T3,Za}. If a® = b3, then a = €b, €3 = 1. The roots satisfy the
relations x1 + 22 = (a3 + 14), 1172 = e2x374. Both cases lead to

{lz1ls [z2l} = {lws]; [zal},

as needed.

6.2.3 From Algebraic Identities to Geometric
Properties

Problem 12. Let a, b, ¢, d be distinct complex numbers with |a| = |b| =
le] =1d| and a+b+c+d=0.

Then the geometric images of a, b, ¢, d are the vertices of a rectangle.
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Solution 1. Let A,B,C,D be the points with coordinates a,b,c,d,
respectively.

If a+b =0, then ¢c+d = 0. Hence a +b = ¢+ d, i.e., ABCD is a
parallelogram inscribed in the circle of radius R = |a|, and we are done.

If a 4+ b # 0, then the points M and N with coordinates a + b and ¢ + d,
respectively, are symmetric with respect to the origin O of the complex plane.
Since AB is a diagonal in the rhombus OAM B, it follows that AB is the
perpendicular bisector of the segment OM . Likewise, C'D is the perpendicular
bisector of the segment ON. Therefore, A, B, C, D are the intersection points
of the circle of radius R with the perpendicular bisector of the segments OM
and ON, so A, B,C, D are the vertices of a rectangle.

Solution 2. First, let us note that it follows from a + b+ ¢+ d = 0 that
a+d=—(b+c),ie., la+d = |b+c|. Hence |a + d|* = |b+ c|?, and using
properties of the real product, we find that (a +d)-(a+d) = (b+¢) - (b+c¢).
That is, |a|? + |d|? + 2a - d = [b]* + |c|? + 2b - c¢. Taking into account that
|a| = |b] = |c| = |d|, one obtains a-d=1b-c.

On the other hand, AD? = |[d—a|*> = (d—a)-(d—a) = |d|* +|a|* —2a-d =
2(R? — a - d). Analogously, we have BC? = 2(R?> —b-¢). Since a-d =b- ¢, it
follows that AD = BC, so ABCD is a rectangle.

Problem 13. The complex numbers z;, i = 1,2,3,4,5, have the same

nonzero modulus, and
5
g zy = g 22 =0.
i=1

i=1
Prove that z1, z2, ...,z5 are the coordinates of the wvertices of a reqular
pentagon.

(Romanian Mathematical Olympiad—Final Round, 2003)
Solution. Consider the polynomial
P(X)= X"+ aX* +bX® + cX? +dX +e

with roots zz, k = 1,5. Then

a:—Zzleandb:Zzlzgzé(Zz1)2—%sz:O.

Denoting by r the common modulus and taking conjugates, we also get

_ T2 7.2
0= E zZ) = E —= E 21222324,
Z1 Z1R9Z324%5

from which d = 0 and

4 4

_ r r
0= E 2129 = E = E Z1%29%3.
zZ122 Z1R222324%5
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Therefore, ¢ = 0. It follows that P(X) = X° +e, so 21, 22, ..., 25 are the fifth
roots of e, and the conclusion is proved.

Problem 14. Let ABC be a triangle.
(a) Prove that if M is any point in its plane, then

AM sin A< BMsinB+ CMsinC.

(b) Let Ay, By, Cy be points on the sides BC, AC, and AB, respectively,
such that the angles of the triangle A1 B1C1 are in order «, 3, 7. Prove
that

Z AAisina < ZBC sin av.

cyc cyc
(Romanian Mathematical Olympiad—Second Round, 2003)

Solution.

(a) Consider a complex plane with origin at M. Denote by a, b, ¢ the coordi-
nates of A, B, C, respectively. Since

a(b—c)=bla—c)+c(b—a),
we have
la[b —af = |b(a = ¢) + ¢(b — a)| < [blla — ¢ + |c]|b — a.

Thus
AM -BC < BM -AC+CM - AB,

or
2R-AM -sinA <2R-BM -sinB+2R-CM -sinC,

which gives
AM -sinA < BM -sinB+CM -sinC.
(b) From (a), we have
AA; -sina < ABp-sinff+ ACq - sinvy,

BB, -sinf8 < BA; -sina+ BC1 - sinv,
CC1q -siny < CAp -sina + CBj - sin f,
which when summed give the desired conclusion.

Problem 15. Let M and N be points inside triangle ABC such that

MAB = NAC and MBA = NBC.
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Prove that
AM-AN BM-BN CM-CN

AB AC T BA.BC T ca.CcB -

(39th IMO——Shortlist)

Solution. Let the coordinates of A, B,C,M, and N be a,b,c,m, and n,
respectively. Since the lines AM, BM, and CM are concurrent, as well as the
lines AN, BN, and CN, it follows from Ceva’s theorem that

sin BAM sin CBM sin ACM _
sin MAC . sin MBA . sin MCB a
sin BAN sin CBN sin ACN B
sin NAC ' sin NBA . sin NCB a

L, (1)

1. 2)

By hypothesis, BAM = NAC and MBA = CBN. Hence BAN = MAC and
NBA = CBM. Combined with (1) and (2), these equalities imply

sin ACM - sin ACN = sin MCB - sin NCB.
Thus,
cos(m{[ + 2A/Cﬁ) — cos NCM = cos(m/[ + 2]\7@) — cos NCM,

and hence ACM = NCB (Fig.6.2).
Since BAM = NAC,MBA = CBN and ACN = MCB, the following
complex ratios are all positive real numbers:

Figure 6.2.

m-—a c—a m—b c—b> m-—c¢ a—c¢

b—a n-—a’ a—b:n—b7 b—c n-—c
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Hence each of these equals its absolute value, and so

AM~AN+BM-BN+CM-CN
AB - AC BA - BC CA- CB
(m—a)n—a) (m-=>b)(n—>5) (m—c)(n—2c)

= h—a)c—a) T @a=0c=b)  B-ola=o -

6.2.4 Solving Geometric Problems

Problem 26. Let ABC be a triangle such that AC? + AB? = 5BC?. Prove
that the medians from the vertices B and C are perpendicular.

Solution. Let a,b, ¢ be the coordinates of the points A, B, C, respectively.
Using the real product of complex numbers, we have

AC? 4 AB? = 5BC? if and only if |c — a|® + |b — a|? = 5|c — b]?, i.e.,

(c—a)-(c—a)+(b—a) - (b—a)=5(c—=0b)-(c—=D).

The last relation is equivalent to
A —2a-c+a?+b*—2a-b+a?=>5c—10b-c+ 5b%, ie.,

20 —4b®> —4c* —2a-b—2a-c+10b-c = 0.
It follows that

a? =2 -2 —a-b—a-c+5b-c=0, ie.,

(a+c—2b)-(a+b—2c)=0, so (a—;—c_b> . (a;—b—c> =0.

The last relation shows that the medians from B and C' are perpendicular,
as desired.

Problem 27. On the sides BC, CA, AB of a triangle ABC the points
A’ B’ C'" are chosen such that
A'B  B'C C'A
AC B'A CB
Consider the points A", B", C" on the segments B'C’', C'A’, A'B’ such
that

k.

A//O/ O//B/ B//A/
A//B/ = C//A/ = B//Cl
Prove that triangles ABC and A”B"C" are similar.

=k.
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Solution. Denoting by the corresponding lowercase letter the coordinates of
a point denoted by an uppercase letter, we obtain

a/:b1_kkc’ b/:i_k:’ C/:i_lzb’
and

g =k (1+kHa—k(b+c)

1—k (1— k)2 ’

b a —ke  (1+k)b—k(a+c)

C1-k (1— k)2 ’

y U —kd  (1+E*)c—k(b+a)

1-k (1—k)? '

Then

d"—a" (1+k)(c—a)—k(a—c) c—a

v —a’  (1+k2)(b—a)—k(a—b) b—a’
which proves that triangles ABC and A” B”C" are similar.

Problem 28. Prove that the following inequality holds in every triangle:
R M,
s e
2r = hg

Equality holds only for equilateral triangles.

Solution. Consider the complex plane with origin at the circumcircle of
triangle ABC and let z1, zo, 23 be the coordinates of points A, B, C.

m
The inequality o > h—a is equivalent to
r o

K 2K
2rmq < Rhg, ie., 2—m, < R—.
S @
Hence am, < Rs.
Using complex numbers, we have

20 + 23
2

zZ1 —

2am,, = 2|23 — 23] = (22 — 23)(221 — 22 — 23)|

= |22(21 — 22) + 21(22 — 23) + 23(23 — 21)|
< |22llzr — 22| + |21ll22 — 23| + [23]|23 — 21| = R(a + B + ) = 2Rs.

Hence am, < Rs, as desired.
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Problem 29. Let ABCD be a quadrilateral inscribed in the circle C(O; R).
Prove that
AB? 4+ BC? + CD? + DA? = 8R?

if and only if AC L. BD or one of the diagonals is a diameter of C.

Solution. Consider the complex plane with origin at the circumcenter O,
and let a, b, ¢, d be the coordinates of points A, B,C, D.

The midpoints E and F of the diagonals AC and BD have the coordinates

b+d
ate and L

Using the real product the complex numbers, we have

AB? + BC? + CD? + DA® = 8R?
if and only if
(b—a)-(b—a)+(c—b)-(c=b)+(d—c)-(d—c)+ (a—d)-(a—d) =8R?
i.e.,

2a-b4+2b-c+2c-d+2d-a=0.
The last relation is equivalent to

b-(a+c)+d-(a+c)=0, ie, (b+d) - (a+c)=0.

‘We obtain
b+d a+c
2 2

=0, i.e, OE L OF

or E=0or F=0.
That is, AC L BD, or one of the diagonals AC and BD is a diameter of
the circle C.

Problem 30. On the sides of the convex quadrilateral ABCD, equilateral
triangles ABM, BCN, CDP, and DAQ are drawn external to the figure.
Prove that quadrilaterals ABCD and M N PQ have the same centroid.

Solution. Denote by the corresponding lowercase letter the coordinate of a
point denoted by an uppercase letter, and let

€ = cos 120° 4 i sin 120°.
Since triangles ABM, BCN, COP, and DAQ are equilateral we have
m+bet+as® =0, nt+ce+be®=0, p+de+ce®=0, q+ac+de®=0.
Summing these equalities yields

(m+n+p+q)+(a+b+c+d(e+e*)=0,

and since ¢ +¢2 = —1, it follows that m+n+p+q = a+ b+ c+d. Therefore,
the quadrilaterals ABCD and MNP( have the same centroid.
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Problem 31. Let ABCD be a quadrilateral and consider the rotations
Ri, R2, R3, R4 with centers A, B, C, D through the angle o and of
the same orientation.

Points M, N, P, Q are the images of points A, B, C, D wunder the
rotations Ra, Rs3, R4, Ri, respectively.

Prove that the midpoints of the diagonals of the quadrilaterals ABCD and
MNPQ are the vertices of a parallelogram.

Solution. Denote by the corresponding lowercase letter the coordinate of a
point denoted by an uppercase letter. Using the rotation formula, we obtain

m=b+(a—ble, n=c+(b—ce, p=d+(c—de, g=a+(d—a),

where € = cosa + ¢ sin a.
Let E, F,G, H be the midpoints of the diagonals BD, AC, MP, NQ, re-
spectively; then

b+d a+c b+d+(a+c—b—de
e="15 =15 g= .

a+c+(b+d—a—c)
5 .
Since e + f = g + h, it follows that EGFH is a parallelogram, as desired.

and h =

Problem 32. Prove that in every cyclic quadrilateral ABCD, the following
hold:

(a) AD + BC cos(A + B) = ABcos A+ CDcos D;
(b) BC'sin(A + B) = ABsin A-CD sin D.
Solution. Consider the points F, F, G, H such that
OE L AB, OE=CD, OF L BC, OF=AD,

0G L CD, OG=AB, OH Ll AD, OH = BC,

where O is the circumcenter of ABCD.

We prove that EFGH is a parallelogram. Since OF = CD, OF = AD, and
EOF = 180° — ABC = m, it follows that triangles FOF and ADC are
congruent; hence EF = GH. Likewise, FG = EH, and the claim is proved.

Consider the complex plane with origin at O such that F' is on the positive
real axis. Denote by the corresponding lowercase letter the coordinate of a
point denoted by an uppercase letter. We have

le| = €D, |f|=AD, |gl=AB, |h|=BC.

Furthermore,

—

FOG=180°-C=A, GOH=B, HOE=C,
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whence
f=1fl=AD, ¢g=|gl(cosA+isinA) = AD(cosA+isinA),

h = |h|[cos(A + B) +isin(A + B)] = BC[cos(A + B) + isin(A + B)],
e =le|[cos(A+ B+ C) +isin(A+ B+ C)] = CD(cos D —isin D).
Since e + g = f + h, we obtain

AD + BC cos(A + B) + iBC'sin(A + B)

= CD(cos D —isin D) + AB(cos A + isin A),
and the conclusion follows.

Problem 33. Let Oy, I, G be the 9-point center, the incenter, and the cen-
troid, respectively, of a triangle ABC. Prove that lines OgG and Al are per-
pendicular if and only if A= 3.

Solution. Consider the complex plane with origin at the circumcenter
O of the triangle. Let a,b,c,w,g,zr be the coordinates of the points
A, B,C,Og,G, I, respectively.

Without loss of generality, we may assume that the circumradius of the
triangle ABC' is equal to 1, and hence |a| = |b] = |¢| = 1.

We have

a+b+c a+b+c alb — c| + bla — ¢| + cla — b]

S Py gy Py

2 3

Using the properties of the real product of complex numbers, we have
OoG L AT if and only if (w—g) - (a —27) =0, i.e.,

a+b+c (a—Db)la—c+ (a—c)la—1] —0
6 la—bl+[b—cl+la—¢

This is equivalent to
(a+b+c)-[(a—=0b)la—cl+ (a—c)a—Db]=0, ie.,

Re{(a+b+c)[(@—b)la—c|+ (@—7¢)|a—1b|]} =0.
We find that

Re{|a — c|(a@ + ba + ca — ab — bb — cb)
+|a — b|(a@ + ba + ca — ac — be — )} = 0. (1)

Observe that

a@ = bb = ¢¢ = 1 and Re(ba — ab) = Re(ca — ac) = 0;
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hence the relation (1) is equivalent to
Re{|a — c|(ca — cb) + |a — b|(ba — be)} = 0, i.e.,
la — c|(c@ +a — b — cb) + |a — b|(@b + ab — b — be) = 0.
It follows that
la — c|[(bb — bc — Eb + ¢t) — (a@ — ca — ¢a + cT)]
+|a — b|[(bb — bc — b + &) — (a@ — ab — ab + bb)] = 0, i.e.,
la—cl(]b—cf? = |a—c[*) +|a = bl(]b = c|* = |a = b*) = 0.
This is equivalent to
AC-BC? — AC® + AB- BC? — AB* =0.
The last relation can be written as

BC?*(AC + AB) = (AC 4+ AB)(AC? — AC - AB + AB?),

SO
AC-AB = AC? + AB* — BC?.
We obtain
1 .
cos A = 3 ie., A= g,
as desired.

Problem 34. Two circles wy and wy are given in the plane, with centers Oy
and Oa, respectively. Let M1 and M5 be two points on wy and wa, respectively,
such that the lines O1 M and Oz M} intersect. Let My and My be points on wy

o —

and wa, respectively, such that when measured clockwise, the angles M;01M;
and M5O2 My are equal.

(a) Determine the locus of the midpoint of [MMa).

(b) Let P be the point of intersection of lines O1 My and OaMs. The circum-
circle of triangle My P M, intersects the circumcircle of triangle O1 POs at
P and another point QQ. Prove that Q is fized, independent of the locations
of My and M>.

(2000 Vietnamese Mathematical Olympiad)
Solution.

(a) Let a lowercase letter denote the complex number associated with the
point labeled by the corresponding uppercase letter. Let M’, M, and O

denote the midpoints of segments [M]MJ}], [M1Ms], and [O1 03], respec-
tively. Also let z = Mo _ M2 02, so that multiplication by z is

m) — o1 mh — 0g
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mi + meo

a rotation about the origin through some angle. Then m = >

equals
1 ! 1 ! !
5(01 +z(m] —o1)) + 5(02 + z(mbh — 02)) =0+ z(m' — o),

i.e., the locus of M is the circle centered at O with radius OM’.
(b) We shall use directed angles modulo 7. Observe that

QM M, = QPM, = QPO, = Q0,0s.

Similarly, le = 62/02\01, implying that triangles QM ;M> and
Q0,04 are similar with the same orientation. Hence,

g—01 _g—m

q— 02 q—ms’

or equivalently,

g—o1  (g—mi)—(g—o01) o1—m1 o1 —mj

q—o02 (qg—m2)—(q—02) o02—my 0y —mpy

Because lines Oy M7 and O; M) meet, we have 01 —m} # o2 — mj, and we
can solve this equation to find a unique value for q.

Problem 35. Isosceles triangles A3A102 and A1 AsO3 are constructed ext-
ernally along the sides of a triangle A1 A3 Az with O2A3 = O2 A1 and O34 =
O3As. Let O1 be a point on the opposite side of line AsAs from Ay, with

01A3A2 = §A103A2 and 01A2A3 = §A102A3, and let T be the fOOt Of the
perpendicular from Oy to AsAs. Prove that A1O1 1L O203 and that
A0, O.T

0205  ~AxAz’

(2000 Iranian Mathematical Olympiad)

Solution. Without loss of generality, assume that triangle A; A3 As is ori-
ented counterclockwise (i.e., angle Ay Ay As is oriented clockwise). Let P be
the reflection of O; across T.

We use the complex numbers with origin Op, where each point denoted
by an uppercase letter is represented by the complex number with the corre-
sponding lowercase letter. Let ( = ay/p for k = 1,2, so that z — (x(z — 20)
is a similarity through angle Pmk with ratio O1A3/01 P about the point
corresponding to zg.

Because O, and A; lie on opposite sides of line AsAs, angles As A3Oq
and A;A3A; have opposite orientations, i.e., the former is oriented
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counterclockwise. Thus, angles PA30; and A;O3A; are both oriented
counterclockwise. Because P/A361 = 2A2/A3\02 = A2/03\Al, it follows that
isosceles triangles PA3O; and AsO3A; are similar and have the same orien-
tation. Hence, 03 = a1 + (3(a2 — a1).

Similarly, oo = a1 4+ (2(as — a1). Hence,
03 — 02 = (C2 — (3)a1 + (zaz — C2a3
= Ca(az — az) + (3(Cap) — C2(C3p) = Ca(az — a3),
or (recalling that o; = 0 and ¢t = 2p)

03 — 02 as — as 10,2—&3

=( =

a1 — 01 p—o1 2t—o1

Thus, the angle between [01A;] and [O203] equals the angle between
1
[OlT] and [AgAQ], which is 7T/2 Furthermore, 0203/01A1 = 5143142/011_'7
or 0O1A1/0203 = 20,T/A2As. This completes the proof.
Problem 36. A triangle A1A2As and a point Py are given in the plane.
We define As = Ags_3 for all s > 4. We construct a sequence of points
Py, P, P, ... such that P41 is the image of P under the rotation with

center Agy1 through the angle 120° clockwise (k =0, 1, 2, ...). Prove that
if Progsg = Py, then the triangle A1 AsAs is equilateral.

(27th IMO)

Solution. Assume that the origin O of the coordinate system in the complex
plane is the center of the circumscribed circle. Then the vertices Ay, Az, A3
are represented by complex numbers wi, wo, ws such that

lwi| = |wz| = |ws| = R.

Let € = cos%’r + i sin %’T Then €2 + e+ 1 =0 and €3 = 1. Suppose that Py
is represented by the complex number zy. The point P; is represented by the
complex number

Z1 = 20€ + (1 - E)’LUl. (1)

The point P, is represented by
29 = 202 4 (1 — e)wie + (1 — &)wo,
and Ps by
23 = 206> + (1 — &)w1e? + (1 — €)wae + (1 — &)ws

=2zp+ (1 — 5)(w152 + wa€ + wg).
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An easy induction on n shows that after n cycles of three such rotations, we
obtain that Ps, is represented by

23n = 20 + n(1 — &)(w1€? 4+ woe + w3).
In our case, for n = 662 we obtain
21906 = 20 + 662(1 — &)(w1€? + wae + w3) = 2.
Thus, we have the equality
wie? + wae + wy = 0. (2)
This can be written in the equivalent form
w3 = wi(1+¢€) + (—e)ws. (3)

Taking into account that 1+ & = cos§ + isin 5, the equality (3) can be
translated, using the rotation formula, into the following: the point As is
obtained under the rotation of point A; about the center As through the
angle 5. This proves that A; A3 A3 is an equilateral triangle.

Problem 37. Two circles in a plane intersect. Let A be one of the points of
intersection. Starting simultaneously from A, two points move with constant
speed, each point traveling along its own circle in the same direction. After
one revolution, the two points return simultaneously to A. Prove that there
ezists a fired point P in the plane such that, at any time, the distances from
P to the moving points are equal.

(21st IMO)

Solution. Let B(b,0),C(c,0) be the centers of the given circles and let
A(0,a), X(0,—a) be their intersection points. The complex numbers associ-
ated with these point are zg = b, zc = ¢, 24 = ia, and zx = —ia, respectively
(Fig. 6.3). After rotating A through angle ¢ about B, we obtain a point M,
and after rotating A about C, we obtain the point N. Their corresponding
complex numbers are given by the formulas

zp = (ia —b)w+b=daw+ (1 —w)db

and
zy = daw + (1 —w)e.

The required result is equivalent to the following: the bisector lines Iy of
the segments MN pass through a fixed point P(z, yo). Let R be the midpoint
of the segment MN. Then zr = $(zn + zn). A point Z of the plane is a
point of Iy if and only if the lines RZ and MN are orthogonal. Using the

real product of complex numbers, we obtain
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y

A

Figure 6.3.

ZM + ZN
g Y
2

) -(ZN—ZM):O.
This is equivalent to

z- (2N —2m) = (|ZN|2 - |ZM|2) :

DN =

By noting that z = z + 4y, we obtain

z(c—b)(1 = cost) —y(c—b)sint = = (Jan|* — [z ?) .

| —

After an easy computation, we obtain

|ZM|2 = 20% + a% — 2b% cost — 2absint
and

lzn|? = 2¢2 + a® — 2¢? cost — 2acsint.

Thus, the orthogonality condition yields
x(1 —cost) —ysint = (b+c¢) — (b+ ¢) cost — asint.
This can be written in the form
(x —b—c)(1 —cost) = (y — a)sint.

This equation shows that the point P(zg,yo) where o = b+ ¢,y0 = a is a
fixed point of the family of lines Iy .

The point P belongs to the line through A parallel to BC, and it is the
symmetric point of X with respect to the midpoint of the segment BC'. This
follows from the equality

b+c
zp+zx = 5
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Problem 38. Inside the square ABCD, the equilateral triangles ABK,
BCL, CDM, DAN are inscribed. Prove that the midpoints of the segments
KL, LM, MN, NK and the midpoints of the segments AK, BK, BL, CL,
CM, DM, DN, AN are the vertices of a reqular dodecagon.

(19th IMO)

Solution. Let A(1 +i),B(—1+14),C(—1 — i), D(1 — i) be the vertices of
the square. Using the symmetry of the configuration of points with respect
to the axes and center O of the square, we will do computations for the
points lying in the first quadrant. Then L, M are represented by the com-
plex numbers L(v/3 — 1), M((v/3 — 1)i). The midpoint of the segment LM

is P (@ + z%) Since K is represented by K(—i(v/3 — 1)), the mid-
point of AK is @ (% —I—z%g) In the same way, the midpoint of AN is

R(252 4 1), and the midpoint of BL is § (<252 + 1) (Fig. 6.4). It is

sufficient to prove that SR = RP = P(@Q and SRP = ]@ = %’T. For a point
X, we denote by zx the corresponding complex number. We have

RS? = |25 — 2g|? = (=2 4+ V3)? = 7T — 4V/3,
‘ﬁ—l V3-1 2-3
5 +1 —

RP2 = |ZP — ZR|2 =

N | .

2 2

C_(2VB-3?2+ (2v3-2)
4

2v3-3  V3-2
ST T

B0

Using reflection in OA, we also have PQ? = RP? =7 —4/3 (Fig.6.4).
For angles, we have

3-2V3
COSS/]iP: 2

(2—\/§)+—2_2\/§-0

2
7T—4v3
(12-7V3)(T+4v3) V3

T 2(7—-4v3)(T+4V3) 2
This proves that SRP = %T In the same way, cos}@ = —? and
5T

RPQ = 2.
Q=%
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B(-1+1) i A(l +1i)
M1
S 2R P
-1 4 0 . 1
N L
[
K
C(-1-1i) —i D(1-1i)
Figure 6.4.

Problem 39. Let ABC' be an equilateral triangle and let M be a point in
the interior of angle BAC. Points D and E are the images of points B and
C under the rotations with center M and angle 120°, counterclockwise and
clockwise, respectively. Prove that the fourth vertex of the parallelogram with
sides M D and M E is the reflection of point A across point M .

Solution. Let 1,¢,e2, be the coordinates of points A, B, C, M, respectively,
where € = cos 120° + isin 120° (Fig. 6.5).

A

‘o
\4
Figure 6.5.

Consider point V such that MEVD is a parallelogram. If d,e,v are the
coordinates of points D, E, V', respectively, then

v=e+d—m.



6.2 Solutions to the Olympiad-Caliber Problems 329

Using the rotation formula, we obtain

d=m+ (e —m)e and e = m + (¢ — m)e?%;

hence

U:m+52—m5+m+54—m52—m

=m+elte—mE+e)=m—1+m=2m— 1.

This relation shows that M is the midpoint of the segment [AV], and the
conclusion follows.

Problem 40. Prove that the following inequality holds for every point M
inside parallelogram ABCD:

MA-MC+ MB-MD > AB - BC.

Solution 1. Consider the complex plane with origin at the center of the par-
allelogram ABCD. Let a, b, ¢, d, m be the coordinates of points A, B, C, D, M,
respectively. It follows that ¢ = —a and d = —b.

It suffices to prove that

|m —a| - |m+a|l+|m —bllm+0b| > |a—b||la+b,

or
|m? — a®| + |m? — b?| > |a® — b?|.

This follows immediately from the triangle inequality.

Solution 2. By a translation {3 of vector zﬁ , the points in our configura-
tion are transformed as follows: A -+ B, D —- C,B — B',C — C', M — M’.
Now the desired relation is just Ptolemy’s inequality in the quadrilateral
MBM'C.

Problem 41. Let ABC be a triangle, H its orthocenter, O its circumcenter,
and R its circumradius. Let D be the reflection of A across BC, let E be that
of B across CA, and F that of C' across AB. Prove that D, E, and F are
collinear if and only if OH = 2R.

(39th IMO——Shortlist)

Solution. Let the coordinates of A,B,C,H, and O be a,b,c, h, and o, res-
pectively. Consequently, a@ = bb = ¢¢ = R? and h = a + b+ ¢. Since D is
symmetric to A with respect to line BC', the coordinates d and a satisfy

d_b_(‘c’:z>, or B-d)d—(b—cla+(be—be)=0. (1)
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Since
20p _ _ 20p2 _ 2
I;_E:_M and bE_bc:M7
bc bc
by inserting these expressions in (1), we obtain that

—bc + ca + ab k — 2bc

d: = s
a a
- R)(-a+b+c) R*h-2a)
d: = R
be be

where k = bc + ¢+ ab. Similarly, we have

k—2 2(h —2b k—2ab — 2(h —2
e= bca, P Ll ) 4o 0 nd F= =29
ca c ab
Since
Azleer|= e_dg_a_‘
Fu| Modr=d

(b—a)(k—2ab) R?*(a—b)(h—2c)

— ab abc
(c—a)(k—2ca) R? (afcg(h72b)

_ R*(c—a)(a—b) _|—(ck—2abc) (h—2c)
B a2b2¢c2 (bk,‘ — 2abc) —(h — 2())
—R%(b—¢)(c — a)(a — b)(hk — 4abc)
a?b?c?

and h = R?k/abc, it follows that D, E, and F are collinear if and only if
A = 0. This is equivalent to hk — 4abc = 0, i.e., hh = 4R?. From the last
relation, we obtain OH = 2R.

Problem 42. Let ABC be a triangle such that ACB = 2ABC. Let D be the
point on the side BC' such that CD = 2BD. The segment AD 1is extended to
E so that AD = DE. Prove that

ECB +180° = 2EBC.
(39th IMO—Shortlist)

Solution. Let the coordinates of A, B,C, D, and E be a,b, b,c,d, and e, re-
spectively. Then d = (2b+ ¢)/3 and e = 2d — a. Since ACB = 24BC, the

ratio
a—2b 2_b—c
c—b "a—c
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is real and positive. Tt is equal to (AB*- AC)/BC®. On the other hand, a
direct computation shows that the ratio

e—c c—b\?
b—c \e—0»

(b_lc)3 y ((b—a)—;2(c—a))2 (4(b—a)3—(c—a)>

is equal to

4 (b—a)?(c—a) 4 AB* AC

v (b—c)® 27  BC®
which is a real number. Hence the arguments of (e — ¢)/(b — ¢) and
(c—b)?/(e —b)?, namely ECB and 2EBC, differ by an integer multiple of
180°. We easily infer that either ECB = 2EBC or ECB = 2EBC — 180°, acc-
ording to whether the ratio is positive or negative. To prove that the latter

holds, we have to show that AB?- AC/BC? is greater than 4/27. Choose a
point F' on the ray AC such that CF = CB (Fig.6.6).

A

Figure 6.6.

Since ACBF is isosceles and ACB = 2A/B\C’, we have CFB = ABC.
Thus AABF and AACB are similar and AB : AF = AC : AB. Since
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AF = AC + BC, AB* = AC(AC + BC). Let AC =u? and AC + BC = v>.
Then AB = wv and BC = v?> — u?. From AB + AC > BC, we obtain
u/v > 1/2. Thus

AB* - AC  ut? (uw/v)? (1/2)t 4

BC® (0?2 —w?)3  (1—wu2/v2)3 7 (1-1/4)3 27
and the conclusion follows.

Problem 43. Let P be a point situated in the interior of a circle. Two vari-
able perpendicular lines through P intersect the circle at A and B. Find the
locus of the midpoint of the segment AB.

(Mathematical Reflections, 2010)

Solution 1. We can assume, without loss of generality, that P = ¢t € [0, 1]
and the circle C' is given by C = {|z| = 1}. Let A =z = x + 4y € C. Then
B =w = si(z — P) + C € C with some s > 0. Hence

1= |wf=(t —sy)® + s*(x — t)° (1)

The midpoint of the segment AB is given by M = (A + B)/2.

Now we verify that
|M — P/2| =+/2— |P|?/2.
In fact, by (1),

2IM —P/2))?>=(x=sy)’+ (s(x—t)+y)? =a? +92 +1 -2 =2 -2

Hence the required locus is a circle with center P/2 and radius /2 — |P|?/2.
In the general setting, if the circle C has center at Py and radius R, then the

locus is a circle with center (Py + P)/2 and radius \/2R? — |P — Py|?/2.

Solution 2. Let ABCD be a quadrilateral and let M and N be the mid-
points of sides AB and C'D, respectively. Using the median theorem or direct
computation with complex coordinates, it is easy to prove that the following
relation holds:

AC? + BD? + BC? + DA% = AB?> + CD? + 4AM N2.

Let M be the midpoint of the segment AB and let N be the midpoint of the
segment OP, where O is the center of the given circle. Applying the relation
above in the quadrilateral ABPQO, we obtain

AP? + R* + BP?> + R* = AB* + OP* + 4MN?.
It is clear that AP? + BP? = AB?; hence we get

4MN? =2R?* - OP?,
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that is,
NM = %\/QRQ —OP2.

Since the point N is fixed, it follows that the desired locus is the circle with

1
center N and radius 5\/ 2R2 — OP2.

Problem 44. Let ABC' be a triangle and consider the points M € (BC),
N € (CA), P € (AB) such that

AP BM CN
PB  MC NA
Prove that if MNP is an equilateral triangle, then ABC is an equilateral
triangle as well.
(Romanian Mathematical Olympiad—District Round, 2006)

AP BM CN

Solution. Let A = BC ~ CA We use complex numbers, and

we choose the point M the as origin. Furthermore, we can assume that the

T
complex numbers corresponding to the points N and P are 1 and € = cos 3 +
.. T .
i sin —, respectively.
Suppose that the complex numbers corresponding to the points A, B, C'
are a, b, ¢, respectively. We have then

e=(1—=XNa+Ab, 0=(1—=XNb+ Ac, and 1 = (1 — A)c+ Aa.

It follows that z —a

= ¢. Therefore, AC = AB and A = g

Problem 45. Consider the triangle ABC and the points D € (BC), E €
(CA), F € (AB), such that

BD CE AF

DC FEA FB’
Prowve that if the circumcenter of triangles DEF and ABC coincide, then the
triangle ABC' is equilateral.

(Romanian Mathematical Olympiad—Final Round, 2008)

Solution. Consider complex coordinates, the origin being taken at the cir-
cumcenter of the triangle ABC, and use lowercase letters to denote the co-
b+ kc

1+k
The triangles DEF and ABC have the same circumcenter if and only if

|d|=|e|:|f|,t_hat is, dd = ee = fF. ~ ~
Since aa = bb = c¢, this amounts to ab + ba = ac¢ + ca = b¢ + cb, which is
equivalent to |a — b2 = |a — ¢|? = |b — ¢|?, whence the conclusion.

ordinates of the points. Then, if DO = k, we have d = , and so on.
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Problem 46. On the exterior of a nonequilateral triangle ABC, consider
the similar triangles (in this order) ABM, BCN, and CAP such that the
triangle MNP is equilateral. Find the angles of the triangles ABM, BCN
and CAP.

(Romanian Mathematical Olympiad—Final Round, 2010)

Solution. All angles are directly oriented. Denote by the corresponding low-
ercase letter the coordinate of a point denoted by an uppercase letter.
The given similarity can be rewritten as
m—-b mn—c p-a

a—b b—c c—a ’

hence
m=ka+ (1— k)b,

n=kb+ (1—k)c,

p=kc+ (1—-k)a.
Since the triangle M N P is equilateral, we have

m+en+e’p =0,
2r . 2w N .
where € = cos 5 + 7 sin 5 Substituting, we infer that

0 = k(a+ be +ce?) + (1 — k) (b + ce + ag?)

= k(a+ be + c£?) + (a 4+ be + ce?)

1-k
= (a+ be + c£?) (k—l— . ) .
The triangle ABC is not equilateral, so a + be + ce? # 0, and consequently
1
C1l-€

The equality m = ka+ (1 —k)b yields m —a = e(m —b), showing that triangle

k

2
AM B is isosceles, with an angle ?W and two angles %

6.2.5 Solving Trigonometric Problems

Problem 11. Sum the following two n-term series for 6 = 30°:
cosf  cos(260)  cos(36) - cos((n —1)0)

) 1 d
() 1+ cosf  cos?0 cos3 0 cosi1g "
(i3) cos 0 cos 0 + cos? 0 cos(26) + cos® @ cos(30) + - - - + cos™ 0 cos(nf).

(Crux Mathematicorum, 2003)
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Solution.

(i) Consider the complex number

z= L 9(0089+isin6‘).

COS

From the identity

IR W

we derive

(cosné + isinnf)

nt 1 1- n 9
kz g (cos kO + isinkf) = cos™,
=0

- OSG(COSH + isind)
B cos — m(cosn9+isinn9) _ sinnd cos™ 6 — cosnf
o —isinf T sinfcos" 16 ' sinfcost—10
It follows that )
«— cos kb B sinnd
Z cosk @ sinfcosn—16’

k=0

and we have just to substitute § = 30°.
(ii) We proceed in an analogous way by considering the complex number
z = cosf(cos B + isinf). Using identity (1), we obtain

n
5 — Zn—i—l

2=

k=1

Hence
Z cos” f(cos kO + i sin k0)
k=1
_ cosf(cos O + isinf) — cos™ ! O(cos(n + 1)0 + isin(n + 1)0)
B sin? @ — i cos fsin 6
Scos O(cos @ + isin @) — cos™ ! O(cos(n + 1)0 + isin(n + 1))
sin f(cos  + isin f)

cos™ 1 §(cos nf + isin 0)}

=1 |cotanf —
z[coan 7

sinnfcos"tlg cos™t1 @ cosnb
= 4| cotanf— —-——""").

sin 6 sin 0
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It follows that

n .
sin nf cos™t1 0
E cosFOcosk = — 2 ——
Pt sin 6

Finally, we let & = 30° in the above sum.

Problem 12. Prove that

1+COS2n (E) +COS2n (2_7T) + e +COS2n (M)
n n n
—nam (24 (21)),
n

for all integers n > 2.

Solution. Let
2t .. 27
W = CcoS — + 181N —
n n
for some integer n. Consider the sum

Sn:4n+(1+w)2n+(1+w2)2n+_._+(1+wn—1)2n'

Forall k=1,...,n —1, we have

k 2km .. 2kmw km kr .. kmw
l1+w®=1+cos— +12sin— = 2cos— | cos— + ¢sin —
n n n n n

and
k k
(1 4+ wh)?m = 22" cos™ —ﬂ-(cos 2km + i sin 2k7) = 4" cos®™ =,
n n
Hence
n—1
Sp =4" 4+ Z(l + wk)2m
k=1
2
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On the other hand, using the binomial expansion, we have
n—1 — m
k
Sp =Y _(1+wh)> Z(< ) <1>w+
k=0 k=0
2n\ op 2\ 2n (2n—1)k 2n
+(2)” + +<n)w <2n—1)” T\on

() () () 5 () B

+

j=1 k=0
i#n
2n Rl 2n 1—win 2n
_2n—|—n(n)—|—él(j) T =2n —|—n<n> (2)
J:
itn

The relations (1) and (2) give the desired identity.

Problem 13. For every integer p > 0, there are real numbers ag, ai,..., ap
with ap # 0 such that

cos2pa:a0+a1sin2a+-~-+ap (sin? )P, for all o € R.

Solution. For p =0, take ag = 1. If p > 1, let 2 = cosa+isin a and observe
that

2% = cos 2pa + i sin 2pa,
27%P = cos 2pa — isin 2pay,
and

2p —2p 1
cos 2pa = % = 5[(00304 +isina)? + (cos o — i sin a)??].

Using the binomial expansion, we obtain
cos 2pa = (25?) cos? o — <22p) cos 2 asin® a4 -+ (—1)P <§£) sin?? a.

Hence cos2pa is a polynomial of degree p in sin?«, so there are
ag,ai,...,ap € R such that

cos2pa:a0+a1sin2a—|—-~-—|—apsin2pa for all a € R,

o (5)- () (D) (D)o
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Problem 14. Let

What is the greatest integer that does not exceed 100z ?
(1997, AIME Problem 11)

Solution 1. We have

el cosl+cos2+ ...+ cosd4
44 sinl+sin2+...+sin44

~cos(45 — 1) + cos(45 — 2) + ... + cos(45 — 44)
N sinl +sin2+...+sin44

Using the identity

a—>b

sina+sinb=2sina 5

CcOs =

sinz 4+ cosx = sinz + sin(90 — x)
= 25sin 45 cos(45 — x) = V2 cos(45 — ),

the expression of x reduces to

1 (cosl+cos2+...4+cos44)+ (sinl +sin2 + ...+ sin44)
r=|—
sinl+sin24 ...+ sin44

V2
1 cosl+cos2+ ...+ cosdd
=|—= 1+ — - - ;
V2 sinl +sin2+...+sin44
() a+a
r=|— T),
V2
L V2 -1
V2 V2 )’
1

x:ﬁzl—k\/ﬁ.

|1002] = [100(1 + v/2)| = 241.

Therefore,
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Solution 2. For a slight variant of the above solution, note that
44 44 44
Zcosn + Zsinn = Zsinn—i— sin(90 — n)
n=1 n=1 n=1
44 44
= \/§ZCOS(45 —n)= \/QZcosn,
n=1 n=1

44 44
Zsinn =(V2- I)Zcosn.
n=1 n=1

1
This is the ratio we are looking for. The number x reduces to =

V2 -1
\/§—|—1,and

[100(vV2 +1)| = 241.

44
Solution 3. Consider the sum Z cisn®, where cis t = cost+isint. The frac-

n=1
tion is given by the real part divided by the imaginary part. By de Moivre’s
theorem with geometric series, the sum can be written

44 .
cisd5° — 1
-1 sn° = —1 4 ——— =~
—l—nZ_OCISn + cisl® —1
) 2 A/ 2
V2 i3 V2, iv2 (cis(—1°) — 1)
— =l == 2 2
=14 -2 2 — 14
cisle — 1 (cos1° — 1)2 4 sin? 1°
2 2 2 2
£— (cos1°—1)+£sin1°+i —£ sin 1°+ \/—_(coslo— 1)
2 2 2 2
——1
+ 2(1 — cos 1°)
2 2
sin 1° £+i 1—£
_1 B V2 B iv2 N 2 2
2 4 4 2(1 — cos 1°) '

Using the tangent half-angle formula, this becomes

<—% + g[cot(l/Qo) - 1]) +1 (% cos(1/2°) — g[cot(l/?)) + 1]> ‘
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Dividing the two parts and multiplying each part by 4, we see that the
fraction is
—2 +v/2[cot(1/2°) — 1]
2 cot(1/2°) — v/2[cot(1/2°) + 1]

Although computing an exact value for cot(1/2°) in terms of radicals would
be difficult, it is clear that the value, whatever it is, is really large!
So treat it as though it were co. The fraction is approximated by

V2 V2(24/2)
= =1+vV2=
2 -2 2
Problem 15. Prove that

[100(1 + v2)] = 241.

n

Z (Z) cos[(n — k)x + ky| = <2cos z ; y) cosnx;y

k=0

for all positive integers n and all real numbers x and y.

(Mathematical Reflections, 2009)

Solution. The real number Z (Z) cos[(n — k)z + ky] is the real part of the

k=0
complex number

Z= i( ) Hn=Ratky) = i (Z) (™) (e,

=0 k=0

where e = cost + isint.
From the binomial theorem, we have Z = (" 4 e"¥)™ which can be
rewritten as

n
Z = (ei% (eizgy —|—e*iz5y))n = (QCOSI;y) et

Thus, the real part of Z is also
r—y " r+y
2
<cos 5 ) cosn 7

Problem 16. Let k be a fized positive integer and let

G = (" " " i =0,1,... k-1
9 (Y (") + (o) om0k

and the result follows.



6.2 Solutions to the Olympiad-Caliber Problems 341

Prove that
(S,(ZO) + S cos 2% + .o+ 8¢ cos M)

2 4 20k — )\’ 2n
—|—<S,(11)sin%+S,(12)sin%+...+S,(f1)sin%) :(2cos%) .

(Mathematical Reflections, 2010)

Solution. Let Z; =N U {0} and

D;={j+mk|m e Zy and j +mk <n}.

k—1
Then SY) = <”> and | | D; = {0,1,2,...,n}. Let
> (;) ma U,

P
k—1 .
: 29m
_ J) 27
a ‘ S, cos o
Jj=0
k—1 .
. 2
b= S sin ﬁ,
‘ k
7=0
s—cos —|—251n E S’(J) —i—zsm2—7T j.
k

Then ¥ = 1 and

a—i—zb—ZS cos——i—zZS cos—

-1

:ZS <cos—+l 'W>—§S£j)szz<)

Jj= 7=0peD

n\ p_ " /n p_ 27 2\ "
(p)s ;(p)g (14+e)" = <1+COS . + isin — -

pED; 1

(oo e F ) = o) o )
= COSk COSk ZSle = COS]{: COSk ZSlIlk

n
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Hence
|a+ib| = ‘(2cos%) (cos%—i—isin%) = ‘(QCOS%) (cos%—i—isin%)
T\ | /T L. T\ T\ | ™
(e G0 = o)
Therefore,
a®+0° = cosk .
Problem 17.

(a) Let z1, 22, 23, 24 be distinct complex numbers of zero sum, having equal ab-
solute values. Prove that the points with complex coordinates z1, z2, 23, 24
are the vertices of a rectangle.

(b) Let x,y, z,t be real numbers such that sinx +siny + sinz + sint = 0 and
cosx 4 cosy + cos z + cost = 0. Prove that for every integer n,

sin(2n + 1)x + sin(2n 4+ 1)y + sin(2n + 1)z + sin(2n + 1)t = 0.
(Romanian Mathematical Olympiad—District Round, 2011)

Solution.

(a) The equality z1 4+ 22 + 23 + 24 = 0 implies Z1 + Z2 + Z5 + Z4 = 0, and

furthermore,
1 1 1 1
—+—+=+==0, (1)
Z1 z9 z3 zZ4

for |z1] = [22] = [23] = |24 # 0.

Suppose z1 + 22 = —z3 — z4 # 0. The relation (1) gives z122 = 2324, s0

{21, 22} = {—23, —24}. On the other hand, if z1 + 29 = 0, then 23424 = 0.
In both cases, the numbers zi, 22, 23, 24 form two pairs of equal sum,
whence the conclusion.

(b) Let z1 = cosz +isinz, 20 = cosy + isiny, z3 = cosz + isinz, and z4 =
cost+isint to get z1 + 22 + 23+ 24 = 0 and |z1| = |22| = |23] = |24] = 1.
As before, the numbers 21, 22, 23, 24 form two pairs of opposite numbers,

so the same goes for numbers 27"t 237+ L2n L 20t Therefore,

Z%n-{-l + Z%n-{-l + Z§n+1 + Zin-l—l _ 0,

implying the claim.
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6.2.6 More on the nth Roots of Unity

Problem 11. For all positive integers k, define
Uy ={z€Clz* =1}.
Prove that for every pair of integers m and n with 0 < m < n, we have

U1UU2U"'UUmCUnferlUUnferQU"'UUn.

(Romanian Mathematical Regional Contest “Grigore Moisil,” 1997)

Solution. Let p=1,2,...,m and let z € U,. Then 2P = 1.

Note that n—m+1,n—m+2,...,n are m consecutive integers, and since
p < m, there is an integer k € {n —m + 1,n —m + 2,...,n} such that p
divides k.

Let k = k'p. It follows that 2% = (2P)¥ = 1,50 2z € Uy C Up_pi1 U
Up—m+2U...UU,, as claimed.

Remark. An alternative solution can be obtained from the fact that

(an _ 1)(&"71 _ 1) . (ankarl _ 1)
(@b — 1) (a1 —=1)---(a—1)

is an integer for all positive integers a > 1 and n > k.

Problem 12. Let a, b, ¢, d, « be complex numbers such that |a| = |b| # 0
and |c| = |d| # 0. Prove that all roots of the equation

c(bz 4+ aa)” —d(ax + ba)" =0, n > 1,
are real numbers.

Solution. Rewrite the equation as
bz +aa\" _d
a+ba) ¢

d
Since |c| = |d|, we have —’ = 1. Consider
c

d
— =cost+isint, te€[0,2m).
c

It follows that
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where

t+2knr . . t+2kw
+1

U = COS sin

n
The relation (1) implies that

baur, — ax

T = k=0,1,...,n—1.

b—auk

To prove that the roots xx, k = 0,n — 1 are real numbers, it suffices to show
that x =7 for all k =0,1,...,n— 1.
Set |a| = |b| = r. Then

__ baup —aa oo T g
k— —7% - 2 2
— aun = _r, 1
b — auy 5 T
aa — boauy,
= = Lk, kzoun_la
auk—b

as desired.

Problem 13. Suppose that z # 1 is a complex number such that z™ =1, n >

1. Prove that
(n+1)(2n+1)

[nz = (n+2)| < 5

|z — 1]2.

(Crux Mathematicorum, 2003)

Solution. Differentiating the familiar identity

- 21

> A=

k=0

with respect to x, we get

n

Z e nz"tt — (n+ 12" +1
- (z—1) '

k=1
Multiplying both sides by x and differentiating again, we arrive at

n

> K = g(a),

k=1

where

~nPfa"t? — (202 4+ 2n — D)a" 4 (n+ 1)%2" —x — 1
g(i[]) - (.I _ 1)3 .
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Taking « = z and using |z| = 1 (which we were given), we obtain

o) < Yo wefept = MDD (1)
k=1

On the other hand, taking into account that 2z = 1,2z # 1, we get

~n(nz? —2(n+1)z4+n+2)  n(nz—(n+2))
o(:) = A oA

From (1) and (2), we therefore conclude that

[nz = (n+2)| <

(n+1)2n+1)
Tp«— 1)2.

Problem 14. Let M be a set of complex numbers such that if x, y € M,
then z € M. Prove that if the set M has n elements, then M is the set of

Y
the nth roots of 1.
Solution. Setting x =y € M yields 1 = z eM.Forx=1andy € M, we
Y

1
obtain — =y~ € M.
Y

If x and y are arbitrary elements of M, then z, 3y~ € M, and consequently,

x
Y
Let x1,22,...,2, be the elements of set M and take at random an ele-
ment xx € M,k = 1,n. Since zp # 0 for all & = 1,n, the numbers
TkT1, TpT2, - .., TpTy, are distinct and belong to the set M, whence
{zrar, Tpxa, ... T2y} = {T1,22, ..., Tpn}.

Therefore, 21 - Tx22 - - TpTy = T122 - - - Ty, and hence z} = 1; that is, zp
is an nth root of 1.

The number x; was arbitrary; hence M is the set of the nth roots of 1, as
claimed.

Problem 15. A finite set A of complexr numbers has the following property:
z € A implies 2™ € A for every positive integer n.

(a) Prove that Y z is an integer.
z€EA
(b) Prove that for every integer k, one can choose a set A that satisfies the

above condition and Y z =k.
z€A

(Romanian Mathematical Olympiad—Final Round, 2003)
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Solution.

(a) We will denote by S(X) the sum of the elements of a finite set X. Suppose
0 # z € A. Since A is finite, there exist positive integers m < mn such
that 2™ = 2", whence z"~™ = 1. Let d be the smallest positive integer k
such that z* € 1. Then 1,2, 22, ..., 247! are distinct, and the dth power
of each is equal to 1; therefore, these numbers are the dth roots of unity.

This shows that A\{0} = U Un,, where U, = {z € C|zP = 1}. Since
k=
S(Up) =0forp>2,8U) =

= S(Un,) = > S(Un, NUy,)
k

k<l

and U, NUy = Uy ), We get

+ Z S(Un, NU,, NU,,) +--- = an integer.
k<l<s

(b) Suppose that for some integer k there exists A = U U.,, such that

S(A) = k. Let p1,pa,...,ps be the distinct primes that are not divisors
of any ng. Then

S(AUU,,) = S(A) + S(U,,) — S(ANU,,) = k — S(U) = k — 1.

Also,
S(A U Upipaps U Upipaps U Upzpaps U Upspsps)
= S(A) + S( 1011021?3) + S( P1P4P5) + S( P2P4;Dr) + S( P3P5;Df)
_S(A N UPIPZPS) —- S(A N Up1p2p3 N Up1p4ps)

e S(A N Up1p2p3 N Up1p4ps N Upzmps N Upapsps)

6
=k+4-0-4S(U1) = > S(Uy,) +10S(U1) — 5S(Uh) + S(U)
k=1

=k—4+10-5+1=k+2.

Hence, if there exists A such that S(A) = k, then there exist B and C such
that S(B) =k — 1 and S(C) = k 4 2. The conclusion now follows easily.

n—1

2
Problem 16. Let n > 3 be an odd integer. Evaluate Z sec —
k=1

kw

(Mathematical Reflections)
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Solution. We will prove that

n—1 n—1

2 2 — ifn=1 (mod 4)
T T ntl
2

E—1 ,ifn=3 (mod 4)

Let T;, denote Chebyshev’s polynomial of the first kind of degree n, which is
defined by the formula
T, (cos ) = cos(nd).

Since T (cosf) = nsin(nf)/sin f, we conclude that
{cos(km/n) :1<k<n-1}

are the n — 1 distinct zeros of T),, which is then of degree n — 1. This proves
that there exists a constant A such that

= H — cos(km/n)),

1<k<n

and consequently,

33
><><
M|

T’ ( — X —cos kw/n)

, we see that

T/(X) 1 1 1
TIE) 3 (X “costkn/n) T X + cos(kw/n))

n—1 X
X2 — cos?(km/n)’

SO

T/(X) ”Zl 2X
T(X) £~ 2X?2 — 1~ cos(2km/n)’
and by substituting X = cosf, we get that

2cosd
0s(20) — cos(2km/n)’

On the other hand, from T (cos ) = nsin(nf)/sinf, we see that

= ncot(nh) — cot 6.
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Therefore, we conclude that

3
|
-

1 _ 1 ncot(nd)
cos(20) — cos(2km/n)  2sin?f  sin(26) ’

E
Il
—

and for odd n, this is equivalent to

n—1

N

1 n cot(nd) 1

cos(2km/n) —cos(20) ~ 2sin(20)  4sin? 0

k

1
In particular, taking 8 = /4, we obtain

n—1

. 1 neot(nw/4) —1  n(-1)"-"1/2 1

£~ cos(2km/n) 2 2 ’

which is the desired conclusion.

Problem 17. Let n be an odd positive integer and let z be a complex number
such that 2"~ — 1 = 0. Evaluate

n—1

1
H <Z2k —|— ? — 1) .
k=0 z

(Mathematical Reflections)

Solution. Let .
Y L
k=0
We have that
1 1 1 n— 1
(4-+1)Zy =22+ =+1) (22+=—1).. (2 +——+1
z 22 22 22
n 1
z
However, from the given condition, we have that 22" = 2. Finally,

1 1
(z—i———i—l)Zn:(z—i———i—l).
z z

Problem 18. The expression sin2°sin4°sin6°...sin90° s equal to
pv/5/2%, where p is an integer. Find p.

Hence Z,, = 1.
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Solution 1. All trigonometric arguments are in degrees. Notice that

sin(90z) = Im[(cos x + isinz)"]

45
= Z(—l)"< 90 ) sin?" 1 (z) cos? 22 (1)

= 2n+1
44 90
. :2n 2 44—n
= -1 .
sin(x) cos(z) nE:O (2n N 1) sin“" (z)[sin” (z) — 1]
Then
sin(90x)

_ ) P(si
sin(x) cos(z) (sin())
is a polynomial in sin(z) of degree 88, and it has roots at

sin(x) = £5sin(2°), £sin(4°), ..., £ sin(88°),

so it follows that these are exactly the roots of the polynomial. Observe that
the constant term of P(x) is 90, while the leading term has coefficient

i 90 _(1+1)90—(1—1)‘°>0_289
—\2n+1 o 2 o

It follows that

90 44 2
28 = H sin(2n) = (H sin(2n ) ,

n=—44,n%#0

and thus

44
. . 45 35
Sln(90) H sm(2n) = ﬁ = W

n=1

Then p = 3-2% = 192.

27 2T
Solution 2. Let w = cos ) + 2sin 90" ‘We have

45

wh—1
Hsm?n Zlm

By the symmetry of the sine (and the fact that sin(90) = 1),

H sin(2n) H sin(2n),

n=46
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SO
2

45 89

_ W™ — 1| 90
H Sln(2n) = E T = ﬁ,
n=1 n=1

where we have used the usual geometric-series sum for roots of unity. The
product is clearly positive and real, so it is equal to

V45 3V5.

244 T 9447

hence p = 3 - 26 = 192.
Problem 19. The polynomial P(x) = (1+z+ 2%+ ...+ 2'7)2 — 217 has 3/
complex roots of the form

zi = r[cos(2may) + isin(2way)], k=1,2,3,...,34,

with 0 < a1 < ag <az <...<azs <1 and ry > 0. Given that a1 + as +
as + a4 + a5 = m/n, where m and n are relatively prime positive integers,
find m+n.

(2004 AIME I, Problem 13)

Solution. We see that the expression for the polynomial P is very difficult
to work with directly, but there is one obvious transformation to make, sum
the geometric series:

18 2 36 _ o,.18+1
Plz) = T 1 _I”:x 2z —|—1_ 17
z—1 2 —2x+1
B 236 _ 219 _ 217 4 q B (x19 _ 1)@17 —1)
B (x —1)? B (x —1)?

This expression has roots at every 17th root and 19th root of unity other
than 1. Since 17 and 19 are relatively prime, this means that there are no
duplicate roots. Thus, a1, as, as, a4, as are the five smallest fractions of the

form 1—77; or % for m,n > 0.

Now, ' and o can both be seen to be larger than any of

19°19° 19° 17’ 17 so these latter five are the numbers we want to add:
1 2 3 1 2 6 3 6-17+3-1 159

W T T T T T T 1m0 323

and so the answer is 159 + 323 = 482.

Problem 20. The sets A = {z : 2'® = 1} and B = {w : w*® = 1} are both
sets of complex roots of unity. The set C = {zw :a € A and w € B} is also
a set of complex roots of unity. How many distinct elements are in C'?
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Solution 1. The least common multiple of 18 and 48 is 144, so define

27 Lisi 2
n = oS — + i 8in —.
144 144
We can write the numbers of the set A as {n® n'® ... n!} and of the set
B as {n?,n%, ... ,n'*}. Now, n® can yield at most 144 different values. All

solutions for zw will be in the form of n8*1+3k2,

Note that 8 and 3 are relatively prime, and it is well known that for two
relatively prime integers a, b, the largest number that cannot be expressed as
the sum of multiples of a, b is ab — a — b. For 3, 8, this is 13; however, we can
easily see that the numbers 145 to 157 can be written in terms of 3, 8. Since
the exponents are of roots of unity, they reduce modulo 144, so all numbers
in the range are covered. Thus the answer is 144.

Solution 2. The 18th and 48th roots of 1 can be found by de Moivre’s
2k 2k
theorem. They are cis <1—187T> and cis (4_287T> respectively, where cis § =

cosf@+isinf and ky and ko are integers from 0 to 17 and 0 to 47, respectively:

. k17r + k27T . 8]€17T—|—3k2ﬂ'
ZW = CIS 9 24 = C1S 79 .

Since the trigonometric functions are periodic with period 27, there are at
most 72 - 2 = 144 distinct elements in C. As above, all of these will work.

2 2
Problem 21. Let n > 3 be an integer and z = cos il + ¢sin T Consider
n n

the sets
A={1,22%...,2""1

and
B={1,14+21+z2+2% .., 1+2+...+2"}

Determine AN B.
(Romanian Mathematica Olympiad—District Round, 2008)
Solution. Clearly, 1 € ANB. Let w € AN B, w# 1. As a member of B,

1— k+1
w=1+z+...4+2F= i
1—2
for some k=1,2,...,n— 1. Since w € A, we get
|lw|=1 and |1 — 2" =|1-z.
The latter equality yields
. (k+Dm o7 (k+1)m T
sin—— =sin—, or —— =7 — —,

n n n n
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which implies k =n — 2, so

because w € A, we must have w™ = 1, which means that n has to be even.

1
So the answer is AN B = {1} for odd n, and AN B = {1, ——} for even n.
z

6.2.7 Problems Involving Polygons

Problem 12. Prove that there exists a conver 1990-gon with the following
two properties:

(a) all angles are equal;
(b) the lengths of the sides are the numbers 12,2232, ..., 1989% 1990? in
some order.

(31st IMO)

Solution. S that h a 1990- ist dlet Ag, Ay,..., A b
olution. Suppose that such a gon exists and let Ag, A1,..., A19s9 be

its vertices. The sides A Ak4+1, K =0,1,...,1989 define the vectors A Ax11,
which can be represented in the complex plane by the numbers

2 =npw®, k=0,1,...,1989,

where w = cos 197;0 + isin 137;0. Here Ai990 = Ag, and ng,n1,...,Mn1989
represents a permutation of the numbers 12,22, ...,19902.
Because 1%8:9 A A1 = 0, the problem can be restated as follows: find a
permutatiorfz(rom, n1,...,MN1989) of the numbers 12,22, ... 19902 such that
1989

Z nkwk =0.
k=0

Observe that 1990 = 2-5-199. The strategy is to add vectors after a suitable
grouping of 2, 5, 199 vectors such that these partial sums can be directed
toward a suitable result.

To begin, let us consider the pairing of numbers

(12,2%),(32%,42),.. ., (19882, 1989%)
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and assign these lengths to pairs of opposite vectors respectively:
(W, Wkt995), k=0,...,994.
By adding the obtained vectors, we obtain 995 vectors of lengths
22 12 =3;42-3%2=7;62 - 5% = 11;...;1989% — 19882 = 3979,

which divide the unit circle of the complex plane into 995 equal arcs.

Let Bo = 1, By, ..., Bggs be the vertices of the regular 995-gon inscribed
in the unit circle. We intend to assign the lengths 3,7,11,...,3979 to the
unit vectors O?O, (%1, R 0?994 such that the sum of the obtained vectors
is zero.

We divide 995 lengths into 199 groups of size 5:

(3,7,11,15,19), (23,27, 31,35,39), .. ., (3963, 3967, 3971, 3975, 3979).

2 2 2 2
Let ¢ = cos il + isin—ﬂ,w = cos = + isin —— be the primitive roots of
unity of order 5 and 199, respectively. Let P; be the pentagon with vertices 1,

¢,¢2%,¢3, ¢ Then we rotate P; about the origin O with coordinates through

2k
angles 6, = 1—979T,k = 1,..., 198, to obtain new pentagons P, ..., Pios,

respectively. The vertices of Py are w® wF¢ w?¢? wk¢3 WF¢t k = 0,...,
198. We assign to unit vectors defined by the vertices Py of the respective
lengths (Fig.6.7)

2k 43,2k + 7,2k + 11,2k + 15,2k + 19(k = 0, ..., 198).

§2

)

wC?"'

CS

i

3

Figure 6.7.
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Thus, we have to evaluate the sum

198
D 2k +3)w + (2k+T)wF¢ + 2k + 11)w*( + (2k + 15)w* ¢® + (2k +19)w¢*]
k=0

198 198
= 2w (1 + ¢+ + P+ + B+ T¢C+11¢7 +15¢% +19¢H) >~ wh,
k=0 k=0

Since 1+C+C+3+¢*=0and 1 +w+w?+---+w'® =0, it follows that
the sum equals zero.

Problem 13. Let A and E be opposite vertices of a regular octagon. Let an,

be the number of paths of length n of the form (Py, Pi, ..., P,), where
P; are vertices of the octagon, and the paths are constructed using the rule
Py=A, P, =E, P, and P;y1 are adjacent vertices fori =10, ..., n—1,
and P, #FE fori=0, ..., n—1.

Prove that asn,—1 = 0 and as, = \%(m”fl — "), forallm =1,2,3, ...,
wherex=2+\/§cmdy:2—\/§.

(21st IMO)

Solution. It is convenient to take a regular octagon inscribed in a circle and
label its vertices as follows:

A= A05A17A27A3;A4 = EvA*37A727A71-

2
We imagine a step in the path to be rotation of angle T — T about the

center O of the circumscribed circle of the octagon. In this way, a path is a
sequence of such rotations, subject to certain conditions. If the rotation is

counterclockwise, we add the angle % If the rotation is clockwise, we add

the angle —g. The starting point is Ay, which is represented by the complex

number zp = cos0 + isin0. Each vertex Ay of the octagon is represented

2 2k
by zx = cos TW + ¢ sin ?ﬂ- It is convenient to work only with the angles

2k
TW, —4 < k < 4. But these k’s are integers considered modulo 8, so that

z4=z2_4and Ay = A_, (Fig.6.8).
We may associate to a path of length n, say (PyP;---P,), an ordered
sequence (u, usg, ..., uy,) of integers that satisfy the following conditions:
(a) up = =£1 for k = 1,2,...,n; more precisely, u; = +1 if the arc (Py—1 Py)
is g, and uy = —1 if the arc (Py_1 P) is —%;
(b) ug +us+---+ux€{-3,-2,-1,0,1,2,3}forall k =1,2,...,n — 1;
() ur +ug+ - +u, =+4.
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y Ay
Aj 4 +
1

Ao

A4 0o X
A-3 A—l
A, -
Figure 6.8.

For example, the sequence associated with the path (Ao, A_q,
Ap, A1, Ay, A3, Ay) is (—1,1,1,1,1,1). From now on, we consider only
sequences that satisfy (a)—(c). It is obvious that conditions (a)—(c) define
a bijective function between the set of paths and the set of sequences.

For every sequence uq,uo, ..., u, and every k, 1 < k < n, we call the sum
Sk = u1 +uz + -+ - + ug a partial sum of the sequence. It is easy to see that
for each k, s is an even number if and only if k is even. Thus, ag,—1 = 0.
Thus we have to prove the formula for even numbers. For small n, we have
as = 0,a4 = 2; for example, only sequences (1,1,1,1) and (—1,—-1,-1,—1)
of length 4 satisfy conditions (a)—(c).

In the following, we will prove a recurrence relation between the numbers
an,n even. The first step is to observe that if s, = £4, then s, o = £2.
Moreover, if (ui,us,...,u,—2) is a sequence that satisfies (a), (b), and
Sn—2 = %2, there are only two ways to extend it to a sequence that satis-
fies (c) as well: either the sequence (u1, us, ..., un—2,+1,+1) or the sequence
(u1,u2,...,Up—2,—1,—1). So if we denote by z, the number of sequences
that satisfy (a), (b), and s, = £2, then n is even, and a,, = zp, 2.

Let y,, denote the number of sequences that satisfy (a), (b), and s, = 0.
Then n is even, and we have the equality

Yn = Tn—2 + 2yn72- (1)

This equality comes from the following constructions.
A sequence (uq,...,up—2) for which s,,_5 = +2 gives rise to a unique se-
quence of length n with s, = 0 by extending it either to (u1,...,un—2,1,1)
or to (up,ug,...,up—1,—1,—1). Also, a sequence (uq,...,up—2) with

Sn—2 = 0 gives rise either to the sequence (ui,...,un—2,1,—1) or to
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(u1,...,up—2,—1,1). Finally, every sequence of length n with s,, = 0 ends in
one of the following “terminations”: (—1,-1), (1, 1), (1,-1),(—1,1).
The following equality is also satisfied:

Tn = 2Tp_o + 2yn_o. (2)

This corresponds to the property that every sequence of length n for which
sn = 2 can be obtained either from a similar sequence of length n — 2 by
adding the termination (1, —1) or the termination (—1, 1), or from a sequence
of length n — 2 for which s,_2 = 0 by adding the termination (1,1) or the
termination (—1,—1).

Now the problem is to derive a,, = z,_o from relations (1) and (2). By
subtracting (1) from (2), we obtain x,—o = ©,, — yn, for all n > 4, n even.
Thus, yp—2 = Tn—2 — Tp_g. Substituting the last equality in (2), we obtain
the recurrence relation x,, = 4x,_o — 2x,_4, for all n > 4,n even. Taking
into account that z,, = a,+2, we obtain the linear recurrence relation

an2 = 4an - 2an727 n > 47 (3)

with the initial values as = 0,a4 = 2.
The sequence (ay,),n > 2,n even is uniquely defined by a2 = 0, a4 = 2 and
the relation (3). Therefore, to answer the question, it is sufficient to prove

1
that the sequence (c2n)n>1, C2n = E((Q +v2)" 7 — (2 —v2)"71) obeys the

same conditions. This is a straightforward computation.

Problem 14. Let A, B, C be three consecutive vertices of a reqular polygon
and let us consider a point M on the major arc AC of the circumcircle.
Prove that
MA-MC = MB* - AB>.

Solution. Consider the complex plane with origin at the center of the poly-

gon. Without loss of generality we may assume that the coordinates of A, B, C'
27

2 . 2T
are 1, e, 7, respectively, where € = cos — + i sin —.
n n
Let zpr = cost+isint, t € [0,27) be the coordinate of point M. From the

4
hypothesis, we derive that ¢ > “T Then
n

t
MA=|zpy — 1] = \/(cost— 1)2 4 sin?t = /2 — 2cost = 2sin§;

2 t
MB—|ZM—E|—\/2—2c0s<t——7T> _zsjn<__2);

n 2 n

4 t 2
MC—|ZM—€2|—\/2—200s<t——7T> _Qsjn<___ﬂ-);

n 2 n
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2
AB=|£—1|=\/2—2005£:2sin£
n n

‘We have
t
MB? — AB? = 4sin? (— - f) —4sin2 ”
2 n n
( 2 ( 27T>)
=2|cos— —cos|t— —
n n
2 ( 27T> or ( 27T>
= (== =
= —2-2sin i 5 i sin " 5 i
t t 2
= 2sin - - 2sin - = MA - MC,
2 2 n
as desired.

Problem 15. Let A1 As -+ A, be a regular polygon inscribed in a circle C of
radius 1. Find the maximum value of H?:1 PA;, where P is an arbitrary
point on circle C.

(Romanian Mathematical Regional Contest “Grigore Moisil,” 1992)

Solution. Rotate the polygon AjAs--- A, so that the coordinates of its
vertices are the complex roots of unity of order n: €1,¢€9,...,,. Let z be the
coordinate of point P located on the circumcircle of the polygon and note
that |z| = 1.

The equality

yields

12" =1 =[] 12—l = [[ PA;-
j=1 j=1

n
Since |z™ — 1] < |z|™ + 1 = 2, it follows that the maximal value of [] PA?
j=1
is 2 and is attained for 2™ = —1, i.e., for the midpoints of arcs A;A;41,j =
1,...,n, where A,+1 = A;.

Problem 16. Let A1 As - - - Asy, be a regular polygon with circumradius equal
to 1 and consider a point P on the circumcircle. Prove that

n—1
Z PA%H ) PA721+k+1 = 2n.
k=0
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Solution. Without loss of generality, assume that points A have coordi-
nates e*~1! for k= 1,...,2n, where

T .7
€ = COS— +1sIin —.
n n
Let « be the coordinate of the point P, |a| = 1. We have
PAkJrl = |0¢ — €k|

and
PApipir = o — " = Ja+ ",

for k=0,...,n—1. Then

n—1
ZPAkH Akt :Z|a—5k|2'|a+5k|2
k=0
n—1
=) lla-)@-(a+eM@+e")
k=0
n—1
=) (2-az" —ac")(2 +az" + ")
k=0
n—1 n—1 n—1
_ (2 - o2z2k _a2€2k) — 9 — a2 Zgzk _a2. ZE%
k=0 k=0 k=0
gen—1 5, -1
—2n—a-§2_1 2 1—2n,

as desired.

Problem 17. Let A1 A5 ... A, be a regular n-gon inscribed in a circle with
center O and radius R. Prove that for each point M in the plane of the n-gon,
the following inequality holds:

ﬁ r < (OM? + R?)%.

(Mathematical Reflections, 2009)

Solution. Let us work in the complex plane with O as the origin and without
loss of generality, R = 1. Let

2w . 2w
W = CoS — +1sln —,
n n
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and let the complex numbers w,w?,...,w™, = correspond to the points
Ay, As, ... Ay, M, respectively. Then our inequality is equivalent to

1z - < V=P + 1.
k=1

Since w,w?,...,w™ are the roots of 2 — 1 = 0, we have

n
[]lx - =la" 1] <" +1,
k=1

by the triangle inequality. Hence it remains to show that
n—1 n
n+12< 2+1n<:>2 n < 2]67
(lzI* +1)° < (J=[" + 1) =" < I; . )17

which follows from AM-GM inequality, since n > 3 and

n—1

S ()l = ke alof2" = = 2afaf” + 2l
k=1

Equality holds iff |x| = 0 i.e., when M = O.

6.2.8 Complex Numbers and Combinatorics

n

2
Problem 11. Calculate the sum s, = > (Z) cos kt, where t € [0, 7].
k=0

Solution. Let us consider the complex number z = cost + ¢sint and the
n

sum t, = Y. ") sin kt. Observe that
=0 \ K

2
(Z) (cost +isint).

n 2 n
sn—l—itnzz <Z> (coskt +isinkt) :Z
k=0 k=

0

In the product (1 4+ X)*(1 4+ 2X)” = (1 + (2 + 1)X + 2X?)", we set the
coefficient of X™ equal to obtain

3 (Z) (Z)ZZ 3 %;H(zﬂ)szh (1

0<k,s<n 0<k,s,r<n
k+s=n k+s+r=n
s+2r=n

~—
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The above relation is equivalent to

> <Z> k—[i(;k) <ik> (= + )72, (2)

k=0 k=0

The trigonometric form of the complex number 1 4+ z is given by

t t t t t t
1+COSt+iSiDt=2COS2§+2iSiD§COS§ =2cos§ (cos§+isin§>,

since ¢ € [0, w]. From (2), it follows that

(5]

n—2k
. n 2k t nt .. nt
Sn+ltn_,§_0 (2k> (k ) (2005§> (cos?—i—zsm?),

hence
n—2k
n 2k t nt
S":Z (2k) (k: ) (2cos§> COS?,
k=0
3]

. = n 2k 5 AR
n — = 2k k COSs 5 S 7

Remark. Here we have a few particular cases of (2).

(1) If z =1, then

% (0%

(2) If z = —1, then

[N

Il
7N
)
??':
~_
7N
>N
=N
"
[\)
i
[\v]
>
Il
7N
S N
S
~_

0 if n is odd,

kZ:)(_l)k <Z>2 - (_1)3< " ) if 7 is even.

n/2

g () -Eor ()(2) »
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Problem 12. Prove the following identities:

(1) <g) ; <Z) n (g) T )

Romanian Mathematical Olympiad—Second Round, 1981)

() () ()

B (\/_—|— n" nr (V5 —1)" 2n7r] '

2" + Tonoi cos?+Wcos?

1
5)

Solution.

(1) In Problem 4, consider p = 4 to obtain
n n n 2n mT\" nmw
(0> + <4> + (8) +"'—I(1+2(COSZ> COST)

1 n
=1 (2” + 221 cos %) .

(2) Let us consider p =5 in Problem 4. We find that

(8)+ () (5)

2" 1+2( 7T)" n7r+2 2\ " 2nm
cos— | cos— cos— | cos— |.
5 °5) 75 °5 °75

Using the well-known relations

cosw—\/g—’—laundcos27r—\/g_1
5 4 5 4

the desired identity follows.

Problem 13. Consider the integers A,, By, C, defined by
e (0)-6) 6)
we(0) () ()
- ()-(2)+ ()

The following identities hold:

(1) A2+ B2 +C? - A,B, — B,C,, — C,,A,, = 3";
(2) A2 + A, B,, + B2 = 3"~ 1.
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Solution.
(1) Let € be a cube root of unity different from 1. We have
(1—&)" = A, + Bpe + Cpe?, (1 — )" = A, + Bpe? + Cpe.
Hence
A2+ B24+C?—~A,B,—B,Cp,—Cr A, = (A +Bne+Cpne?)(An+Bne®+Che)

=(1l-e)"1-)"=(1-¢c —e>+1)" =3
(2) It is obvious that A, + B, + C,, = 0. Replacing C,, = —(A,, + B,) in the
previous identity, we get A2 + A, B,, + C? = 3"~ 1.
Problem 14. Let p > 3 be a prime and let m, n be positive integers divisible
by p such that n is odd. For each m-tuple (¢1, ..., ¢m), ¢ €{1,2, ..., n},

with the property that p| > ¢;, let us consider the product ¢y -+ c¢p,. Prove
i=1

that the sum of all these products is divisible by <ﬁ> .
p

Solution. For k € {0,1,...,p — 1}, consider xy = ch -+ Cp, the sum of

all products ¢ - - - ¢, such that ¢; € {1,2,...,n} and Z ¢; =k (mod p).

i=1
2 2
If £ = cos —~ —l—isin—ﬂ, then
p p
p—1
(e+22 4+ 4 ne™)™ = Z €l ... et TTem = Z xek.
Cl,eeny cm€{12,...,n} k=0
Taking into account the relation
ne™t? — (n4 1t +¢ ne
e +2% 4+ ne" = (nt+1) te_
(e —1)2 e—1

(see Problem9 in Sect. 5.4 or Problem 13 in Sect. 5.5), it follows that

I <
(e—1)m kZ:O ke @

On the other hand, from eP~! 4+ -.- 4+ ¢+ 1 = 0, we obtain that

1
p— :—1—?(5”72+25p73+---+(p—2)5+p—1);
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hence

n™ n
m: (—5) (Ep_2+25p_3+"'+(p—2)6+p—1)m.

Put

(XP242XP 34 (p=2)X +p—1)™ = bg+ b1 X 4+ -+ by X" P72,

and obtain
n" n\" _
(BN (-5) (yo + e+ + yp—16"1), (2)
where y; = > by
k=j(mod p)

From (1) and (2), we get

2o — 1Yo+ (X1 — 1y )e+ -+ (xp1 — 1y, 1)’ =0,

where r = (—ﬁ) . From Proposition4 in Sect.2.2.2, it follows that zg —
D

TYo = T1 —TYy =+ = Tp_1 — 1y, = k. Now it is sufficient to show that
r|k. But
pk=mzo+ - +ap1—7(yo+ - +yp-1)

=@ +2+-4n)" —rlbo+ -+ bnp-2)
=142+ +n)"—-r(l+2+---+(p-1)",

e () (252

Since the right-hand side is divisible by pr, it follows that r|k.

and we obtain

Problem 15. Let k be a positive integer and a = 4k —1. Prove that for every
positive integer n, the integer

=(a)-1(5 N2 (M) aB . s divisi n—1
Sn = (0) (2)a+<4)a (6)61 + -+ s divisible by 2" 7.

(Romanian Mathematical Olympiad—Second Round, 1984)

Solution. Expanding (1 + iy/a)™ by the binomial theorem and then sepa-
rating the even and odd terms, we obtain

(1+iva)" = s, +ivaty,. (1)
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Passing to conjugates in (1), we get
(1 —iva)" = s, —ivaty,. (2)
From (1) and (2), it follows that

Sp = %[(1 +iva)" + (1 —iva)"]. (3)

The quadratic equation with roots z; = 1+iy/a and zo = 1 —iy/a is 22 —2z+
(a+1) = 0. It is easy to see that for every positive integer n, the following
relation holds:

Snt2 = 28p4+1 — (1 4+ a)sy,. (4)
Now we proceed by induction by step 2. We have s; =1 and s =1—a =
2 — 4k = 2(1 — 2k), and hence the desired property holds. Assume that
27715, and 2"|s, ;1. From (4), it follows that 2""!|s, o, since 1 + a = 4k
and 2" |(1 + a)sy,.

Problem 16. Let m and n be integers greater than 1. Prove that

1 2w
ki4ko+...+kn=m
ki,k2,....kn >0

(Mathematical Reflections, 2009)

Solution. Let L denote the left-hand side of the proposed identity. We ob-
serve that L is the real part of the complex number

p wkit2ke 4. 4nky wk1 (wQ)kz . (wn)kn
o Z kylko!. . k! Z ki'ko!. . k! ’
kntkotohy=m L2 " e 12 "

1,k2,..,kn >0 k1,k2,....kn=>0

2 21
h, = —+1 —.
where w cosn—i—zzn

Now, using the multinomial theorem, we have

n_1 m
Z:(w+w2+...+w"_1+1)m:<w ) =0

w—1
(since w™ = 1). Thus, L = Re(Z) = 0.
Problem 17. Given an integer n > 2, let ay, by, c, be integers such that
(V2 —=1)" = ap + by V2 + ¢, V4.
Show that ¢, =1 (mod 3) if and only if n =2 (mod 3).

(Romanian IMO Team Selection Test, 2013)
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Solution. The binomial expansion of (¥/2 — 1)" yields
D D S i T S Y G )L ) ") (mod 3).
k k
k=2 (mod 3) k=2 (mod 3)

Since

3 (Z) - %((1+1)”+s(1+s)”+a2(1+52)”)

k=2 (mod 3)

1
=3 (2" + 2cos(n + 3)%) )
where 1 + ¢ + % = 0, the condition n = 2 (mod 3) may be restated as
3en, = (—1)" (2” + 2cos(n + 2)%) =3 (mod9).

Consideration of n modulo 6 yields 3¢, =3 (mod 9) if n =2 or 5 (mod 6),
and 3¢, =0 (mod 9) otherwise. The conclusion follows.

6.2.9 Miscellaneous Problems

Problem 12. Solve in complexr numbers the system of equations

zly| + yla| = 222,

ylz| + zly| = 222,

z|x| + z|2| = 292
Solution. Using the triangle inequality, we have

2021 = |zly| +ylal| < lallyl + lyll],
so |z]? < || - Jy|. Likewise,
ly* < lo] - 2] and [2* < [yla].
Summing these inequalities yields
2 + [yl + 121> < |zlly| + lyll2| + |2]|z].

This implies that
|z = [yl = |z = a.
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If a =0, then z = y = z = 0 is a solution of the system. Consider a > 0.
The system may be written as

2 2
x+y:_27

a

2
y—|—2’:—$2,

a
z—l—x:—yQ,

a

Subtracting the last two equations gives
2 2
v-y=202 -, hes -0 (yre+ ) <o
a a
22
Case 1. If z =y, then x = y = —. The last equation implies
a

2 24
+ —=2—.
T a?
This is equivalent to
zZ\% =z
SO
a a
hence )
z z =144
-=1 or —-= .
a a 2
—1+4
If z = a, then x = y = z = a is a solution of the system. If A 5 Z,
a

then

which is a contradict2ion. 5
Case 2. Ifz4y= —=,then —= = =2% We obtain z = +iand a = |2| = 1.
a a a

Consider z = i; then
r=(@x+y) —(y+2)+2=222-22" 4 2=-2+1i— 222

or equivalently,
20 + 2 +2—i=0.
1
Then z =i or z = —3 — 4. Since |z| = a = 1, we have x = 4. Then

y=222—2=—-2—iand |y| = V5 # a = 1, so the system has no solution.
The case z = —i has the same conclusion.

Therefore, the solutions are x = y = z = a, where a > 0 is a real number.
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Problem 13. Solve in complex numbers the following:
z(z —y)(x —2) =3,
yly —z)(y —2) = 3,
z2(z—x)(z —y) =3.
(Romanian Mathematical Olympiad—Second Round, 2002)
Solution. In every solution (x,y,z), we have z # 0, y # 0, z # 0 and
x #y,y # 2z, z# x. We can divide each equation by another and obtain new
equations:
:102+y2 =yz + 27,
y? 4 2% = 2y + 2, (1)
2% + 22 =xy + yz.
By adding them, one obtains the equality
2?2+ y? + 2% =2y + yz + 2. (2)

After subtracting the second equation in (1) from the first, one obtains x +
y + z = 0. By squaring this identity, one obtains an improvement of (2):

P4y 22 =ry+yz+2x=0. (3)

Using (3) in (1), one obtains

2?2 =2y, y? = zz, 22 = a2y, (4)

and also

23 =3 = 2% = ay2.

It follows that z,y, z are distinct roots of the same complex number a = zyz.

From 23 = 93 = 2 = zyz = a we obtain

r=a, t=ca, z=¢c>Va, (5)

where €2 4+ +1 = 0,3 = 1. When we introduce the relations (5) in the first
equation of the original system, we obtain a3(1 —¢)(1 — &2) = 3. Taking into
account the computation

(1-—e)(1-€?)=1-¢ —2+1=3,
we have a® = 1. Hence, we obtain, using (5), that (z,y, z) is a permutation
of the set {1,¢,&2}.

Problem 14. Let X, Y, Z, T be four points in the plane. The segments
[XY] and [ZT) are said to be connected if there is some point O in the plane
such that the triangles OXY and OZT are right isosceles triangles in O.
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Let ABCDEF be a convex hexagon such that the pairs of segments [AB],
[CE], and [BD], [EF) are connected. Show that the points A, C, D, and F
are the vertices of a parallelogram and that the segments [BC| and [EA] are
connected.

(Romanian Mathematical Olympiad—Final Round, 2002)

Solution. Suppose that the triangles OXY and OZT are oriented counter-
clockwise. Let x,y, z,t be the coordinates of the points X,Y, Z, T, and let
m be the coordinate of O. Since these are right isosceles triangles, we have
x—m =i(y—m),z—m =i(t—m). It follows that m(1 —i) = x — iy = z —it.
We deduce that x — z = i(y — t).

Conversely, if © — iy = z — it, the coordinate of O is m = %, and the
triangles OXY and OZT are right and isosceles.

Let a,b,c,d, e, f be the coordinates of the given hexagon in that order. We
can write a —ib = c —ie,b—id = e —if. It follows that a +d = c+ f, i.e.,
ACDEF is a parallelogram.

Multiplying the first equality by ¢, we obtain b — ic = e — ia, i.e., BC and
AFE are connected.

Problem 15. Let ABCQE be a cyclic pentagon inscribed in a circle with
center O that has angles B = 120°,C' = 120°, D = 130°, E = 100°. Show that
the diagonals BD and CE meet at a point belonging to the diameter AO.

(Romanian IMO, Team Selection Test, 2002)

Solution. By standard computations, we find that on the circumscribed
circle, the sides of the pentagon subtend the following arcs: AB = 80°, BC =
40°, CD = 80°, DE = 20° and EA = 140°. It is then natural to consider all
these measures as multiples of 20° that correspond to the primitive 18th roots

27 27
of unity, say w = cos = + ¢sin TR We thus assign to each vertex, starting

from A(1), the corresponding root of unity: B(w?),C(w), D(w!?), EB(w'!).
We shall use the following properties of w:

w=1, W =-1, T =w®F Wi+ 1=0. (A)

We need to prove that the coordinate of the common point of the lines BD
and CFE is a real number (Fig.6.9).
The equation of the line BD is

z z 1
wt @t 1| =0, (1)
W10 510 1
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and the equation of the line C'F is
z z 1
Wb @8 1| =0. (2)
wll (Dll 1

Equation (1) can be written as follows:
B@*%

C(@%)

2w+ z+w?=0.
(2)

A(®)
Figure 6.9.
2w —w®) —Z(W? — W9 + (W% - Wwb) =0,
or
208(w8 — 1) + 2wt (W8 — 1) + wt(Wb —1) = 0.
Using the properties of w, we derive a simplified version of (1):
(1)

In the same way, (2) becomes
2w+Z—wd(wt —1) =0,

From (1’) and (2") we obtain the following expression for z:
w—1
-1+ 5

2 b w?—w

—w +wd —w
w6

z =
wt—w
To prove that z is real, it will suffice to prove that it coincides with its

w—1

w

conjugate. It is easy to see that
w—1
w5
is equivalent to
T @ =wt - w5,
13 = w* — w5, which is true by the properties of w given in (A)

ie, w* —w
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Problem 16. A function f is defined on the complex numbers by
f(z) = (a+bi)z,

where a and b are positive numbers. This function has the property that the
image of each point in the complex plane is equidistant from that point and
the origin. Given that |a + bi| = 8 and that b* = m/n, where m and n are
relatively prime positive integers, find m + n.

(1999 AIME, Problem 9)

Solution 1. Suppose we pick an arbitrary point in the complex plane, say
(1,1). According to the definition of

f@)=FfA+9)=(a+b)1+3)=(a—0b)+ (a+d)i,

this image must be equidistant to (1,1) and (0,0). Thus the image must lie on

11
the line with slope —1 that passes through (5, 5), so its graph is x+y = 1.

1
Substituting © = (a — b) and y = (a +b), we get 2a = 1 = a = 5 By the

Pythagorean theorem, we have

1\? 255
= V¥ =8=b=""
(5) + =

and the answer is 259.

Solution 2. We are given that (a+ bi)z is equidistant from the origin and z.
This translates to
|(a 4+ bi)z — z| = |(a + bi)z|,

|z(a — 1) 4 bzi| = |az + bzi|,
|2l[(a = 1) + bi| = |2]|a + bil,

a—12+b2:a2+b2,:>a:1.
2

1 255
Since |a+bi| = 8, a®> +b* = 64. But a = 3 and thus b = e So the answer
is 259.

Solution 3. Let P and ) be the points in the complex plane represented
by z and (a + bi)z, respectively. Then |a + bi| = 8 implies OQ = 80P. Also,
we are given OQ = PQ, so OPQ is isosceles with base OP. Notice that
the base angle of this isosceles triangle is equal to the argument 6 of the
complex number a + bi, because (a + bi)z forms an angle of 6 with z. Drop
the altitude/median from @ to the base OP, and you end up with a right
triangle showing that
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1 1
cosf = 2___2 = —
80Q 8)z| 16

Since a and b are positive, z lies in the first quadrant, and § < 7/2. Hence
by right triangle trigonometry,

255
inf = ——.
sin 16
Finally,
V255 /255 255
b=la+bi|lsing =8—— = """ and b? = ==,
16 2 4
so the answer is 259.
Problem 17. Let F(z) = z +Z. for all complex numbers z # i, and let
z—1
Zn = F(Zn—l)

1
for all positive integers n. Given that zg = 37 + 1 and 22002 = a + 1, where

a and b are real numbers, find a + b.

(2002 AIME I, Problem 12)

Solution. Integrating F' we get

P = 25,
z—i—i_'_.
2= Y (i) +i(z—d)  z+itzi+l (24 1)(@E+1)
F(F(Z))_Z+i_i_(z—l—i)—i(z—i)_z—i-i—zi—l_(z—l)(l—i)
(A D(@E+1)? _(z+1)(2i)_z+1i
S (z-1D(24+12)  (z-1)(2) z-1"
z+1 z+1
i+ +1
z— z— (+1)+(z-1) 2z
F<F<F<z>>>=Z+1Z__Z_=Hi_l:(zﬂ)_(z_l):?:z.
z—1 z—1

From this, it follows that zx3 = 2z for all k. Thus

Lo\ 1
. — t+1 )+ 49
20+ <137 ) + ,
22002 = 23.667+1 — 21 = 0 . = = 1371 =1+ 274s.
zZo — 1 1 . )
(137 * ’) S BT

Thus a +b =1+ 274 = 275.
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Problem 18. Given a positive integer n, it can be shown that every complex
number of the form r + si, where r and s are integers, can be uniquely ex-
pressed in the base —n + i using the integers 1,2,...,n° as digits. That is,
the equation

748t = am(—n 4+ )™+ am_1(—n 4+ ar(—n+14) + ag

is valid for a unique choice of nonnegative integer m and digits ag, a1, ..., am
chosen from the set {0,1,2,...,n%}, with a,, # 0. We write

T+ 8t = (AmGm—1 - - -A100) —nti

to denote the base-(—n + 1) expansion of r + si. There are only finitely many
integers k + 0i that have four-digit expansions

k = (agaza1a0)—3+i, as # 0.

Find the sum of all such k.
(1989 AIME, Problem 14)

Solution. First, we find the first three powers of —3 + i:
(=3+i)' =-3+4, (-3+i)>=8-6i, (=3+1i)°=—18+ 26i.
So we need to solve the Diophantine equation
a1 — 6as + 26a3 = 0 = a1 — 6ay = —26as.
The least possible value of the left-hand side is —54, so ag < 2. We try cases:

Case 1. a3 = 2. The only solution is (a1, ag, a3) = (2,9, 2).

Case 2. a3z = 1. The only solution is (a1, as,a3) = (4,5,1).

Case 3. a3 = 0. It is impossible for a3 to equal 0, for otherwise, we would
not have a four-digit number.

So we have the four-digit integers (292a9)_3+; and (154ag)_3+i, and we need
to find the sum of all integers k that can be expressed by one of these.

For (292a¢)_3+i, we plug the first three digits in base 10 to get 30 + aq.
The sum of the integers k in that form is 345.

For (154ag)—34i, we plug the first three digits into base 10 to get
10 + ap. Thus the sum of the integers k in that form is 145. The answer
is 345 + 145 = 490.

Problem 19. There is a complex number z with imaginary part 164 and a

positive integer n such that

c

z4+n
Find n.

(2009 AIME, Problem 2)
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Solution. Let z = a + 1644. Then

a+ 1641

lod o = 4 and o+ 164i = (4)(a + n + 164i) = di(a + 1) ~ 656.

By comparing coefficients, equating the real terms on the leftmost and right-
most sides of the equation, we conclude that a = —656.
By equating the imaginary terms on each side of the equation, we conclude
that
164i = 4i(a + n) = 4i(—656 + n).

We now have an equation for n:
4i(—656 4+ n) = 1644,
and this equation shows that n = 697.

Problem 20. Let u,v,w be complex numbers of modulus 1. Prove that one
can choose signs + and — such that

|[tutov+w <1
(Romanian Mathematical Olympiad—District Round, 2007)

Solution. Denote by uppercase letters the points having as complex coor-
dinates the corresponding lowercase letters. We have that u + v + w is the
complex coordinate of the orthocenter H of the triangle UVW.
If UVW is acute or right, we take all signs to be +, and this gives the
solution, because H is interior to UVW, and so interior to the circumcircle.
Otherwise, one angle is obtuse, say W. Then for w’ = —w, we get the
acute triangle UVW’, reducing the problem to the first case.

Problem 21. Consider a complex number z, z # 0 and the real sequence

Ap =

1
z”—i——‘, n > 1.
ZTL

(a) Show that if a1 > 2, then

an + An+-2

) , for all n € N*.

An+41 <

(b) Prove that if there exists k € N* such that ap < 2, then a; < 2.

(Romanian Mathematical Olympiad—District Round, 2010)
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Solution 1.

(a) We easily observe that

1 1
n+1 |+l
2|z +_an <z+—z‘ z —|—an
1 1 1
n n+2 n n+2
il A R e +2<—Z+Z—n‘+z t |

(b) Suppose for the sake of obtaining a contradiction that a; > 2. Then (a)
implies that the sequence a,,+1 — a,, is strictly increasing, so a,+1 —a, >

as — ay. But
1\2
(z—!——) -2
z

and therefore, the sequence (ay,), is strictly increasing. Hence aj, > a; >
2 for all k, a contradiction.

1

2
+ —
z 22

1\2
2<z—|——> —2=a}-2>ay,
z

Solution 2. Consider the sequence (v, ),>1 given by
1

— N _
an, = 2 +z"'

1
Extend it to the left with the term o = 20+ — = 2,andset a = a;. Clearly,
z

(+2) ()
oo, = |2+ — z5 4+ —
z 2"

1 1
= (Zn-l-l + Zn+1> + (Zn—l 4 Zn—l) = Qpy1 +0p_1

for all n > 1, so the sequence (v, )n>0 satisfies the linear recurrence relation

an = |ay|. We have

Qp41 = Q0p — Qp—1.-
Then for |a] > 2, we have

Op41 + [e77s}
o

|an+1| + |an—1| Gp41 + an-1
< <
o 2 ’

a’ﬂ = |an| =

i.e., the sequence (an)n>0 is convex.
But then if a1 = |a| > 2 = ag, every convex sequence is (strictly) increas-
ing, since from a, > a,—1 follows

Apt+1 > 2an — Op—1 = Gpn + (an - an—l) > Qn,
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and the assertion is proved by simple induction. Conversely, if there exists
k € N* such that ar < 2, then a1 < 2. Therefore, the proof of (b) comes
directly from (a), and the nature of the sequence is no longer relevant.

Problem 22. Consider the set M = {z € C| |z| =1, Rez € Q}. Prove that
the complex plane contains an infinity of equilateral triangles with vertices
i M.

(Romanian Mathematical Olympiad—Final Round, 2012)
Solution. Let z = a+bi be a complex number of modulus 1 such that a € Q:
a2 +v?=1.

An equilateral triangle having z as one vertex that will satisfy the given
condition has the other two vertices at the points z(—1/2 4 (i1/3)/2).

The real parts of these numbers are —a/2 + (bv/3)/2. Because a € Q, we
have —a/2 + (bv/3)/2) € Q if and only if bv/3 € Q. Let ¢ = b/v/3 € Q.

To conclude the solution, we have to prove that the equation

a?+342=1

has an infinity of solutions (a, q¢) € QxQ, i.e., that the equation m?+3n? = p?
admits an infinity of solutions (m,n,p) € N x N x N.

Since 3n? = (p—m)(p+m), we look for solutions such that p—m = 3 and
p+m = n?. we have n? = 2m + 3, so n is odd. Putting n = 2k + 1, k € N*,
we obtain m = 2k? + 2k — 1 and p = 2k% 4+ 2k + 2. Then

a=(2k*+2k—1)/(2k* + 2k +2), b= ((2k+1)V3)/(2k* + 2k +2),

and z = a + bi is of modulus 1 with a,b > 0. So the triangle with one vertex
in z is uniquely determined. Since k € N is arbitrary, the conclusion follows.

Problem 23. Let (an)n>1 be a sequence of nonnegative integers such that
n—1
an < n for allm > 1 and Zcosﬂ =0 for all n > 2. Find a closed
n

k=1
formula for the general term of the sequence.

(Romanian Mathematical Olympiad—District Round, 2012)

Solution. Observe that a; = 1 and cos %al + cos a2 _ 0 implies as = 2.

Induct on n to prove that a, = n, n > 1. Suppose ar = k for all k =
1,2,...,n — 1. The given relation can be rewritten as
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Set

s . T
2 = COs +1781n
n+1 n+1

and observe that
z — vt - 1+z2

24224234+ 42" = = .
1—=2 1—=2

1
Use Z = — to get
z

1+2 __1+z
1—2) "  1-—2

=0, and consequently,

and hence Rei tz

- k
Zcos il 1 =0.
k=1 n+

Tay ™ .
From cos = cos and a, < n we get a, = n, as claimed.
n+1 n+1

Problem 24. Let a and b be two rational numbers such that the absolute
value of the complex number z = a + bi is equal to 1. Prove that the absolute
value of the complex number z, = 14+ 2422 +...4+ 2" is a rational number
for all odd integers n.

(Romanian Mathematical Olympiad—District Round, 2012)

Solution. Set z = cost + isint, t € [0,27), and observe that sint, cost are
both rational numbers. For z = 1, the claim holds. For z # 1, write

lzn| =1+ 2+ 22+ ...+ 2" = (2" =1)/(z = 1)|.
Let n =2k + 1, k € N. Then

[(z"=1)/(z—1)] = sinw/sin% .

(2k+1)

t t
It is sufficient to prove that x; = sin /sin — is a rational number.

Observe that xy+1 — 2, = 2cos(k + 1)t, k € Nand 2o = 1 € Q. Since
cos(k 4 1)r = Rez**! = Re(a + bi)**! € Q,

by induction we get that xj is rational for all k£ € N.
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Antipedal triangle of point M: The triangle determined by perpendicular
lines from vertices A, B, C of triangle ABC to M A, M B, MC, respectively.
Area of a triangle: The area of triangle with vertices with coordinates
z1, 22, 23 is the absolute value of the determinant

212_11

A= - 222_21
232_31

Area of pedal triangle of point X with respect to the triangle ABC:

area| ABC]
4R?

where x is the coordinate of X and R is the circumradius of the triangle.

Argument of a complex number: If the polar representation of complex

number z is z = r(cost* + isint*), then arg(z) = t*.

Barycenter of set {A;,...,A,} with respect to weights mq,...,m,:

area| PQR] = |aT — R?|.

The point G with coordinate zg = —(miz1 + -+ + Mmy2y), where m =
m

my+ -+ my.

Barycentric coordinates: In triangle ABC, the unique real number

la, b, He such that

zp = Hqa + upb + pec, where pg + pp + pe = 1.

Basic invariants of triangle: semiperimeter s, inradius r, circumradius R.
Binomial equation: An algebraic equation of the form Z" 4+ a = 0, where
a € C*.

Blundon’s inequalities: The necessary and sufficient conditions for three
positive real numbers to be the semiperimeter s, the circumradius R, and
inradius 7, of a triangle.

Ceva’s theorem: Let AD, BE, C'F be three cevians of triangle ABC. Then
lines AD, BE, C'F are concurrent if and only if

T. Andreescu and D. Andrica, Complex Numbers from A to ... Z, 377
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AF BD CE 1
FB DC EA
Cevian of a triangle: Any segment joining a vertex to a point on the
opposite side.
Concyclicity condition: If points My(zx), k = 1,2,3,4, are not collinear,
then they are concyclic if and only if
R3 —R2  R3 T 24

€ R*.

2’1—2’2'21—24

Collinearity condition: Mi(z1), My(z2), M3(z3) are collinear if and only
.0 R3 T 21 *
if —— e R™.
zZ9 — 21

Complex coordinate of point A with Cartesian coordinates (z,y):
The complex number z = x + yi. We use the notation A(z).

b
Complex coordinate of the midpoint of segment [AB]: z); = a—2l- ,
where A(a) and B(b).
Complex coordinates of important centers of a triangle: Consider the
triangle ABC with vertices with coordinates a, b, c. If the origin of complex

plane is in the circumcenter of triangle ABC then:

1
e The centroid G has coordinate zg = g(a +b+c¢).
aa + Bb+ ye

, where o, 3, ~v are the
o+ B+ b

e The incenter I has coordinate z;y =

side lengths of triangle ABC.

e The orthocenter H has coordinate zg = a + b + c.
Ta0 +18b+1yC

e The Gergonne point J has coordinate z;j = ——————— where
Ta +75+ 17Ty
Ta, Tg, T are the radii of the three excircles of the triangle.
a’a + 520+ ~%¢

The Lemoi int K h dinat =
. e Lemoine poin as coordinate zx ot B2
e The Nagel point N has coordinate

ZN—(I—%)CL—I—(I—g)b—F(l—%)C.

1
e The center Oy of nine-point circle has coordinate zp, = 5(& +b+c).

Complex number: A number z of the form z = a + bi, where a, b are real
numbers and i = y/—1.

1 _
Complex product of complex numbers a and b: a X b = §(ab — ab).
Conjugate of a complex number: The complex number Z = a — bi, where
z=a+ bi.

Cyclic sum: Let n be a positive integer. Given a function f of n variables,
define the cyclic sum of variables (z1, x2, ..., x,) as
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Zf(a:l, Ty oovy Tn) = f(x1, 2y .0, Ty) + f(22, T3, ..., Ty, T1)

cyc

++f(:17n; L1y T2y --y .In,l),
De Moivre’s formula: For an angle o and integer n,
(cosa+isina)™ = cosna + isinna.

Distance between points M;(z1) and Ms(z2): M1 My = |20 — 21|
Equation of a circle: z-Z+a-z+a@-Z+ =0, where « € C and g € R.
Equation of a line: @-Z+ az+ 8 = 0, where « € C*, § € R and z =
x+ 1y € C.

Equation of a line determined by two points: If P;(z1) and Pa(z2) are
distinct points, then the equation of the line P P» is

21711
222’_21 =0.
z z 1

Euler’s formula: Let O and I be the circumcenter and incenter, respectively,
of a triangle with circumradius R and inradius r. Then

OI> = R? — 2Rr.

Euler line of triangle: The line determined by the circumcenter O, the
centroid G, and the orthocenter H.
Extend law of sines: In a triangle ABC with circumradius R and sides
«, B, 7 the following relations hold:

a p Y

smA  snB snC 28,

Heron’s formula: The area of triangle ABC with sides o, 3, v is equal to

area[ABC] = /s(s — a)(s — B)(s — 7),

1
where s = 5(04 + 8 + ) is the semiperimeter of the triangle.

Isometric transformation: A mapping f : C — C preserving the distance.
Lagrange’s theorem: Consider the points A;, ..., A, and the nonzero
real numbers my, ..., my, such that m = my + --- + m, # 0. The following
relation holds for every point M in the plane:

zn: m;MA? = mMG® + zn: m;GA2,

j=1 j=1
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where G is the barycenter of the set {A;, ..., A,} with respect to weights
mi, «.., Mp.

Modulus of a complex number: The real number |z| = v/a? + b2, where
z =a+ bi.

Morley’s theorem: The three points of adjacent trisectors of angles form
an equilateral triangle.

Nagel line of a triangle: The line I, G, N.

nth roots of a complex number zy: Any solution Z of the equation

Zn—Z():O.

nth roots of unity: The complex numbers
2k 2k
€k :cos—ﬂ—l-isin—ﬂ, ke{0,1, ..., n—1}.
n n

The set of all these complex numbers for a given n is denoted by U,.
Orthogonality condition: If My (z;), k = 1,2,3,4, then lines M;Ms and

MsM, are orthogonal if and only if S € iR*.

e —
Orthopolar triangles: Consider tria%gle ﬁBC and points X, Y, Z situated
on its circumcircle. Triangles ABC and XY Z are orthopolar (or S-triangles)
if the Simson—Wallace line of point X with respect to triangle ABC is
orthogonal to line Y Z.

Pedal triangle of point X: The triangle determined by projections of X
on the sides of triangle A B C.

Polar representation of a complex number z = x + yi: The represen-
tation z = r(cost* + isint*), where r € [0, oo) and t* € [0, 27).

Primitive nth root of unity: An nth root € € U,, such that ¢™ # 1 for all
positive integers m < n.

Quadratic equation: The algebraic equation az? + bz +c¢ = 0, a,b,c € C,

a # 0.

1 —
Real product of complex numbers a and b: a-b = i(db + ab).

Reflection across a point: The mapping s, : C = C, s,,(2) = 220 — 2.
Reflection across the real axis: The mapping s: C — C, s(z) =Z.
Rotation: The mapping r, : C = C, r,(2) = az, where a is a given complex
number.
Rotation formula: Suppose that A(a), B(b), C(c) and C is the rotation
of B with respect to A by the angle a. Then ¢ = a + (b — a)e, where € =
cosa + i sin a.
Similar triangles: Triangles A1 A A3 and B Bs B3 with the same orientation
are similar if and only if

az — ax by — b1

as—a; bz —by’
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Simson-Wallace line: For a point M on the circumcircle of triangle ABC,
the projections of M on lines BC, C'A, AB are collinear.

Translation: The mapping t,, : C = C, t,0(2) = z + 2.

Trigonometric identities:

sin? z + cos? z = 1,
1+ cot?z = csc?z,

tan®z + 1 = sec? x;

addition and subtraction formulas:

sin(a £ b) =sin a cosb =+ cos a sinb,
cos(a £ b) =cos a cosbFsin a sinb,
tana £ tanb

1 Ftanatanbd’
cotacotbF 1

cota £ cotd ’

tan(a £ b) =
cot(a £b) =

double-angle formulas:

. . 2tana
sin2a = 2sin a cosa = ———,
14 tan“a
1 — tan?
cos2a:2cosza—1:1—2sin2a:—n2a,
14 tan”a
2tana
tan2a = ————;
1 —tan®a

triple-angle formulas:

sin3a = 3sina — 4sin® a,
cos3a =4 cos®a — 3cosa,

3tana — tan® a
tanda = ———

1 — 3tan?
half-angle formulas:

.90 1l—cosa
sin® — = ———,

2 2
sa 1l+cosa
cos’ — = ——,

2 2
a 1—cosa sina

tan — = =

2 sina  1+cosa’
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sum-to-product formulas:

a a—b
sina + sinb = 2sin cos 5
a a—2b
cosa + cosb = 2 cos cos 5
si b
tana + tanb = —m(a + );
cosacosb
difference-to-product formulas:
. . . a— a+b
sinag — sinb = 2sin cos 5
. a—b . a+b
cosa — cosb = —2sin sin 5
sin(a — b
tana — tanb = L;
cosacosb

product-to-sum formulas:

2 sina cosb = sin(a + b) + sin(a — b),
2 cosacosb = cos(a + b) 4 cos(a — b),
2 sinasinb = — cos(a + b) + cos(a — b).

Viete’s theorem: Let x1, x2, ..., x, be the roots of the polynomial
P(z) = ana™ + an_12"" "+ + a17 + ag,

where a,, # 0 and ag, a1, ..., a, € C. Let si be the sum of the products of
the z; taken k at a time. Then

Sk = (_1)]@_0’701/7]{:

3

that is,
Qp—1
T1+T2+ -t Ty = 5
(27

Ap—2
T1Ty + - F X%+ Tp—1Tp = )
n

T1Tg- - Ty = (_1)n29

G
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